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NON-LOCAL EQUATIONS
IN MATHEMATICS AND PHYSICS.
THEORY OF NON-LOCAL ELASTICITY

Y.Z.Povstenko

The local dependence of a field of one physical quantity (an effect s)
at a point x at time ¢t (s(z,v, 2,t)) on a field of another physical quantity
(a cause p) at the same point x and at the same time ¢ (p(z,y, 2,t)) has
the following form

s(:c,y,z,t) 3it 3(p($1yazat))' (1)

In a case of time non-locality (materials with memory) the effect s at
a point x at time ¢ depends on the histories of causes at a point x at all
past and present times

t
s@v,28) = [ alt—t,0p(,,z ) dt. (2)
—00

Space non-locality means that the effect s at a point x at time ¢ depends
on causes at all points x’ at time ¢

@y, 51) = [ Allx—x|,0p(@, ¥, 7, 6) da'dy/d. (3)

When memory. effect is accompanied by space non-locality we have
dependence of the effect s at a point x at time ¢ on causes at all points x’
and at all times ¢’ prior to and at time ¢

t
s(z,y,2,1) =[ f vt -t |x—x'|,6C) p(a', ¢/, 2, t') dz’'dy'd2’ dt’. (4)
—o00 JV

The non-local moduli a(t — t',€), B(|x — x'|,{), y(t — ¢, |x — x'|,¢,()
include parameters governing non-locality:

€= — (5)

and
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where T; is the internal characteristic time (relaxation time or signal travel
time between molecules), T, is the external characteristic time (the duration
of applied force or period of oscillations); L; is the internal characteristic
length (the lattice parameter or granular distance), L. is the external cha-
racteristic length (wave-length or sample thickness) [1].

In the following we shall confine ourselves to a case of space non-
locality and describe the properties of the kernel 3(|x—x’|,{) (other kernels
a(t —t',€) and y(t — ¥/, |x — x'|, €,¢) have the analogous characteristics):

(1) B(|x — x'[,¢) has a maximum at x = x'.

(1) B(|x — x'|,{) attenuates rapidly with |x — x'| to zero.

(#47) B is a continuous function of |x — x’| with a bounded support V.

(1) B(|Jx —x'|, () is a delta sequence, and in the classical limit { — 0,
B becomes the Dirac delta function

lim (|x — x|, ¢) = 8(|x — x'|).
¢—0
(v) For ¢ — 1 non-local theory agrees with atomic lattice dynamics.

() fyB(x—x1,¢) dv(x') =1.

Eringen [2] has ascertained the properties of §(|x’ — x|,() and found
several different forms giving a perfect match with the Born-Kdrman mo-
del of the atomic lattice dynamics and the atomic dispersion curves. For
example:

One—dimensional kernels

o
(-5 s
Bz —<'|, 1) =4 T s (7)
0 |z — 2’| > TLe,
' |z — |
Blla —a'l7) = oo exp (2221, )
€ €
1 T — z'|?
Bl = o/,7) = 7= exp (J—L—‘—) )

with 7 = k¢ and k being a constant appropriate to each material.

Two—dimensional kernels

1 Ix — x|?
—_— 10
nr L2 P ( T2 i (10)

Bllx —x'|,7) =



Y.Z. Povstenko 91

B(lx — x|, 7) = i By (i"‘—') (11)

~ 2m72L2

where K is the modified Bessel function.

Three—dimensional kernels

! ut 1 1x_x’]
/B(lx T~ I)T) T 47TT2L2\/|;T'|28XP (_-. 'TLe ) ’ (12)
, 1 _ 12
B(lx —x|,n) = Wexp (—l—%), (13)

where 7 = %TLE.

Further, we consider the theory of non-local elasticity which takes into
account interatomic long-range forces and use the non-local modulus (13).
According to the non-local elasticity the stress at a reference point x in
the body depends not only on the strain at x but also on the strains at all
other points of the body. Several versions of non-local continuum mechanics
based on various suggestions have been proposed by Kroner (3], Eringen [4],
Edelen [5], Kunin [6] and others.

For the static case with vanishing body force the basic equations for a
linear isotropic non-local elastic solid are [4]

V-t=0, (14)
b0 = [ A —x|,n) BR) do(x) (15)
B(x") = A tre(x') I+ 2ue(x’), (16)
e(x') = 5[V'u(x) +u(x) V') (1)

Here x and x’ are reference and running points, ¥ and t are the local and
non-local stress tensors, u is the displacement vector, e the linear strain
tensor, I the unit tensor, A and pu are Lamé constants.

As the non-local modulus (13) is the Green function of the diffusion
equation, it is possible to reduce the problem of determining the stress
tensor t to solving the diffusion equation

% _vr=p (18)
on
under the initial condition

n.':.-'"
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or
Vit —st=-X, (20)

where a superposed bar indicates the Laplace transform with respect to n
and s is the transform variable.

The above considerations should be modified if we have to solve mixed
boundary value problems which are very complicated in non-local elasticity.
Then ¥ depends on 7, and we can use the diffusion equation

V2 — st = —s% (21)

as an approximate equation for the non-local stress field t. The generalized
equation (21) permits to solve those problems of non-local elasticity which
cannot be solved using (20).

In axisymmetric case it is possible to obtain a general representation
of the solution of non-local elastic problems analogous to the well-known
classical representation in terms of biharmonic Love’s function (7, 8].

Hereafter, we shall restrict ourselves to the symmetry with respect to
the plane z = 0 and shall only consider problems with

t'rz|z:0 =0 (Zrz|z=0 - 0) (22)

In this case using the Laplace and Hankel transforms, the general re-
presentation of components of the non-local stress tensor has the following
form

oo n
boe = 2 /0 Jo(ré)€ de [0 BE,n— 1) QE, |2l,7) dr,

oo n
trs = 2 [0 T (ré)€ de /0 BE,n— 1)U, ||, 7) drsignz,
trr - ton =201 [ Jo(r€)E d6x
n
x [0 B(&,n — 1) [(1 + V)T (E, |2, 7) — Q(&, 2], 7)) dr,
ter — tan =20 | Ja(r)¢ déx

< [ " B(&,n - 1)~ - V)T |2l 7) + Q(E, |2, 7)) dr.  (23)

Inverse Laplace transforms necessary for obtaining (23) are presented in
Appendix.
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The function §(&,7) is the inverse Laplace transform

B(&,n) = L7 {sB(&,9)}, (24)

where B(£, s) is an unknown function which should be determined from the
boundary conditions, J;, is the Bessel function of the first kind of order n.

The functions Q(, |2],), U(, |2],), S(&,]21,2), T(€, |2], ) were intro-
duced in [9]. For the sake of convenience we present them here:

1 1 2% /i
Q(£1 IZl,t) = '2" (l - 2t€2) T(£1 |Z|,t) - é"flzls(g: |z|’t) =t TP(§1| |1t)1
UGE, I2]1) = SE12IT(E, 21,) + 1E2S(E el ),
56, ll,t) = exp(ele ente (£vE-+ 3 ) — exp(—¢lal) ete (68 - 1),
(6, |2h1) = exp(elel erte (£vE+ 3°7) + exp(~¢lalerte (£vE - 3% )
or
Qe I2ht) = 25 [T 2~ )P(e Iz 7) a,
/&0l iy
U |0 =2 7~ )P(E J2)7) dr,
lz| —3/2
S(@ leht) = =2k [ r¥2P(e ol 7) ar
T(E, |2, ) = % [P, I m) ar (25)
with

z

P(E, |2l 1) =exp( & - Z;) (26)
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The functions Q(¢,|z],1), U(§,|zl,t), S(,]2l.t), T(E,|z|,t) given by
equations (25) fulfil the following differential

a1 = &5 =P
g —6T-Q,  S=gs
a%% = —¢U, %—? = -&°T

and integral relations

fotT(ﬁalzl,T)dT :__5}2—[@—(1+§1Z|)9XP(—5|Z|)]’
Lts(§a|ZIaT)dT Fi ‘52 [U f‘zlexP( flzl)]ﬁ

t
[venar = o {wv-Ee-a+esper-an},

t
[aeidne =-z{30@- 0+ eaDem-ga) - 2@ -1

+ €[el[U — elalexp(~¢l2D) |

which are useful for solving concrete boundary-value problems.

A number of problems solved in the frame-work of non-local theory
indicate its power. It manifests some new physical phenomena and over-
comes difficulties in classical theory such as classical singularities in stress

fields and divergent energies. Using the non-local theory one can obtain
more justified results.
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APPENDIX

To obtain the representation (23) we need the following formulae

{exp( \/ﬁlzl)} 2\/—t3/2P
£t S exp (—v/e2+ slel) | = 55+ 2676,
ot e (~yE2 +slal) | = 31U + (2162 — elapeei,
e (Ve slal) } = 50 - Elio - @+ glape-t]

20— eeye—tlel
G

=l




96 Non-local equations in mathematics and physics

e e (/B o) | = - g to10 - 1+ e

+£|2|[U — €|zle¢171) + 2t64(T — Q) + 4€2¢(1 + €|2| — t€%)e~¢I21},



