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f ∈ Lp (R+; zα exp(−z))7 1 ≤ p ≤ ∞7 α > −17 R+ = [0,∞)7 0)8!)0 9:

A(f)(r, y) = A(f ; r, y) =

∞
∫

0

K(r, y, z) f(z) zα exp(−z) dz,

;*)1)

K(r, y, z) =
∞
∑

n=0

rnn!

Γ(n+ α+ 1)
Lα

n(y)Lα
n(z)

=
(ryz)−

α
2

1 − r exp

(−r(y + z)

1 − r

)

Iα

(

2(ryz)
1

2

1 − r

)

, 0 < r < 1,

Lα
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f ∈ Lp(R; exp(−z2)) 6+1 A)1=/-) )B,4!./+!. 0)8!)0 9:

B(f ; r, x) =

∫ ∞

−∞

P (r, x, z)f(z) exp
(

−z2
)

dz, 0 < r < 1,
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P (r, x, z) =

∞
∑

n=0

rnHn(x)Hn(z)√
π 2nn!

=
1

√

π(1 − r2)
exp

(−r2x2 + 2rxz − r2z2

1 − r2
)

,

"%&,& Hn #) $%&  $% .&,/#$& 0(-1*(/#2-3 4(/& 200,(5#/2$#(* 0,(0&,$#&) (6
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(*)#?&, $%& (0&,2$(, U(f)@

U(f) (r, y1, y2) = U(f ; r, y1, y2)

=

∞
∫

0

∞
∫

0

K(r, y1, z1)K(r, y2, z2) f(z1, z2) (z1z2)
α exp(−z1 − z2) dz1 dz2,

"%&,& f ∈ Lp
(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

A 1 ≤ p ≤ ∞A α > −13
B%#) 020&, 
(*$2#*) )(/& 0,(0&,$#&) (6 $%& 2C(8& (0&,2$(, 2*? (6 (0&,2$(,

W (f) ?&D*&? C1

W (f) (r, y1, y2) = W (f ; r, y1, y2)

=

∫ ∞

−∞

∫ ∞

−∞

P (r, y1, z1)P (r, y2, z2)f(z1, z2) exp
(

−z2
1 − z2

2

)

dz1 dz2,

"%&,& f ∈ Lp
(

R
2; exp(−z2

1 − z2
2)

)

, 0 < r < 1. B%& *(,/ (6 2 6=*
$#(* f #*

Lp
(

X2;w(z1, z2)
)

#) 7#8&* C1

‖f‖p =



















(
∫ ∞

−∞

∫ ∞

−∞

|f(t1, t2)|pw(t1, t2) dt1 dt2

)
1

p

, 1 ≤ p <∞A

sup
(t1,t2)∈R2

&)) |f(t1, t2)|, p = ∞A

"%&,& X = R+ 2*? w(z1, z2) = (z1z2)
α exp(−z1 − z2), (, X = R 2*?

w(z1, z2) = exp(−z2
1 − z2
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A(1; r, y) = 1,

A(ϕ1,y; r, y) = (1 − r)(1 + α− y),
A(ϕ2,y; r, y) = (1 − r)

{

y2(1 − r) + 2(α+ 2)ry − 2(α+ 1)y

+(α+ 2)(α + 1)(1 − r)} ,
A(ϕ4,y; r, y) = (1 − r)2

{

y4(r − 1)2 − 4α(r − 1)2y3 − 4(4r2 − 5r + 1)

+ 6(α+ 4)(α + 3)r2y2 − 12(α + 3)(α + 2)ry2

+ 6(α+ 2)(α + 1)y2 − 12(α + 3)(α + 2)(r − 1)y

+ (α+ 4)(α + 3)(α + 2)(α + 1)(r − 1)2
}

.

 !""# &%  !" #$
& y ∈ R

B(1; r, y) = 1,

B(ϕ1,y; r, y) = −y(1 − r),

B(ϕ2,y; r, y) = (1 − r)
{

y2(1 − r) +
1

2
(r + 1)

}

,

B(ϕ4,y; r, y) = (1 − r)2
{

(r − 1)2y4 − 3(r2 − 1)y2 +
3

4
(r + 1)2

}
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 !""# '% -. f1, f2 ∈ Lp (R+; zα exp(−z))/ 1 ≤ p ≤ ∞/ α > −1/ 0&#1

U(f ; r, y1, y2) = A(f1; r, y1)A(f2; r, y2)

.!" (y1, y2) ∈ R
2
+/ 0 < r < 1/ '&#"# f(z1, z2) = f1(z1)f2(z2)/ z1, z2 ∈ R+,

 !""# (% -. f1, f2 ∈ Lp
(

R; exp(−z2)
)

/ 1 ≤ p ≤ ∞/ 0&#1

W (f ; r, y1, y2) = B(f1; r, y1)B(f2; r, y2)

.!" (y1, y2) ∈ R
2
/ 0 < r < 1/ '&#"# f(z1, z2) = f1(z1)f2(z2)/ z1, z2 ∈ R,
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U(1; r, y1, y2) = 1,

U(ϕ1,yi
; r, y1, y2) = (1 − r)(1 + α− yi),

U(ϕ2,yi
; r, y1, y2) = (1 − r)

{

y2
i (1 − r) + 2(α + 2)ryi − 2(α + 1)yi

+ (α+ 2)(α + 1)(1 − r)} ,
U(ϕ4,yi

; r, y1, y2) = (1 − r)2
{

y4
i (r − 1)2 − 4α(r − 1)2y3

i − 4(4r2 − 5r + 1)

+ 6(α + 4)(α + 3)r2y2
i − 12(α + 3)(α+ 2)ry2

i

+ 6(α + 2)(α + 1)y2
i − 12(α + 3)(α+ 2)(r − 1)yi

+ (α+ 4)(α + 3)(α + 2)(α + 1)(r − 1)2
}

(!" 0 < r < 1. i = 1, 2/

 !""# &%  !" #$#"% (y1, y2) ∈ R
2
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W (1; r, y1, y2) = 1,

W (ϕ1,yi
; r, y1, y2) = −yi(1 − r),

W (ϕ2,yi
; r, y1, y2) = (1 − r)

{

y2
i (1 − r) +

1

2
(r + 1)

}

,

W (ϕ4,y1
+ ϕ4,y2

; r, y1, y2) = (1 − r)2
{

(r − 1)2(y4
1 + y4

2)

−3(r2 − 1)(y2
1 + y2

2) +
3

2
(r + 1)2

}

(!" 0 < r < 1. i = 1, 2/
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 !""# '%  !" (y1, y2) ∈ R
2
+ -01 0 < r < 1 *# ,-$#

U (|ϕ1,yi
| ; r, y1, y2) ≤ (1 − r) 1

2

{

y2
i (1 − r) + 2(α + 2)ryi − 2(α+ 1)yi

+ (α + 2)(α + 1)(1 − r)}
1

2 , i = 1, 2.

9$4$,1.,2 6) &)'

 !""# (%  !" 0 < r < 1 -01 (y1, y2) ∈ R
2
*# ,-$#

W (|ϕ1,yi
| ; r, y1, y2) ≤ (1 − r) 1

2

{

y2
i (1 − r) +

1

2
(r + 1)

}
1

2

, i = 1, 2.
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 !""# $%  !" f ∈ Lp
(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

, #$!%! α > −1 &'(

1 ≤ p ≤ ∞) *$!' U(f ; r, ·, ·) ∈ Lp
(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

&'(

‖U(f ; r, ·, ·)‖p ≤ ‖f‖p "!#

+,% 0 < r < 1)

$% & '()(*&+ ,&'-(.% /0 
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 !""# &'%  !" f ∈ Lp
(

R
2; exp(−z2

1 − z2
2)

)

, #$!%! 1 ≤ p ≤ ∞) *$!'

W (f ; r, ·, ·) ∈ Lp
(

R
2; exp(−z2

1 − z2
2)

)

&'( ‖W (f ; r, ·, ·)‖p ≤ ‖f‖p +,%

0 < r < 1)
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ω(f ; δ1, δ2) = sup
0<h1≤δ1
0<h2≤δ2

{

sup
(y1,y2)∈X2

|f(y1 + h1, y2 + h2) − f(y1, y2)|
}

,

δ1, δ2 > 0, /-0+0 X = R+ .+ X = R= +0'20
4(30*:6

()!*+!" &%  !" f ∈ C(R2
+) ∩ Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

, 1 ≤ p ≤ ∞

&'( α > −1) *$!'

|U(f ; r, y1, y2) − f(y1, y2)| ≤ 6ω (f ; δ1, δ2)

+,% 0 < r < 1 &'( (y1, y2) ∈ R
2
+- #$!%!

δi = (1 − r) 1

2

{

y2
i (1 − r) + 2(α+ 2)ryi

−2(α+ 1)yi + (α+ 2)(α + 1)(1 − r)}
1

2 , i = 1, 2.

.%,,+) >(+'4 /0 '922.'0 4-&4 f ∈ C1(R2
+) ∩ Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

=

1 ≤ p ≤ ∞= α > −16 ?04 f(z1, z2) − f(y1, y2) = λy1
(z1, z2) + τy2

(z1, z2)
,.+ 030+: (z1, z2) ∈ R

2
+= /-0+0

λy1
(z1, z2) =

z1
∫

y1

∂

∂u
f(u, z2) du, τy2

(z1, z2) =

z2
∫

y2

∂

∂v
f(y1, v) dv.
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|λy1
(z1, z2)| =

∣

∣

∣

∣

∣

∣

z1
∫

y1

∂

∂u
f(u, z2) du

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

z1
∫

y1

du

∣

∣

∣

∣

∣

∣

· sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y1

∣

∣

∣

∣

= |z1 − y1| · sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y1

∣

∣

∣

∣

*+,

|τy2
(z1, z2)| ≤ |z2 − y2| · sup

(y1,y2)∈R
2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y2

∣

∣

∣

∣

.

-$.+/ 0%11* 23 4% /%(

U (|λy1
| ; r, y1, y2) ≤ U (|ϕ1,y1

| ; r, y1, y2) sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y1

∣

∣

∣

∣

≤ (1 − r) 1

2

{

y2
1(1 − r) + 2(α+ 2)ry1 − 2(α+ 1)y1

+(α+ 2)(α + 1)(1 − r)}
1

2 sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y1

∣

∣

∣

∣

,

U (|τy2
| ; r, y1, y2) ≤ (1 − r) 1

2

{

y2
2(1 − r) + 2(α + 2)ry2 − 2(α + 1)y2

+(α+ 2)(α+ 1)(1 − r)}
1

2 sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y2

∣

∣

∣

∣

.

5%+
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|U (f ; r, y1, y2) −f(y1, y2)| ≤ U (|λy1
| ; r, y1, y2) + U (|τy2

| ; r, y1, y2)
≤ (1 − r) 1

2

{

y2
1(1 − r) + 2(α+ 2)ry1 − 2(α+ 1)y1

+ (α+ 2)(α + 1)(1 − r)}
1

2 sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y1

∣

∣

∣

∣

+ (1 − r) 1

2

{

y2
2(1 − r) + 2(α+ 2)ry2 − 2(α+ 1)y2

+ (α+ 2)(α + 1)(1 − r)}
1

2 sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂f(y1, y2)

∂y2

∣

∣

∣

∣

.

0%( f ∈ C(R2
+)∩Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

3 1 ≤ p ≤ ∞3 α > −1 *+,
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fδ1,δ2(y1, y2) =
1

δ1δ2

δ1
∫

0

δ2
∫

0

f(y1 + u, y2 + v) du dv  !" (y1, y2) ∈ R
2
+, δ1, δ2 > 0.

# f ∈ C(R2
+) ∩ Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

, $%&'

fδ1,δ2 ∈ C1(R2
+) ∩ Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

 !" ()&* δ1, δ2 > 0 +'*

sup
(y1,y2)∈R

2
+

|fδ1,δ2(y1, y2) − f(y1, y2)| ≤ ω(f ; δ1, δ2),

sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂

∂y1
fδ1,δ2(y1, y2)

∣

∣

∣

∣

≤ 2δ−1
1 ω(f ; δ1, δ2),

sup
(y1,y2)∈R

2
+

∣

∣

∣

∣

∂

∂y2
fδ1,δ2(y1, y2)

∣

∣

∣

∣

≤ 2δ−1
2 ω(f ; δ1, δ2)

 !" +,, δ1, δ2 > 0.
-!"&!.&"/  !" f ∈ Lp

(

R
2
+; (z1z2)

α exp(−z1 − z2)
)

0& 
+' 0"2$&

|U(f ; r, y1, y2) − f(y1, y2)|
≤ |U(f − fδ1,δ2 ; r, y1, y2)| + |U(fδ1,δ2 ; r, y1, y2) − fδ1,δ2(y1, y2)|

+ |fδ1,δ2(y1, y2) − f(y1, y2)|,
345

0%&"& (y1, y2) ∈ R
2
+, δ1, δ2 > 0.

6!0/  "!7 $%& ("8$ 9+"$ ! $%28 9"!! 0& %+.&

|U(fδ1,δ2 ; r, y1, y2) − fδ1,δ2(y1, y2)|

≤ 2ω(f ; δ1, δ2)
{

δ−1
1 (1 − r) 1

2

[

y2
1(1 − r) + 2(α + 2)ry1 − 2(α + 1)y1

+(α+ 2)(α + 1)(1 − r)]
1

2 + δ−1
2 (1 − r) 1

2

[

y2
2(1 − r) + 2(α+ 2)ry2

−2(α+ 1)y2 + (α+ 2)(α + 1)(1 − r)
]

1

2

}

.

:;8&".& $%+$

|U(f −fδ1,δ2; r, y1, y2)| ≤
∞
∫

0

∞
∫

0

K(r, y1, z1)K(r, y2, z2) (z1z2)
α exp(−z1 − z2) dz1 dz2

× sup
(y1,y2)∈R

2
+

|fδ1,δ2(y1, y2)−f(y1, y2)| ≤ U(1; r, y1, y2)ω(f ; δ1, δ2) ≤ ω(f ; δ1, δ2)
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|fδ1,δ2(y1, y2) − f(y1, y2)| ≤ ω(f ; δ1, δ2).

%&'( )*+ ,- ."/-

|U(f ; r, y1, y2) − f(y1, y2)|

≤
{

1 + δ−1
1 (1 − r) 1

2

[

y2
1(1 − r) + 2(α+ 2)ry1 − 2(α+ 1)y1

+(α+ 2)(α + 1)(1 − r)]
1

2 + δ−1
2 (1 − r) 1

2

[

y2
2(1 − r)

+2(α+ 2)ry2 − 2(α+ 1)y2 + (α+ 2)(α + 1)(1 − r)]
1

2

}

2ω(f ; δ1, δ2)

0'& 0 < r < 11 δ1, δ2 > 0 "#$ "22 (y1, y2) ∈ R
2
+. 3-445#6

δ1 = (1 − r) 1

2

(

y2
1(1 − r)+ 2(α+ 2)ry1− 2(α + 1)y1+ (α + 2)(α + 1)(1 − r)

)
1

2,

δ2 = (1 − r) 1

2

(

y2
2(1 − r)+ 2(α + 2)ry2− 2(α+ 1)y2 + (α+ 2)(α + 1)(1 − r)

)
1

2

0'& 78-$ (y1, y2) ∈ R
2
+1 ,- 6-4 4.- &-9:5&-$ 5#-9:"254;<
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 !"#$"% &'  !" f ∈ C(R2) ∩ Lp
(

R
2; exp(−z2

1 − z2
2)

)

, 1 ≤ p ≤ ∞# $%!&

|W (f ; r, y1, y2) − f(y1, y2)| ≤ 6ω (f ; δ1, δ2)

'() 0 < r < 1 *&+ (y1, y2) ∈ R
2
, -%!)!

δi = (1 − r)
{

y2
i (1 − r) +

1

2
(r + 1)

}

, i = 1, 2.
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