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ABSTRACT

In many various practical problems we often deal with computing distribution functions of sums
of independent non-negative random variables. In applied mathematics (ex. queueing theory) we
can find many formulas with Stieltjes convolutions of distribution functions of random variables of
the same type. Finding convolutions on the base of definition is not easy and convenient, because
there are some technical problems connected with computations. There are some interesting ways
to obtain such distribution functions applying other methods. In this paper we present methods

connected with applications of generating functions and Laplace-Stieltjes transforms.

1. INTRODUCTION

Assume that &1, & are two independent non-negative random variables.
Distribution functions of these random variables will be denoted by L;(z) and
Lo (x), respectively.

For the random variable £ = & + & we easily obtain formula for its distri-
bution function L(z) = P{{ < x}.

Lx)=P{{<z}=P{&+ & <z} =

_ /0 P& <o —uléy € [u,u+duw)}P{& € wutdu)} = (1)

_ /0 P{és < 2 — ubP{€1 € [u,u + du)} = / Loz — u)dLs (u).
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In the case of discrete independent random variables taking only integer
values with distributions

pr=Pl& =k} =Pl =k}Lk=01,....) pp=> =1
k

k

we can obtain the distribution of random variable £ = &; + &5 as follows:

k
gh=P{{=k}=P{&+& =kl =) Pla=i&b=k—i}= (2
i=0

k
= ZP{& = i}P{& =k —i}.

Then we can finally calculate the distribution function of random variable £

L(z) =) g

k<x
For the arbitrary number of independent random variables we can generalize

applying the formula

(1), (2) by induction but final formulas may not be convenient.

For example, if we consider two independent random variables having expo-
nential distribution with the parameter a (a > 0)i.e. Li(x) = Lo(z) = 1—e™9*
for x > 0, applying integration by parts, we easily obtain

L(z) = /095 <1 - e_a($_u)) ae”"du =

xX xX
= / ae” "du — / ae”du=1— (1+ ax)e ™.
0 0

So in this case we obtain 2-Erlang distribution with the parameter a.

In the case of many independent random variables computation becomes
very complicated because we have to use parts integration repeatedly.

Consider now two independent random variables &1, & which have geomet-
ric distribution with the parameter p (p € (0,1)) ie. pp = rr = (1 — p)p”,
k=0,1,.... Then we obtain the following result:

k
qx = P{&1 + & = k} =ZP{§1 =i}P{&=k—i} =

1=0

k

k
=> (L=pp'L—pp" " => (1 -p?" = (k+1)(1-p*p"
1=0 =0
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In the case of n independent random variables (n > 3) computation also
becomes more difficult because of complicated sums appearing.

Formulas with Stieltjes convolutions which can be calculated applying (1),
(2) appear in applied mathematics very often. For example, they are used in

theory of queueing systems with non-homogeneous customers ([3], [4], [5]).

2. LAPLACE-STIELTJES TRANSFORMATION (LST) AND 1TS USEFUL
PROPERTIES

Let £ denote a non-negative random variable and L(z) its distribution func-
tion. For every complex ¢ that has non-negative real part (re ¢ > 0) we can
define the following function ([1], [4]):

alq) = Be % = /000 e dL(x). (3)

The function given by (3) is called Laplace-Stieltjes transformation (LST) of
random variable &.

Now we present two very interesting properties of LST that can be used in
obtaining distribution functions of sums of independent random variables.

Property 1. Let &y, &, ..., &, denote the sequence of independent non-negative
random variables and oq(q),a2(q), ..., an(q) — a sequence of LST of these
random variables respectively and & =& + & + ... + &, — the sum of random
variables £1,&2, ..., &q. Let a(q) denote the LST of random variable . Then
we obtain the following formula:

a(g) = [T eila). (4)

Proof. Applying the definition of LST, in view of properties of mean value of

independent random variables product, we obtain

n n n
a(q) = E'e_q5 = Ee_qzrilzl 3 = EH e_qgi = HEe—qfi - HaZ(q)
i=1 =1 =1
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Property 2. Assume that & is a non-negative random variable and denote
as L(x) and a(q) distribution function and LST of random variable £ conse-
quently. Then we have the following formula:

a@%:AméﬂwL@%:?AmﬁwL@Mm (5)

Notice that the integral on the right side of (5) is the well known Laplace
transformation of the function L(x).

Proof. Calculating the integral from the left side of (5) by parts integration

and the basic properties of Stieltjes integral we obtain

a(q) = /000 e ®dL(x) = e ¥ L(x) 80 - /OOOL(:I:)d(e_qx) =

= q/ e ¥ L(x)dx.
0

Applying the two above properties we can obtain the distribution functions of
sums of independent non-negative random variables. First we have to calculate

LST «;(q) for every random variable and in view of (4) we obtain LST

of sum of all variables. Secondly, applying (5), we obtain Laplace transforma-
tion of the sum I(q) = #. Finally, we can use Laplace transform inversion
to find distribution function of the sum. In the last step we can use residuum
method or Laplace transformation tables or computer algebra systems (Math-
ematica environment). This method is very useful especially in the case of

absolutely continuous random variables. O

3. EXAMPLES OF CALCULATING DISTRIBUTION FUNCTIONS OF SUMS OF
INDEPENDENT RANDOM VARIABLES USING LST

Let us consider n independent random variables having exponential distri-

bution with parameters a; (i = 1,n). Applying (4), (5) we obtain

| J Y

szqHLN%+®'

(6)
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Applying computer algebra systems and inverse Laplace transformation, we
obtain distribution function of the sum of above random variables in the form

AR S § O L
L(z) =1+ ; Mo (o) (7)

In the special case of n independent random variables having exponential

distribution with the same parameter a we have «;(q) = i=1,n In

_a_
a+q’
view of (4) and (5) we obtain formula for the Laplace transformation of the

sum of these variables
n

a
l(q) = —. 8
@ q(a+q)" )
Applying residuum method we can obtain the distribution function in the
form
n—1 (CLLE)l
Lz)=1—e"% Z o 9)
i=0

So in this case we obtain n-Erlang distribution with the parameter a.
Assume now that we have n independent random variables having uniform
r—a

distribution on the interval [a,b] (0 < a < b) i.e. for every i = 1,n L;j(x) = §=2
for every = € [a,b] and L;(x) = 0if 2 < a and L;(z) = 1 if > b. Then we

e a9 _e—ba

have a;(q) = ey = 1,n. Applying (4) and (5) we obtain
(efaq _ equ)n
(q) = ————. 10
@)= ey (10)
Using computer algebra systems we can obtain the distribution function in
the form
—1 \" <= (=DY(b—a)l —bn+z)"H((b—a)l —bn + z)
L(z) = 11
() (b—a) 2 (n— 1) » (1)

=0

where H(x) is the Heaviside unitstep function.

4. GENERATING FUNCTION (GF) AND ITS USEFUL PROPERTIES

Let us consider a non-negative random variable £ taking only integer values.
Denote as p;, probability that £ is equal to k i.e. pp = P{{ =k}, >, pr = 1.
Then for every complex z that satisfies condition |z| < 1 we can define the
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following function ([2], [4]):
P(z) = Ez* = Zpkzk. (12)
k=0

Because P(z) is analytic we assume that P(0) = pg. The function given by
(12) is called the generating function (GF) of random variable &.

Now we present two very interesting properties of GF which can be used
in obtaining distribution functions of sums of independent random variables

taking only integer values.

Property 3. Let &1,&,...,&, denote the sequence of independent random
variables taking only integer value and Py(z), Po(2),..., Py(2) — a sequence of
GF of random variables &1,&o, . .., &, respectively.

If¢ =& +&+...+&, denotes the sum of these random variables and P(z)
is GF of the random variable &, then we have the following formula:

P =] o) (13)

Proof. Applying the definition of GF, in view of properties of mean value of

independent random variables product, we obtain

P(z) = BzXi=1 & = Eﬂzf" = ﬁEzgi = ﬁPi(z).
i=1 =1 i=1
O

Property 4. If we have the GF P(z) of random variable £ then we can recover
distribution pr, = P{¢ = k} applying the formula

P® (0
P = k!( )- (14)
Proof. Applying the definition of GF we obtain
PW()=>"i(i—1)(i—2)...(i—k+1pzF =k (;)pizi_k. (15)
i=k i=k

From (15) we easily obtain
P®(0) = Elpx,
which confirms (14). O
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Applying these properties we can obtain the distributions pg of sums of
independent random variables which take only integer values. First we have
to calculate GF P;(z) for every random variable. Then applying (13) and (14)

we can obtain distribution of the sum of these variables.

5. EXAMPLES OF CALCULATING DISTRIBUTIONS OF SUMS OF
INDEPENDENT RANDOM VARIABLES APPLYING GF

Let us consider two independent random variables &1, & that are both
defined by the following table:

l‘i12
AEE

Generating functions of both variables have the form

1 2
Pi(z) = Py(2) = 3% + 522.

Then GF of the sum & + & has the form
1 2,\% 1 4 4
P(z) = Pi(2)Py(2) = <3z + 3z2> = §z2 + §z3 + §z4. (16)

Applying (14) we can find py probabilities that are presented in the following
table:

x 12134
1|4 4
Pi13|9]9

Similar computations can be leaded for the arbitrary number of independent
random variables that are defined in the finite probability tables.

Assume now that we have n independent random variables &1, . . ., &, having
Poisson distribution with parameter p i.e. pg = ‘;—I;e—“. GF of each random
variable has the form: P;(z) = e #(1=2) i = T, n. Then the GF of the sum

&+ ...+ &, has the form

P(z) = e (172, (17)
In view of (17) we obtain

PH(z) = (np)e 1),
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and
PR(0) = (np)ke ™.

Applying (14) we finally obtain

(n)*
Pr = k! e ", (18)
It follows from (18) that the sum & + ... + &, has the Poisson distribution
with parameter nu. If &,...,§, have Poisson distribution with parameter

Wi, i = 1,n, making analogous computation, we can easily obtain that the
sum & + ... + &, have Poisson distribution with the parameter p = >"" | ;.

Consider now n independent random variables having geometric distribu-
tion with parameter p i.e. pp = (1 — p)p¥. Then the generating function of

each variable has the form: P;(z) = 11__;; , i = 1,n. Then the sum of these
random variables has the following GF'
(1=p)"
P(z) = ——. 19
()= G (19)
From (19) we easily obtain
k n
By — p*(1—p)
and in view of (14) we finally obtain
n+k—1 n
P = < L )p’“(l —p)". (21)

Analogous computations, using GF or LST, can be proceeded also for ran-
dom variables which have different distribution functions.

For example, let us assume that we have two independent random variables
&1,&9. First variable has Poisson distribution with parameter p and second
variable has geometric distribution with parameter p.

Then in view of (13) GF of the sum &; + & has the form

e "1=2)(1 — p)

P(z) = 22
()= (22)
From (22), using Mathematica environment, we obtain
k pipk=i
P®(z) = k(1 — ple #1723 (23)

- il(1 — pz)kti=i

1=
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and applying (14) we finally obtain

k

(t)
pe=(1-—p Z (1—p pe“Z : (24)

i=0 !

6. CASE OF n INDEPENDENT RANDOM VECTORS

Assume that £ = (£1,&2) and n = (11, 12) are two independent non-negative
random vectors. Let Lj(z,y) and La(z,y) denote the distribution functions

of these vectors, respectively. For the random vector

C:(Cla@):§+77:(51+771,52+772)

we obtain the following formula for its distribution function

L(‘T7y) :P{Cl <:L‘ac2 <y}
Lz,y) = P{Q <z, <y} =P{&+m<z,L+m<y}=

x oy
:/ / P{fl<x—u,§2<y—v’771G[u,u—l—du),nge[v,v—i—dv)}x
0 JO

xP{m € [u,u+du),n2 € [v,v+dv)} = /Ox /Oy Li(x—u,y—v)dLa(u,v). (25)

In the case of two independent random vectors taking only integer values
with distributions p;; = P{& = 0,6 = j}, rij = P{m = i,m2 = j} we obtain
the following formula:

qj =P{&1+m =i, +mp=j}=
i
d Pl =km=i-kéb=lnp=j-1}=
k=0 1=0
i J

= Ple =k =UP{m=i—km=j—1}=
k=0 [=0

i J
= puirikjt- (26)

k=0 1=0
Then we can finally calculate the distribution function of random vector
(C1,¢2) applying the formula

=22 u

<z j<y
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Formulas (25), (26) can be generalized for the arbitrary number of non-
negative independent random vectors but computations may be very com-
plicated.

7. LST orF RANDOM VECTORS AND ITS PROPERTIES

Let (&, n) denote a non-negative random vector and L(z,y) denote its distri-
bution function. For every complex numbers ¢, s which satisfy the condition
Re ¢ > 0, Re s > 0 we can define the LST of random vector (§,7) as it follows
[4]:

alq,s) = Be 9575 = /0 /0 e L (x, y). (27)

The function given by (27) is called the double LST of random vector (§,7)
and has the following properties.

Property 5. Let (&1,m1), (§2,m2), ..., (&n,nn) be a sequence of independent
non-negative random vectors and aq(q, s), a2(q, s), ..., an(q,s) be a sequence

of double LST of these random vectors respectively,

(&m) = (Em) + (E2,m2) + ...+ (§ny )

— the sum of random wvectors (§&1,m), (§2,m2)s -y (§nsn)- If a(q, s) is the
double LST of random vector (£,1m), then we obtain the following formula:

Oé(q, S) = Hai(q’ S)' (28)
i=1

Property 6. Let us assume that (£,m) is a non-negative random vector and
L(z,y) and a(q, s) are distribution function and double LST of random vector

(&,m) respectively. Then we have the following formula:
ags) = [ [T ity —as [ [T e i yody. (2)
o Jo o Jo

Let us notice that the integral on the right side of (29) is the well known
double Laplace transformation of function L(z,y) (|6]).

Definition of double LST can be generalized for the arbitrary dimensions
of random vectors. The properties of such generalized functions stay the
same. Applying two above properties we can obtain the distribution functions
of independent random vectors in a similar way as we did in the case of
independent random variables.
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8. GENERATING FUNCTION (GF) OF A RANDOM VECTOR AND ITS
PROPERTIES

Consider now a non-negative random vector (£, 7) taking only integer values
and introduce the following notation: p;; = P{{ = i,n = j}, >, ;pij = L.
Then for every complex z, zo that satisfy conditions |2z1| < 1, |z2| < 1 we can
define the following function (|[2]):

P(z1, 22) Ezl,22 = Z Zpl]zle (30)
i=0 j=0
The function given by (30) is called the generating function (GF) of random
vector (&, 7).
Now we present two very interesting properties of GF that can be used in
obtaining distribution functions of sums of independent random vectors taking

only integer values.

Property 7. Let (&1,m), (§&2,m2), -+, (§nsmn) be a sequence of independent

random vectors taking only integer values and
Pl(zl, 22), Pz(zl, 22), N ,Pn(zl, 22)

denote a sequence of GF of random wvectors (§1,m), (§2,m2), -+, (Eny M) TE-
spectively. If (§,m) = (&1 +& + ... +&m +m2+ ... + nn) denotes the sum
of these random vectors and P(z1,z2) — GF of the random vector (§,m), then
we have the following formula:

n

P(z1,29) = [[ Pi(=1, 22). (31)
i=1
Property 8. If we have the GF P(z1, z2) of random vector (§,m) then we can
recover distribution p;j = P{§ =1i,m = j} applying the formula

1 8i+jp(217 22)

— . . 32
gl 02102 ‘Zl:”:o (52)

Pij =

In view of those two properties we can compute the distributions of sums of

independent random vectors taking only integer values. The definition of GF

can be extended for the arbitrary dimensions of random vectors taking only
integer values and its properties stay the same.
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9. EXAMPLES OF CALCULATING DISTRIBUTIONS OF SUMS OF
INDEPENDENT RANDOM VECTORS APPLYING GF oOorR LST

Assume that (&1,m1), (§2,72) are two independent random vectors taking
only integer values that are defined by the following tables:

(§2,m2)
1

(§1,m1)
3

Wl W

oot =
D= DN
ol |

The generating functions of the random vectors (£1,71) and (£2,72) have

the form
1 2

) 1
Pl(zl, ZQ) = 7212’3 + *Z%Z%, Pg(zl, ZQ) = *Z%Z'Q + *Z%Z'Q.
6 6 3 3
Applying (31) we can obtain the generating function of the sum of these
random vectors in the form

) 11 2
P(Zl, 22) = Pl(Zl, ZQ) . PQ(Zl, 22) = EZ%Z% + EZ%Z% + EZ?Z%. (33)
Applying (32) and (33) we can recover the distribution of the sum. It is

presented in the following table:

)
11

18

(&1 4+ &,m +n2)
4

S|
| o

Assume now that we have n independent random vectors (£, 7n) having the
distribution defined by the formula

(1—p)p'

= ). 1
Py = pe0) (34)
The generating function of the random vector (£, n) has the form
(1—p)e=
P(z1,29) = —————. 35
(21, 22) 0= par) (35)
GF of the sum has the form
=1 —p)"
2,29) = TP 36
Q(z1, 22) c—epm) (36)

Applying (32) we obtain distribution in the form

n 1—1
- 1<1‘p> pind [[(n + ). (37)
k=0

ol e




SOME APPLICATIONS OF GF AND LST 109

Consider finally two independent non-negative random vectors (&, ) having
distribution function

L(z,y)=P{{<zn<y}=1l-e"—eV+e ¥ >0 y>0 (38)
The double LST of each vector has the form:

(4,5) 1

ar1(q,8) = —————.
R CESVICES)
Then, applying (28), the double LST of the sum of two independent vectors

(&,m) has the form

(39)

1
g+ 1)*(s+ 1)
In view of (29) we obtain formula for the double Laplace transform of this

a(g,s) = ( (39)

sum ( )
a(q, s 1
1(q.5) = - . 4
@)= "2 = P 1P IP “0)

If we apply Laplace transform inversion (ex. Mathematica environment) we

finally obtain formula for the distribution function of the sum
Ly(z,y) =e "V 242 +e"(x-2)) 2+y+el(y—2)). (41)

Let us notice that the majority of calculations concern to the situation if the
components of the random vectors (£, 7n) are independent. In the discrete case
i.e. the distribution of the random vector has the form p;; = k;l;, where £;
and /; are the distributions of random variables taking only integer values. In
the case of absolutely continuous random vectors the distribution function of
each vector has the form F(z,y) = Fi(z)Fy(y), where Fi(x), Fy(y) are the
distribution functions of absolutely continuous non-negative random variables.

Calculations in this case are much easier because in the discrete case the GF
of the sum has the form P(z1, z2) = (Pi(21))"(P2(22))" and it is not difficult to
recover the distribution p;;. In the case of the sum of the absolutely continuous

random vectors we have the following formula for its LST:

a(g,s) = (a1(q))" (az(s))"
a(gs)

and in some cases it is easier to inverse the double Laplace transform BT
If the components of the random vectors are dependent, obtaining general
formulas for distribution functions of the sums is much more difficult since the

distribution functions of vectors are not the products of distribution functions
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of their components and during the computations we deal with calculating
more complicated sums (i.e. we have to use binomial formula), so finding
general formulas is possible only in some special cases.
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