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Abstract. Figurate numbers have simple geometric illustration: polygonal numbers
can be represented by polygons, pyramidal numbers by pyramids, prismatic numbers
by prisms, and trapezoidal numbers by trapezoids. The numbers mentioned above
can be defined by formulae! or can be characterized by some arithmetic sequences
of higher degrees which allow to obtain the corresponding formulae [3]. Figurate
numbers due to their geometrical illustration and intersting properties can be of
interest for school pupils.

1. Arithmetic sequences of higher degrees

For arbitrary sequence {a,} : a1, a9,as,... we can calculate the sequence of
the first finite differences {A'a,}

Alal = a2 — aq, Alag = a3z — ayg, Alag = Q4 —A3,... (1)
and the sequences of successive differences
AFlg, = Afa — AFa, i=1,2,3,... k=1,2,3,... (2)

Using the method of complete mathematical induction it can be proved
that an arbitrary term of a sequence {a,} can be described by the following
formula (see |1, 4]):

'This method was used by W. Sierpifiski in the book [5] in definitions of triangle and
tetrahedral numbers.
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n—1 n—1 n—1 n—1
an:( ) >a1—|—< . >A1a1+< ) >A2a1+...+(n_1>A”‘1a1. (3)

It is evident that to define the nth term of a sequence {a,} it is sufficient to
(know) have the first term and the differences: Alay, A2%ay, ..., A" la;.

A sequence {a,} is called an arithmetic sequence of the degree m
(m = 1,2,...) if and only if the sequence {A™a,} is constant and differs
from the zero sequence. A constant sequence will be called an arithmetic
sequence of the zero degree.

It follows from Eq. (3) that an arbitrary term of an arithmetic sequence of
the degree m is expressed as:

—1 —1 -1 -1
an:<n0 )al+<n1 >A1a1+(n2 >A2a1++<nm )Amal‘ (4)

To determine the differences Ala;, A2ay,...,A™a; we draw up the fol-
lowing table

ai

Qs

2. Polygonal numbers

For sequences with general terms

(a) an =n,

(b) an, =2n—1,
(¢) a, =3n—2,
(d) an, =4n — 3,
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(e) a, =5n—4

Y

(f) an = (s =2)n = (s = 3),

s=3,4,5,...

the sequences of partial sums? have the following form, respectively:

{t®m)}: 1 3 10 15 21 28
{tWm)y: 1 4 16 25 36 49
{t®m)y: 1 5 12 22 35 51 70
{t®m)}r: 1 6 15 28 45 66 91
{Mm)yr: 17 18 34 55 81 112
{t®(n)}: 1 s 35—3 65—8 10s—15 155—24 21s—35

Elements (terms) of a sequence {t®)(n)} are called s-gonal numbers.
Hence, there are trigonal numbers, square (quaternal) numbers, penta-
gonal numbers, hexagonal numbers, etc.

Geometrical illustration of these numbers is as follows:

Trigonal numbers:
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2The nth partial sum for a sequence {an}isar+as+...+an
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Pentagonal numbers:
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The sequences {t®)(n)} (s = 3,4,...) are arithmetic sequences of
the second degree. The general term of a sequence {t(*)(n)} can be
determined by the method of successive differences using table (5) and
equation (4). The table of differences for this sequence has the form:

35s—5 0
6s — 8 s—2

4s — 7
10s — 15
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As t)(1) = 1, A1) = s — 1, A% (1) = s — 2, then, using
Eq. (4), we obtain:

1) (n) = (”31) 4 (”Il)(s—1)+ (”;1)(3—2),

£ (n) = g[n(s —9) —s+4]. (6)

Therefore trigonal, square, pentagonal, hexagonal, and heptagonal num-
bers can be defined using the following equations:

i.e.

t3(n) = g(n +1), tW(n) = n?,
tO(n) = S(Bn—1),  #9(n) = Z(4n - 2),
tD(n) = g(’fm —3).
Many properties of s-gonal numbers can be found in books |2, 5].
3. Pyramidal numbers

If for a sequence {t(*)(n)} the sequence of partial sums is created, then
a sequence {T(n)} is obtained being an arithmetic sequence of the
third degree. Elements (terms) of this sequence are called s-gonal pyra-
midal numbers.
The sequences of trigonal, square, pentagonal, hexagonal, heptagonal,
.., s-gonal pyramidal numbers have the following form

{T®(n)}: 1 4 10 20 35
{T®(n)}: 1 5 14 30 55
{T®)(n)}: 1 6 18 40 75
{TOn)}: 1 7 22 50 95
{TM(n)}: 1 8 26 60 105

{TWMm)}: 1 s+1 45—2 10s—10 20s — 25
respectively.

To determine the general term of a sequence {T)(n)} draw up a table
of successive differences:
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10s — 10 4s — 7

20s — 25

For the sequences under consideration we have
7Oy =1,  ATE(1) =5

A TO(1) =253,  ATE(1)=s-2.
Using Eq. (4), we obtain

o = (" ) (U)o (7)) o (7 o

i.e.

TG (n) = %W(s —2)+3n— (s —5)]. (7)
This eqiuation can be written as

T®(n) = 2(n+1)n(s - 2) - (s = 5)] (8)

Indeed:
n*(s—2)+3n—(s—5) =n*(s—2)+3n+(s—2)+3=
N —=1D(s—2)+3n+1)=n+1D[n-1)(s—2)+3] =
=(n+1)n(s—2)—(s—5)].

For sequences {T®)(n)},... ,{TM(n)}, according to Eq. (8), the gen-
eral terms have the form:

TOm)=2n+1)(n+2), TW(n)="2n+1)(2n+1),
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2

TO(n)=2%(n+1), TOMn)==%n+1)(4n—1),
TM(n)=%-(n+1)(5n - 2).

In the book [5] many properties of trigonal pyramidal numbers being
elements (terms) of the sequence T®)(n) can be found.

4. Prismatic numbers

LLet m be an arbitrary natural number distinct from 1. Consider the
sequence:

m, 2(m+1), 3(m+2), 4m+3), 5(m+4),...

and create for it the sequence {P(™ (n)} being the sequence of partial
sums:

{(PM™(n)}: m, 3m+2, 6m+8, 10m+20, 15m +40,...

It is easy to see that the above sequence is an arithmetic sequence
of the third degree. The general term of this sequence cab be found
drawing up a table of successive differences

3m + 2
o6m + 8 0
dm + 12 2
10m + 20 m+ 8 0
5m + 20 2
15m + 40 m + 10

6m + 30
21m + 70 :

Then we have
P (1) =m, AP (1) = 2m + 2,
A?PM (1) =m+4,  A*PM(1) =2.
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Using Eq. (4), we obtain

P () = (n 8 1)m—|— (n I 1)2(m+1)+ (n ; 1) (m+4)+ (n ; 1) 2

P () = %(n +1)[3m +2(n —1)]. (9)

Elements (terms) of the sequence { P(™) (n)} are called prismatic numbers
of the range m (m > 2.)

The sequences of prismatic numbers of the second, third, and forth
range have the form:

{P@D(n)}: 2 8 20 40 70 ... PH(n)=Li(n+1)(n+2)
{PO(n)}: 3 11 26 50 8 ... PO(n)=2(n+1)(2n+7)
{PD(n)}: 4 16 32 60 100 ... PW(n)=%(n+1)(n+5)

Using prism, the prismatic numbers have the following geometrical
illustration:
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It should be noted that faces of a prism illustrating prismatic numbers
being triangles can be interpreted as corresponding trigoanl numbers,
whereas lateral faces of a prism being trapezes as trapezoid numbers.
For numbers m = 2, m = 3, m = 4, ..., m = s we obtain the
following sequences of trapezoid numbers:
{R@(n)}: 2 5 9 14 20
{R®(n)}: 3 7 12 18 25
{R®(n)}: 4 9 15 22 30
{R¥(n)} :

s 2s+1 3s+3 4s+6 bHs+ 10

The general term of the sequence {R)(n)} can be found based on
a table of successive differences:
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Hence, we have R®)(1) = s, A'RC(1) = s+ 1, A2RG)(1) = 1.
Using Eq. (4), we obtain

R = ("5 Yo ("7 Jer 0+ (75)

RO(n) = g(n — 1+ 2s). (10)

or

The sequence {R®)(n)} is an arithmetic sequemce of the second degree.
According to (10), the sequences { R® (n)}, {R®(n)}, {RW(n)} have
the following general terms:
n

2

n

2

n

2)
R (n) 5

(n+3),  BYm)=2(n+5), RYm)=2mn+7).
Summarizing we state that all the types of the abovementioned figu-
rate numbers can be characterized by some arithmetic sequences of the

second or third degree.
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