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0.

Let 7 : FF — N be a fixed type of algebras, where F' is the set of funda-
mental operation symbols and N is the set of non-negative integers. If ¢
is a term of type 7 we denote by F'(p) the set of all fundamental opera-
tion symbols occuring in ¢ and by Var(y) the set of all variables occuring
in ¢. If ¢ is a term then writting ¢(zi,,...,%i,,_,) we shall mean that
Var(p) = {Ziy,- - -, Ti,,_, }. Let Fy be a subset of F.

Definition 1 (see [3]) An identity 1 = w2 of type T will be called Fy-regular
iff F(o1) C Fo, F(p2) C Fy, and Var(py) = Var(ps).

Definition 2 (see [3]) An identity @1 = w2 of type 7 will be called Fy-
symmetrical iff F(p1) N Fy # 0 and F(pg) N Fy # 0. '

If A is a set we denote by Fin(A) the set of all non-void finite subsets of A.
Let i, CFand iUF, =F, FiNF,=0and {f € F: 7(f) =0} C F>.
Let K be a variety of algebras of type 7. We denote by Id(K) the set of
all identities of type 7 satisfied in each member of K. Denote by Kgf the
variety of type T defined by all F;-regular identities and all Fo—symmetrical
identities belonging to Id(K), K, — the variety of type 7 | F; defined by all
identities of type 7 | F} belonging to Id(K).

In [3] we defined a construction S(.A) called the sum of an upper (F}, F»)-
semilattice ordered system A of algebras. In [3] we showed that if

(c) an identity ¢(z,y) = z belongs to Id(K), where F(¢(z,y)) C Fi,
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then an algebra 2 belongs to K?f iff *A is the sum of an upper (Fy, Fy)-
semilattice ordered system of algebras from K, and some algebra from K.

In this paper we show that if K is nondegenerated and satisfies (c) then
an algebra is a free algebra over K% iff it is the sum of an upper (Fy, F3)-
semilattice ordered system of free algebras over Ky, and some free algebra
over K. The case F, = () was considered in [2].

1.

In 3] we defined the following system and construction.

Definition 3 A quadruple

(1) A=< (F1, ), (I, <), {Ri}ier, {h }ijeric; >

will be called an upper (Fy, Fy)-semilattice ordered system of algebras if it

satisfies the following conditons:
(‘i)FlLJFQ———-F, FFNF=0, {fEF:T(f)=0}CF2 .

(it) (I, <) is join-semilattice; if F» # 0 then (I,<) has the greatest element
u.

(1i1) A, is an algebra of type 7 and A, = (Ay; FY); for every i € I, i # u,
2A; is an algebra of type T | F1 and A; = (A;; F}), where AiNA; =0
if i # j.

(iv) The set {hf}i,jg,isj satisfies the following:

(al) for everyi,j €1, i< j, hf is a mapping of A; into A;;

(a2) for every i € I, ht is an identity map on A;;

(a3) for every i,j € I such that 1 < j # u, hf is a homomorphism of
Ql,‘ into Qlj,‘

(a4) for every i € I, 1 # u, h¥ is a homomorphism of U; into the
reduct (Ay, F}*) of Ay;

(a5) for every i,j,k € I such that i < j < k we have h;? oh! = h¥.

For an upper (F}, F3)-system A of algebras we define an algebra S(.A)
of type 7 as follows

S(A) = (| 4 F°),

i€l
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where for f € F, aj € A;;, j =0,...,7(f) — 1 the operation fS is defined
by the formula:

FH(E (@), .- B (ar(p)-1)), for f € Fy and
fs(ao, sl ,a.,.(f)_l) = k= SUP{ioa L :z‘r(f)—l}

f(hiy(aa)s - - bt ) (ar(p)-1)), for f € Fy.

The algebra S(.A) is called the sum of the upper (F, F5)-semilattice ordered
system A of algebras.
In [3] we proved the following:

Theorem 1 If a variety K of type T satisfies (c) then an algebra A belongs
to KII::‘I’ iff 2 is the sum of an upper (Fy, Fp)-semilattice ordered system of
algebras {A;}icr, where A; € Kg, fori# u and U, € K.

2.

Let K be a nondegenerated variety of type 7 satisfying (c) and W(G) =
(W(@); FW(©) be a free algebra over K?‘l’ with the set G of free generators.
We denote by o the binary function induced in W(G) by a fixed term ¢(z,y)
from (c) (see [3]). Let g1,...,9n € G where g; # g; fori # j;4,5=1,...,n
and C({gl, ..,gn}) (C({g1,-.-,9n}); FF) be a subalgebra of the reduct
(W(G); F1 )) of W(G) generated by the set {c1,...,c,}, with

(2) Ck=0gk©g10...00k_108gk410...0gpfor k=1,...,n

Lemma 1 C({g1,...,9n}) is a free algebra over K, with the setcy,...,c,
of free generators.

Proof.
Let

(3) ¥1 (zju SRR Ijm.) h (102($jm+15 <o ,xjm+.s)
belongs to Id(Kp,) and ay,...,8m,8m+1,---;8m+s € C({g1,--.,9n}). We

procedee analogously as in Lemma 1 from [2], namely: Each a; can be
expressed by generators c; and because of (2), by g1,...,9n. Let

(4) a; = W(G) (gla <9 gn) )



114 Free algebras over some varieties

where F'(1;) C Fy, each of g1,..., g, actually occurs for j = 1,...,m,m +
1,...,m 4+ s. Since the identity

(5) ©1(01(15- -, Tn), -+ s Ym(T1,. .., Tn)) =
B (p2(¢m+1($1’ b ?‘Tn)a bile ,'l,/}m+3($1, LACR) ;xn))

is Fj-regular and belongs to Id(K), so it is satisfied in W(G). Thus

by (4) and (5) ¢§(a,- ., am) = W§(@mt1,- - -»ames) and C({gr,. ., gn}) €
Kpg.

We observe that ci,...,c, are different. Obviously {c;,...,c,} is a set
of generators of C({g1,...,9n}). We shall prove that if an identity ¢ = s
holds on {ci,...,c,} then (1 = ¢2) € Id(KF,).

Let ¢$(Cjrs---Cjm) = @5 (Cimars- -+ sCimy,) and cj, € {c1,...,¢q} Where
k=1,...,mym+1,...,m+s. Denote by ¢(z,y) =z oy. Then
W(G
991 ( )(9j1°---°9j1—1°9j1+1°A~-°9m---agjmo---°9jm—1°9jm+1°---°9n)=
P2 (gjm+1 0...0805m41-1°895,414+1° ... Gn,... 19im4s © +++ © Gjmys—1 ©

gjm+.s+1 0...0 gﬂ)
hence the identity

P1(ETgy O sl Byt O el © + 35 OBty - o5 3 Lij @ v e @ Bfir—1 O L 41 O 00410 B) =
P2UT o105 OB 151 VL5 d b1 O 50 7O Borraiois s s Lai B0 1O B o PIXOT i AR

.. 0 Zyp) is Fi-regular and belongs to Id(K;f). So it belongs to Id(Kg, ).
Thus by (c) the identity ¢1(zj,,...,%j.) = ©2(Tjpnsrs -+ Zjny,) belongs to
1d(Kr,).

Let Fo # 0, fo € F3 and by, ... 1b‘r(fo)—1 € W(G). Let
G' = {pW(%)(qg, fgv(G)(bo, .oy br(f)=1))}gec - Denote by P(G’) the subal-
gebra of W(G) generated by the set G’ and P(G') = (P(G'); FP()),

Lemma 2 P(G’) is a free algebra over K with the set G' of free generators.
Proof. Let
(6) P1(Zjor 1 Tjmey) = P2(Tjmy -« s Bjmpe—t)

belongs to Id(K) and ag, - -.,8m-1,8m,- - -, 8m+s—1 € P(G’)
soforj=1,....m—1,m,...,m+ s — 1 we have

a; = ¢.IV(G)(90W(G)(9(])1 f(;N(G)(bOa ‘e 1b‘r(fo)—1))1 sy

(M ‘PW(G)(gaj;j—laf(;N(G)(bOv' <3 br(f0)-1)))
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where g/ € G. But

o7V (V4 (,W(O) (g0 fw( (bo,--
W(G)(

.,b,,(fo)_l)),...,
9no— l’fO )(bﬂa---,b-r(fo)—l)))a---a
YD (V@) (g1, £ )(bo,...,bT(fo)_l)),...,
» ;’V(@(gn,,, 14,{3 )(bo,...,b.,(fo)_l))))=
= oy D (" ’( W(G) (gm I Dbo, .., br(sg)-1))s -
G TCL T sl T T(fo) N), o

tbnvﬁ(s;l1(<:0w(G)( g f w( (bo, T(fo) 1))
(PW(G) (g;n:fs 11 1: (bO’ fo) -—1))))

since the identity

W1(¢0(W($8:f0(y0, o 7y1'(f0)——1))7 i 8 5‘10(3:910 17f0(y07 S Yr fo)—l)))’ ey
¢m—1(¢(w6n_1:f0(y07-'-7y7'(f0)—1))7“'190( nm 1— 17f0(y07 1y'r(fo)—1)))) =
= @2 (Ym(p(zf" 3f0(y01"‘?y’r(_fo)—1)‘." -a(P(mnm—lifO(yOa -1y'r(fq)—1)))7'--1
Ymts— 1(90( i 11f0(y09---7y‘r(f0)—1))a"-7

w(wT:f,_ll_l, foWo, - -+ Ur(fo)-1))))

is Fp—symmetrical and belogs to Id(K). Thus by (7), (8)

1 Nag, . am-1) = 95

and P(G") belongs to Id(K).

Omy .o aam+8—1)

Let A= (A4; FQ[) belongs to K and h, is a mapping h; : G' — A. Take a
mapping hy : G — A such that hy(a) = hi ("G (a, fo(bo,. .., br(fe)-1))) for
a € G. W(G) is a free over K;f , 80 ha can be extended to a homomorphism
h of W(G) into 2. Since z o y = z is satisfied in A, so

B(e"™ ) (@, folb, -+ br(g)-1))) = © (a(a), h( oD (bo, ... brig)-1)):
Since A€K, so

2A W(G) Lo £ s
P (h'(a')v h(fO (bOv W 1b1'(fg)—1))) = h’(a‘) s h2(a) -
9ot s, (DDl o 000D

Thus by (9), (10) h | P(G') is a homomorphism being an extension of A;.

Theorem 2 If K is a nondegenerated variety satisfying (c) then an algebra
2A(G) = (A(G);Fm(G)) is a free algebra over variety K;.? with the set G of
free generators iff A(G) = S(A), where A is an upper (Fy, Fy)-semilattice
ordered system of algebras satisfying (1) and
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(1) I=Fin(G)U{G}, u=G, <=cC.

(2€) A; for i # G is a free algebra over variety Kp, with the set {ak i) trei
of free generators, U, is a free algebra over variety K with the set
{ak,6)trec of free generators.

(3F) Fori<3j, i,j €1, hl(ags)=aw;).

(4C) Fori<j, i,j€l, hg is the embeding of A; into A}, where A; = A;
if j # G and A = (A(G); Fb).

Proof (=). The proof is based on Theorem 1 from section 1. Consider
a relation R in 2A(G) defined by

aRb iff 929 (a,b) = a and 2O (b,a) = b.

Using Theorem 4 (see [3]) one can prove that 2(G) is the sum of an upper
(F1, Fy)-semilattice ordered system of the form (1), where elements a,b
belongs to the same A; iff aRb. Let gi,...,9n € A(G) and g; # g; for
t #7, %J =1,...,n. To use Lemma 1 from section 1 we put ¢, =
Gk ©g1©...00k—100k+1©.-- 0 gn. Using R we can show that every U,

for i # u is generated by {gan(G) (g, fOQ[(G)(bo, ey br(fo)-1)) }gec where fo is
some operation symbol belonging to F». By Lemma 1 ; is free over Kp,
and by Lemma 2 2, is free over K. Since every 2; is generated by some
Cj1»---,Cj,,, Where c;, is generated by some gj,,... G for 8 = 1 ..., 0.
We can put i = {gj,,...,9j, }, put u = G. Then we can substitute < by C.
In (3] h] was defined as follows: for z € A;, b€ A; hl(z) =z ob. Thus
conditions (3¢) and (4€) are also satisfied.

Proof («=). The fact that S(A) € Kff:f follows from Theorem 1. The fact
that {a(; (i})}{i}er is a set of generators of S(A) follows from the formula
A(k,j) = Ok, {k}) © C(ig,{io}) - -+ © C(in—1,{in-1}) for j = {k,19,...,%n—1} and the
formula hf’;} (agi,(i})) = a(i,{i}) b where b = wm(G)(a(i,{i}), .+ +»a(;,44))) for an
arbitrary term 3 with F(y) N Fy # (. The fact that every element a € S(.A)
has the unique reprezentation on the set {a(; (i})}(ijer (as a realization of
some term) follows from the definition S(.A).
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