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Abstract. In the presented paper we study some properties of preponderantly
continuous functions and functions satisfying the property A;. For any family F of
real-valued functions we define MAXr = {g: max{f,g} € F forall f € F} and
MINF ={g: min{f, g} € F for all f € F}. The aim of the paper is to find MZNx
for two discussed classes of functions.

1. Preliminaries

Let R, N be the set of real numbers and natural numbers, respectively. Next,
let I denote a closed interval, U any open subset of R and Int(A) is the interior
of a set A C R in the natural metric. Let A stand for Lebesgue measure in R.
For each measurable set £ C R we define the lower and upper density of E at
o € R by:

e MINE) = o AUINE)
d(E,xo)—)\(Il;IB&I;EGI s and d(E’xO)_,\(?)risgopel OB

If d(E,x0) = d(FE,x0), we denote this common value by d(FE,zg) and call it
the density of E at xg. In a similar way, we also define the one-sided lower and
upper density of the set E at the point zg: d™ (E,x0), d” (E, o), d (E,x0)
andd (E,zo). It is easy to check that d (E, zo) = min{ d* (E,z0),d” (E,z0)}
and d(E,z0) = max{ d' (E,z0),d (E,z0)}. If d* (BE,z0) = d' (E, x0)
(d (E,z0) = d (E,x0)), then we denote this common value by d*(E,xq)
(d=(E,zp)) and call it the right (the left) density of E at xo.

There are a few nonequivalent definitions of preponderant density and pre-
ponderant continuity [3]. We will use the following.
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Definition 1. [1,3] A point z¢o € R is said to be the point of preponderant
density in Denjoy sense of a measurable set E C R if d(E,xzq) > %

Similarly, we can define the preponderant density in Denjoy sense of a mea-
surable set £ C R at the right and at the left. Moreover, a point zg € R is
the point of preponderant density in Denjoy sense of a measurable set £ C R
iff it is the point of preponderant density in Denjoy sense of the measurable
set I/ at the right and at the left.

Definition 2. [1,3] A function f: U — R is said to be preponderantly con-
tinuous in Denjoy sense at xg € U if there exists a measurable set E C U
containing xy such that d (E, xy) > % and fg is continuous at xo. A function
f: U — R is said to be preponderantly continuous in Denjoy sense if it is
preponderantly continuous in Denjoy sense at each point xog € U. The class

of all functions which are preponderantly continuous in Denjoy sense will be
denoted by PD.

Grande [2] defined a property of real functions called the property Aj.
Based on this, we may define a similar property, which extends the notion of
preponderant continuity.

Definition 3. [2,3] A function f: U — R is said to have the property Ay in
Denjoy sense at xg € U if there exist measurable sets £y C U and FEy C U
containing xg such that xq is the point of preponderant density in Denjoy sense
of both sets Ey and Es, f|g, is upper semi-continuous at xo and fig, is lower
semi-continuous at xo. A function f: U — R has the property Ay in Denjoy
sense if it has the property A1 in Denjoy sense at each xg € U. The class of

all functions which have the property Ay in Denjoy sense will be denoted by
GPD.

Corollary. PD C GPD.

2. Auxiliary lemmas

We will present some known facts and the useful lemma.

Theorem 1. [3, Corollary 9| GPD C By and PD C By, where By is the set
of Baire class 1 functions.

Theorem 2. [3, Theorem 2 |

(i) A measurable function f: U — R is preponderantly continuous in Denjoy
sense at xg € U iff lim d({x eU: |f(x)— f(zo)| < %},$0> > 1,
n—oo
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(ii) A measurable function f: U — R has the property Ay in Denjoy sense
at xg € U iff  lim c_l({ﬂc e U: f(z) < f(zo) + %},:po) > 1 and

lim d({o € Us f(@) > f(z0) = 1},

N~ —

1
>3-

Theorem 3. [3, Corollary 6] Let E =

-t

[an, by], where byi1 < ayn for
1
every n and ro = lim a,. Then

.. A[zo,an]) N E)
1. d* (E,zp) = liminf ——— "~/
a ( 0) 00 )\([1'070'71])

—+ . A ([xo, by] N E)
2. d (E,xp)=limsup ——F——.
( 0) n%oop A ([1'07 bn])
Lemma 1. Let % <~v <1, z € R andlet E be a measurable subset of R

such that 3+(E,x) = c > 0. Then there exists a sequence of closed intervals

(e.)
{I, = [an,by]: n > 1} for which x <...< bpy1< an < ...,d*( U In,x> =7,
n=1

and d" (Eﬂ U In,a:) > 2.

n=

1

A[ent1,¢n]) — L n(n+1)

Proof. Let ¢, = 3:—1— for n € N. Hence lim = =0
n—oo N[z, cpqa])  n—oo P |
Put Uy = [cni1, g1 + Y(cn — cug1)] and U7 = [cn — y(cn — Cny1),cnl

for n > 1. Then A\(U}) = ANU2) = yA([cns1,¢n))s [eni1,cn] = U U U2 and

MENUN +XMENU2) > MEN[cni1,cn])- It follows that for each n > 1 we

can find a closed interval J,, C [¢p41, ¢y] such that A(J,,) = YA([ent1, ¢n]) and
o0

ME N Jy) = 3AE N [eng1,¢]). Hence )\( U Jn [a:,ck]) = YA([z, ¢x]) for
n=1

k> 1.
Let z € (x,c1). There is k > 1 such that z € [cgy1, cx]. Then

)\< U Jnﬂ[x,z]) = )\( U Jn)—i—)\(Jkﬁ[ckH,z]) < AA([z, 2]) +A([ck+1, k),
n=1 n=k+1

A( U Jnﬂ[a:,z]) - )\( U Jn)—i—)\(Jkﬂ[ckH,z]) > ([, 2]) = Mewrs o))
= n=k+1

and

—_

(UJ NEN| a:z) >)\( U JIn ﬂE) iA([x,z]ﬁE)—)\([cn+1,cn]).
n=1 n=k+1
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Therefore
1_ 1 )‘(UJnﬂ[%Z]) 11
1 n n+1 n=1 n n—+1 1
Y- w=7— < <9+ =7t
T A7) T &
and
A J, N EN |z,
(Y, 23) @map) Eoah_iEamd)
A[=, 2]) — 2 AMz,2]) - 2 Az, 2]) "

It follows that d*( U Jn,g;> zyand3+< U J.NE, a:) > 14 + ).

n=1 n=1

o0

We have proven that d+( U Jn,a:> = ~vandd (E N U Jn,x> > %
n=1

but the elements of the sequence need not be d18301nt

Let {I,,: n > 1} be a sequence of closed intervals such that I,, C Int.J,
for all n € N and d* U (Ju \ In), ) = 0. Then the sequence {I,: n > 1}
=1

possesses all the reqlured properties. [

3. MAXr and MINF for PD and GPD

Definition 4. For any family F of functions from U to R we define
MINg={9: U — R: Vjcr min{f, g} € F}.
and
MAXr ={g: U - R: Vyecr max{f,g} € F}.
Remark 1. Observe that max{f, g} = —min{—f, —g} and if F has the prop-
erty f e F = —f & F, then
MAXr ={g: U - R: —ge& MINz}.
We will find MAXF and MZINx for PD and GPD.
Lemma 2. MZNpp C PD and MINgpp C GPD.

Proof. To prove it, it suffices to take any f € MZINpp (f € MINgpp)
and for each z¢p € U define a constant function g(x) = f(xo) + 1. Then
g € PD N GPD and, since min{f,g} € PD (min{f,g} € GPD), it is easy
to verify, applying Theorem 2, that f is preponderantly continuous in Denjoy
sense at xo (g has the property A; in Denjoy sense at xg). O
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Lemma 3. If f € PD (f € GPD) and g is approzimately continuous, then
max{f, g}, min{f,g} € PD (max{f, g}, min{f,g} € GPD).

Proof. Fix any zo € U. Since f € PD (f € GPD), there exists a mea-
surable set F (there exist two measurable sets Fy and Es) such that xy € F
(xg € E1NEs), xg is a point of Denjoy preponderant density of E (of both sets
E; and Es) and J|E is continuous at g (f|E1 is upper semi-continuous at xg and
Jf|E, 18 lower semi-continuous at xo). Similarly, since g is approximately con-
tinuous at xg, there exists a measurable set F' such that zo € F', d(F,z¢) =1
and g/ is continuous at xo. Then min{f, g} gnr and max{f,g} pnr are
continuous at xo (min{f, g}p,nr, max{f, g} g,nr are upper semi-continuous
at xg and min{f, g} g,nr, max{f, g}g,nr are lower semi-continuous at o).
Moreover, d(E N F,z¢) > d(E,z9) — d(R\ F,z9) > 3 ( d(By N F,x0) > %
and d(E, N F,z9) > 1). It follows that min{f, g} and max{f, g} are prepon-
derantly continuous in Denjoy sense at zp (min{f, ¢} and max{f, g} satisfy
the property A; in Denjoy sense at xg). Since xy was an arbitrary point,

min{ f, g}, max{f,¢g} € PD (min{f, g}, max{f,g} € GPD). ]

Lemma 4. If g € PD is not approzimately lower semi-continuous at xog € U,

then there exists f € PD such that min{f, g} & GPD.

Proof. We may assume that g is not approximately lower semi-continuous at
xo at the right. Then there exists ¢ > 0 such that 8+({x > zo: f(z) <
f(zg) —e},xz0) = ¢ > 0. Applying Lemma 1, we can find a sequence of
closed intervals {I,, = [an,by]: n > 1} such that g < ... <bp41 < a, < ...,

oo T,
d*( U In,ajo) = %—i—%c and d( U Inn{z > zp: f(x) < f(a:o)—s},a:o> > %c.
n=1 n=1

Pick a sequence of pairwise disjoir;t closed intervals {J,, = [¢p,, dp]: n > 1} such
;>
that I,, C Int(J,) and d( U (J \ In),mo) — 0. Define a function f: U — R
n=1
letting

g(zo) if ye (U\ (x0.d1)) U U Ln:

n=1

J— o
Fly)= g(xo) —2e if ye U [dnt1,cnl,
n=1
linear on each interval [c,, ay,] and [b,,d,], n=1,2,... .

Obviously, min{ f(x¢), g(z0)} = g(xo) and f € PD, because f is continuous
at each point except at xg and xq is a point of preponderant density in Denjoy

sense of (E\ (wo,d1) U @1 I,. Let E = {y: min{f(y),9(y)} > g(xo) — ¢}
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Then EN U [dnt1,cn] = 0 and

n=1

d(E,x0) < d"(E,x0) <d* (Eﬂ G In,x()) +E+( Ej (Jn \ In),Io) -
n=1

n=1

:d*(@ In,aco) —E+(G I, {z > xo: f(2) <f(a:0)—s},a:0) <
n=1

n=1

<—+4+-c——c==-—-¢<

N | —
>~ =
N —
N —
>~ =
N | —

This implies that min{ f, g} does not have the property A; in Denjoy sense at
xo and min{f, g} ¢ PGD, which completes the proof. O

Theorem 4. MINpp = A, where A is the set of approzimately continuous
functions.

Proof. By Lemma 3, we have inclusion A C MZNpp.

Suppose that g is not approximately continuous at zy. If g is not approxi-
mately lower semi-continuous at xg, then applying Lemma 4, we obtain that
g & MINpp. Assume that g is not approximately upper semi-continuous at
xo € U. Without loss of generality we may assume that g is not approximately
upper semi-continuous at xg at the right. Then we can find £ > 0 such that
E+({a: > xo: f(z) > f(zo) +€},20) = ¢ > 0.

As it was shown earlier, we can find ¢ > 0 and two sequences {I, =
[an,bp]: n > 1}, {J, = [cn,dn]: n > 1} of closed intervals such that xp <

o0
coe <dpy1 < e < ..oy Iy C Int(Jy,) for n € N, d+( U In,x()) = %—1—%6,
n=1

E+( G(Jn\ln),mo) =0 and d+(n§1]nﬂ{a: > xo: f(z) > f(xo)—i-a},xo) >

n=1

%c. Define f: U — R letting:

g(xo) +2-¢ if ye (U\ (zo,d1)) U G In,

n=1
f(y): g(_jpo)—2-€ if RS Ej [dn+170n]7
n=1

linear on the intervals [c,,a,] and [b,,d,], n=1,2,... .

It is clear that f € PD, since it is discontinuous only at xy and xg is a point

[ee]
of preponderant density in Denjoy sense of (U \ (xo,dl)) U U I,. Moreover,

n=1

min{ f(xo), 9(zo)} = g(x0). Let £ ={x € U: |min{f(y),9(y)} — g(z0)| < e}
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Then EN { [dny1,cn] = 0 and

n=1

d(E,x0) < d*(E,xz0) <d" (E N G In,xo) + a*( fj (T \ In),;z;o) -
n=1

n=1

:d+( [jl[n,:ro) _E+( [jllnﬂ{:r > xo: f(z) < f(zo) —5},960) <

SRS SR SO SIS B
STy Ty Tty

Therefore min{ f, g} is not Denjoy preponderantly continuous at x. It follows
that min{f,g} &€ PD. We have proven that if g ¢ A, then g ¢ MZINpp.
Hence MZNpp C A, which completes the proof. O

Applying Remark 1, we have:

Corollary.
MAXpp = A.

Theorem 5. MINgpp = GPD N{f: f is approzimately lower semi-conti-
nuous}.

Proof. Let g € MINgpp. Remark 1 and Lemma 4 imply that g € GPD and
g is lower semi-continuous.

Let f,g: U = R, f,g € GPD, g € I and g be approximately lower semi-
continuous at zg. If min{f(x), g(x0)} = g(zo), then

{y €U g(y) < glwo) +e} € {y € U: min{f(y),9(y)} < g(xo) +e}
and if min{ f(xo), g(zo)} = f(z0), then

{yeU: f(y) < flzo) +e} C{y € U: min{f(y),9(y)} < f(wo) +¢}

for each € > 0. In both cases z( is a point of preponderant density in Denjoy
sense of

{y € U: min{f(y),9(y)} < min{f(w0),g(z0)} +e}
for each zp € I and each € > 0, because f,g € GPD.
On the other hand, the set {y € U: g(y) > g(zo)—c}{y: f(y) > f(xo)—c}

is contained in {y € U: min{f(y),g(y)} > min{f(z0),g(z0)} — €}. Since
f € GPD and g is approximately lower semi-continuous at xg, we have

d({y: f(y) > f(zo) — e}, 20) > % and  d({y: g(y) > g(xo) — e}, m0) = 1.
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Therefore

d({y € U: min{f(y),g(y)} > min{f(z0),g(x0)} — e}, x0) >
>d({y € U: fly) > f(xo) —e},20) —d(R\{y € U: g(y) > g(xo) —€},20) >
>d({y e U: f(y) > f(zo) — e}, m0).

Hence

lim d({y € U: min{f(y),g(y)} > min{f(z0),g(z0)} —},z0) >

e—0t

| —

> lim d({y € U: f(y) > f(a0) — <}, 20) >

It follows that min{ f, g} has property A; in Denjoy sense at xo. Since xg was
an arbitrary point of U, we have min{f, g} € GPD. Therefore g € MINgpp.
This completes the proof. ]

Corollary.
MAXgpp = GPD NA{f: f is approzimately upper semi-continuous}.
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