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Abstract. In this paper, research in the field of modular computing structures
defined on sets of Gaussians are presented. The basis of the qualitatively new tech-
nique for the organization of high-speed parallel computations in a complex plane is
presented by quadratic minimum redundant modular number systems (QMRMNS).

1. Introduction

For the organization of high speed parallel information processing, the quadra-
tic modular number systems (QMNS) are the most adjusted and convenient
among number systems with complex ranges. In such systems all the mod-
ules mi,ma,... ,mp can be represented as products of pairs of the complex-
conjugate multipliers [1]. Using quadratic minimal redundant modular cod-
ing, the essentially higher optimality of computer procedures can be reached
in comparison with the use of standard complex modular coding. This is
caused by a property of arithmetical closing of the quadratic minimal redun-
dant modular codes, i.e. by the possibility of performance of all arithmetical
operations (including not modular) without transition to real components of
complex ranges. Our study is aimed at implementation of this distinctive
feature of QMNS.

2. Quadratic modular number system

Let us consider QMNS defined by means of the set of pairwise prime natu-
ral modules m1,ms,... ,mg such that all of them are representing as prod-
ucts of two conjugated integer complex numbers (ICN): m; = p;p;, where
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pi=pips b=, —ip; pp p €Z; py >0, p >0and (p, p) = 1;
1=1,2,... k.

According to the theorem 3 from [1] for modules of type m = pp, the
Cartesian product (-|, x (:| is isomorphic to the set

L Dot % - iy = 1= T X | fims

which in one’s part is isomorphic to the complete set of residues (:|,,. There-
fore, in the QMNS with modules mq,mo, ... ,my every ICN X = X' +i X"
from a range (-|a, = ||, X |-|m, can be uniquely presented by the complex
modular code (MC)

(Xy5 Xq), (Xg; X)), .. ’(in Xk:))’ (1)
where

(Xl; Xl ) = (RPZ(X);R@ (X))v (2)

Ry (X) = Ry (X, X") = |X + JX [y

Ry (X) = R (X, X ) = [X — T X |jp»
L= =12,k (3)

by
o1

The main advantage which is reached with the use of complex-conjugate
modules consists in simplicity of performance of multiplication operations
modulo p; and pz/. The given operations require only two real multiplications
modulo m; in contrast to standard complex multiplication modulo m; which
demands four real multiplications and two real additions [1|. At the same time
the addition operations with respect to the pair of complex modules (pg,pg)
and real module m; are identical with respect to complexity.

3. Quadratic minimal redundant modular number
system

Efficiency of QMNS arithmetic essentially rises by use of minimal redundant

modular coding which, as it is known, leads to simplification of not modular

procedures [2]. According to |2, 3], in order that the MC (1) should be the

minimal redundant it is enough that the real and imaginary parts of the

coded ICN, X = X' + i X", should be elements of the range D = Z.,,
k—1

={-M,-M+1,... ,M—1}, where M = [][ m;, myg is the auxiliary natural
=0

module satisfying the condition my >= 2mg + p.
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Decoding mapping in quadratic minimal redundant modular number sys-
tem (QMRMNS) is realized by the relations

k-1
X' =% My Ml il + 1(X )My, (4)
=1
k—1
"o 1 " ”
X =) Mg alMpey Xq lmy + 1(X )My, (5)
=1

where x; = | X |,y X; = |X s 1= 1,2,...,k; I(X') and I(X") are the
interval indexes of the ICN X’ and X" respectively [2 4].

Due to the simplicity of realization of the interval-modular forms (IMF)
(4) and (5), application of QMRMNS for parallel information processing in
the complex plane provides exclusively high efficiency not only on modular
segments of computing processes but also on the segments containing not
modular operations.

As follows from [1], in the considered QMRMNS the operations of modu-
lar addition, subtraction and multiplication for any ICN 4 = A" +i A" and
B=B +iB" (A',A",B',B" € D) are realized by the same general rule:

((Ags Ap), (Ags Ag), o (Ags Ag)) o ((Bys By), (Bys By),o, (B By)) =
= ((|A; o Bylm.; [Ay 0 Bilmi), (|Ag0Bylmgs [Ag 0Bylmy), -
AR (|AkoBk‘mk; |AkoBk|mk))v (6)
where A;, A;l and B;, B;l are the digits of quadratic MC of the numbers A
and B modulo my, accordingly (see (1)—(3)), Il =1,2,... ,k; 0 € {+,—,-}.
As for the problem of performing not-modular operations in the

QMRMNS, the IMF (3) and (4) for the real and imaginary parts of elements
X=X +iX" (X', X" € D) are of importance for its solution.

Theorem. In the QMRMNS with pairwise prime odd modules my, ms,. ..,
ME_1, Mg ; Mg >= 2mg + p (mg >= p), the IMF of the real and imaginary
components of arbitrary ICN X = X' +i X" = (X}; X]),(Xy; X3),...,
(X,; X3)) (see (1) (3)) such that (X'; X") € D x D are defined as follows:

k—1

!/ "

, X, + X ,
X' =) My W + I(X ) Mj—, (7)
=1 L=
k—1 ’ "
1" X _X 1
X' =S M Ll + I(X YMj_q, 8
S 2 My ()M ®)
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where interval indexes I(X') and I(X") of ICN X" and X", respectively, are
calculated in accordance with expressions (15)—(17) from [2], when

/ 1"

/ / X; +X
Xt =X, = X |m, = % (1=1,2,... k), (9)
my
" 1 X/—XN p//
xi=x; =X |m = 127Jl (=% 5 1=1,2,...,k. (10)
l e D, e

Proof. For the proof of formulated theorem it is sufficiently to evaluate
the digits X; and X;l by analogous digits X; and X;’ of the given number X
for all [ = 1,2,--- k. Then the received expressions should be substituted
into formulas (4), (5) as well as into the calculated relations for the interval
indexes I(X') and I(X").

As follows from (2) and (3), the pairs of residues (Xz; le) and (XE;X;) are
connected with each other by the set of equations

{"4 g by =X, (1)
;= DX lm = X -

Addition and subtraction of the equalities modulo m; in (11) gives
22km = 1% 4 X1 (12)
121X |my = X = X |y -

As the real and imaginary parts of multiplicative components p; = pg +z’p2/
and p; = pg — z'p}l of modules m; = p; p; satisfy the condition (pz, pgl) =1,
then on the basis of equality (p;)? + (p; )2 = my, by the rule of contraries, it is
easy to prove that (my, pz) =1 and (my, p;,) = 1. This provides an existence

!

of the element J; = |2~ and its multiplicative inverse )Ji‘ = |2 in
Py my l my Py m
the ring Z,,, = {0,1,--- ,m; — 1}. Furthermore, in view of the fact that all
the modules mq,ma,... ,my are odd, then in the ring Z,,, there are also the
residues |%| and ‘%‘ for all { = 1,2,... ,k. Hence, from (12) it follows
my l my
that
. X, + X, X, - X/
s x) = =i |t
2 2J,
my my
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Therefore substitution of (9) and (10) into (4) and (5), accordingly, gives
the desired IMF (7) and (8) for numbers X and X", correspondingly.

Due to the theorem, the methods of performance of not modular operations
in the real MRMNS [3] are propagated in the trivial way to QMRMNS.

Let us consider, for example, the procedure of transformation with scaling
of positional code of the ICN X = X +i X" into quadratic minimal redundant

C (QMRMC). In contrast to a case of complex MRMNS [1, 3], in which
the required transformation is reduced to corresponding transformations of
the positional codes of the real and imaginary parts of the given number X,
for forming the resulting quadratic MC both numbers X' and X" should be
used jointly (see (1), (2)).

Let for the ICN X = X' + zX be necessary to generate the QMRMC of
the approximate value X = X' +i X" = X/S = (X' +iX")/S, where S is
some natural scale, for example S = 2h | h is a natural number. According to
the method of approximation described in [3, p.240], the value X is defined
by the equality

|
—

n
A~

X =N "(Fj(X;, h)+iF;(X;", n)),

<.
Il
o

where Fj(X;', h) =|F;(X;)27"|, Fj(X;", h) =] Fj(X;")27"| ; the symbol
|z| designates the rounding of a real number T Xj/ and Xj// are the additive
components of positional codes of the integer real numbers X' and X", n is
the number of such components.

Therefore, according to (1)—(3), for digits of QMRMC the following for-
mulas are true:

n—1
Ry (X) =X + 0 X |, = DRI, X7 9| (13)
=0 y
. . A n—1
Ry (X) =X = 2iX |, = D RO(X,, X0, 5)| (14)
j=0
my
where
RS X0 = (B my+ B )| L ()

my

RS X[, 5) = (RS ) = 3B (XS ) (16)

’ml
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It is supposed that bit capacity of numbers Xj/, Xj“ and j allow the
generation of residues (15) and (16) by means of table method. In this case
expressions (13) and (14) can be implemented within |log!] 41 modular clock
intervals, where |z] designates the integer part of a real number z.
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