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The identity problem for the variety of all
metabelian groups

Martin Kuril

1 Introduction

This contribution will present an application of results from [1] and [2] in
the group theory.
A group G is called metabelian if there is a normal subgroup N of G

such that
(i) N is abelian
(ii) G/N is abelian.
A group G is metabelian if and only if it satisfies the identity
$1$2$;1$;1$3$4$511‘;1 - — x3m4mglmzlm1x2zf1w;1.

A unary semigroup is an algebra S = (5,-,’) with an associative mul-
tiplication and with a unary operation ’.

Let Y be a non-empty set. We add new symbols ( and )’ to the set Y
and obtain a set Yo =Y U {(,)'}. Let us denote the free semigroup on an
alphabet A by A*. Let U(Y) be the smallest one among the subsets 7" in
Y," which satisfy

()YCT
(ii) u,v € T implies uv € T
(iii) w € T implies (u)' € T.

The set U(Y) can be considered as a unary semigroup with a binary
operation given by the concatenation of words and with a unary operation
" U(Y)— U(Y) given by u +— (u)'. The unary semigroup U(Y) is the free
unary semigroup on the set Y.
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In order to reduce the number of brackets in formulas, we will omit
them if it causes no confusion. For example, we will often write u’' instead
of (u)'.

The set of all fully invariant congruences on the unary semigroup U(Y)
will be denoted by FICU(Y). We will use the symbol + for the well-known
one-to-one correspondence between all varieties of unary semigroups and
all fully invariant congruences on the free unary semigroup U(Y) provided
that Y is an infinite set.

We adopt the following notations for classes of unary semigroups:

G - the class of all groups;
MAB - the class of all metabelian groups;
AB - the class of all abelian groups.

Let X = {z,%,...} be a set of variables. Let v,u,a € FIC U(X),
G+ v,MAB & u,AB & a.

What does it mean to solve the identity problem for the variety of
all metabelian groups? It means to give an effective description of the
relation p.

2 A solution of the identity problem

Recall the classical multiplication of group varieties. Let U,V be group
varieties. We define a new class of groups

UV = {G € Glthere is a normal subgroup N of G such that N € U4,G/N € V}.

In fact, the class UV is again a variety. Clearlyy MAB = AB - AB.
Given p € FIC U(X), define a new alphabet X, =U(X)/p x X.
Define a left action * of U(X) on U(X,) by

ux(vp,z) = (wvp,z)
uxab = (ux*a)(ux*b)
uxad = (u*a)

for u,v € U(X),z € X,a,be U(X),).
Now, let p € FICU(X),p 2 7. Define

T, U(X) = U(X,)

m(e) = (1,2)
mo(uv) = my(u)(u* my(v))

mo(w) = u'* (mp(u))
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where z € X,u,v € U(X) and 1 stands for the identity element of the
group U(X)/p.

Theorem. Let p € FICU(X),0c € FICU(X,). LetU,V C G be varieties
such that U < o,V < p. Denote by op the fully invariant congruence on
U(X) corresponding to the variety UV. Then

u(op)v <= upv and 7,(u)om,(v)

(for all u,v € U(X)).

Proof. The assertion follows immediately from [1] 4.13 and [2] 8.2.
Now, we can formulate our solution of the identity problem for the
variety of all metabelian groups. Let o/ € FIC U(X,),AB « «'.

Corollary. For any u,v € U(X) we have

upv <= uav and m,(u)a' T (v).
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