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❆❜"#$❛❝#

❲❡ ♣.♦✈❡ ✐♥ /❤✐( ♣❛♣❡. /❤❛/ ✐❢ /❤❡ ❝♦♠♣♦(✐/✐♦♥ ♦♣❡.❛/♦.H✱ ❣❡♥❡.❛/❡❞ ❜② ❛ ❢✉♥❝/✐♦♥ h : Iba×C → Y ✱

♠❛♣( Φ1BV (Iba, C) ✐♥/♦ Φ2BV (Iba, Y ) ❛♥❞ ✐( ✉♥✐❢♦.♠❧② ❝♦♥/✐♥✉♦✉(✱ /❤❡♥ /❤❡ ❧❡❢/✲❧❡❢/ .❡❣✉❧❛.✐③❛✲

/✐♦♥ h∗ ♦❢ h ✐( ❛♥ ❛✣♥❡ ❢✉♥❝/✐♦♥ ✇✐/❤ .❡(♣❡❝/ /♦ /❤❡ /❤✐.❞ ✈❛.✐❛❜❧❡✳

✶✳ ■♥#$♦❞✉❝#✐♦♥

▲❡$ Iba ❞❡♥♦$❡ $❤❡ )❡❝$❛♥❣❧❡ [a1, b1] × [a2, b2]✳ ▲❡$ (X, | · |), (Y, | · |) ❜❡ )❡❛❧

♥♦)♠❡❞ 0♣❛❝❡0 ❛♥❞ C ❜❡ ❛ ❝♦♥✈❡① ❝♦♥❡ ✐♥ X✳ ❋♦) ❛ ❢✉♥❝$✐♦♥ h : Iba ×C → Y ✱

❞❡♥♦$❡ ❜② XIba
$❤❡ ❛❧❣❡❜)❛ ♦❢ ❛❧❧ ❢✉♥❝$✐♦♥0 f : Iba → X ❛♥❞ ❜② H : XIba → Y Iba

$❤❡ ◆❡♠②$0❦✐❥ ♦♣❡)❛$♦) ❣❡♥❡)❛$❡❞ ❜② $❤❡ ❢✉♥❝$✐♦♥ h ❞❡✜♥❡❞ ❜②

(Hf)(t, s) = h(t, s, f(t, s)), f ∈ XIba , (t, s) ∈ Iba.

▲❡$ (ΦBV (Iba, X), ‖ · ‖Φ) ❜❡ ❛ ❇❛♥❛❝❤ 0♣❛❝❡ ♦❢ ❢✉♥❝$✐♦♥0 f ∈ XIba
✇❤✐❝❤

❤❛✈❡ ❜♦✉♥❞❡❞ Φ✲✈❛)✐❛$✐♦♥ ✐♥ $❤❡ 0❡♥0❡ ♦❢ ❙❝❤)❛♠♠✱ ✇❤❡)❡ $❤❡ ♥♦)♠ ‖ · ‖Φ ✐0

❞❡✜♥❡❞ ✇✐$❤ $❤❡ ❛✐❞ ♦❢ ▲✉①❡♠❜✉)❣✲◆❛❦❛♥♦✲❖)❧✐❝③ 0❡♠✐♥♦)♠ ❬✶✹✱ ✼✱ ✶✺❪✳

❆00✉♠❡ $❤❛$ H ♠❛♣0 $❤❡ 0❡$ ♦❢ ❢✉♥❝$✐♦♥0 f ∈ ΦBV (Iba, X) 0✉❝❤ $❤❛$

f(Iba) ⊂ C ✐♥$♦ ΦBV (Iba, Y )✳ ■♥ $❤❡ ♣)❡0❡♥$ ♣❛♣❡)✱ ✇❡ ♣)♦✈❡ $❤❛$✱ ✐❢ H ✐0

❲❛❞✐❡ ❆③✐③ ✖ ❯♥✐✈❡&'✐❞❛❞ ❞❡ ❧♦' ❆♥❞❡'✳

❚♦♠❛> ❊?❡@✱ ◆❡❧>♦♥ ▼❡?❡♥C❡>✱ ❏♦>❡ ▲✳ ❙❛♥❝❤❡③✖ ❯♥✐✈❡&'✐❞❛❞ ❈❡♥/&❛❧ ❞❡ ❱❡♥❡③✉❡❧❛✳

▼❛➟❣♦?③❛C❛ ❲?H❜❡❧ ✖ ❏❛♥ ❉➟✉❣♦'③ ❯♥✐✈❡&'✐/② ✐♥ ❈③➛'/♦❝❤♦✇❛✳



✽ ❲✳ ❆❩■❩✱ ❚✳ ❊❘❊)✱ ◆✳ ▼❊❘❊◆❚❊❙✱ ❏✳ ▲✳ ❙❆◆❈❍❊❩✱ ▼✳ ❲❘1❇❊▲

✉♥✐❢♦%♠❧② ❝♦♥*✐♥✉♦✉+✱ *❤❡♥ *❤❡ ❧❡❢*✲❧❡❢*✱ %✐❣❤*✲%✐❣❤*✱ ❧❡❢*✲%✐❣❤* ❛♥❞ %✐❣❤*✲❧❡❢*

%❡❣✉❧❛%✐③❛*✐♦♥+ ♦❢ ✐*+ ❣❡♥❡%❛*♦% h ✇✐*❤ %❡+♣❡❝* *♦ ✜%+* *✇♦ ✈❛%✐❛❜❧❡+ ❛%❡ ❛✣♥❡

❢✉♥❝*✐♦♥+ ✇✐*❤ %❡+♣❡❝* *♦ *❤❡ *❤✐%❞ ✈❛%✐❛❜❧❡✳ ❚❤✐+ ❡①*❡♥❞+ *❤❡ ♠❛✐♥ %❡+✉❧*+ ♦❢

❬✺❪ ❛♥❞ ❬✸❪✳ ■♥ +♦♠❡ +♣❛❝❡+ *❤❡ %❡♣%❡+❡♥*❛*✐♦♥ *❤❡♦%❡♠+ ❢♦% *❤❡ ▲✐♣+❝❤✐*③✐❛♥

◆❡♠②*+❦✐❥ ♦♣❡%❛*♦%+ ❤❛✈❡ ❜❡❡♥ ❡+*❛❜❧✐+❤❡❞ ❜❡❢♦%❡✱ +❡❡ ❬✸✲✽✱ ✶✶❪✳

✷✳  !❡❧✐♠✐♥❛!✐❡(

■♥ *❤✐+ +❡❝*✐♦♥ ✇❡ %❡❝❛❧❧ +♦♠❡ ❢❛❝*+ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥ ♥❡❡❞ ✐♥ ❢✉%*❤❡% ❝♦♥+✐❞✲

❡%❛*✐♦♥+✳

❉❡♥♦*❡ ❜② R *❤❡ +❡* ♦❢ ❛❧❧ %❡❛❧ ♥✉♠❜❡%+ ❛♥❞ ♣✉* R+ = [0,∞)✳ ❲❡ +❛② *❤❛*

❛ ❢✉♥❝*✐♦♥ ϕ : R+ → R+ ✐+ ❛ ϕ✲❢✉♥❝*✐♦♥ ✐❢ ϕ ✐+ ❝♦♥*✐♥✉♦✉+ ♦♥ R+✱ ϕ(0) = 0✱

ϕ ✐+ ✐♥❝%❡❛+✐♥❣ ♦♥ R+ ❛♥❞ ϕ(t) → ∞ ✇❤❡♥ t → ∞✳ ▲❡* ✉+ %❡❝❛❧❧ ✜%+* *❤❡

❝♦♥❝❡♣* ♦❢ *❤❡ ❜♦✉♥❞❡❞ ϕ✲✈❛%✐❛*✐♦♥ ✐♥ *❤❡ +❡♥+❡ ♦❢ ❲✐❡♥❡% ✭❬✶✼❪✮✳ ◆❛♠❡❧②✱ ✇❡

+❛② *❤❛* ❛ ❢✉♥❝*✐♦♥ u : [a, b] → R ❤❛+ ❛ ϕ✲❜♦✉♥❞❡❞ ✈❛%✐❛*✐♦♥ ✐♥ *❤❡ ❲✐❡♥❡%

+❡♥+❡ ✇✐*❤ %❡+♣❡❝* *♦ ❛ ϕ✲❢✉♥❝*✐♦♥ ϕ ♣%♦✈✐❞❡❞ *❤❡ N✉❛❧✐*② V W
ϕ (u) ❞❡✜♥❡❞ ❜②

*❤❡ ❢♦%♠✉❧❛

V W
ϕ (u) = V W

ϕ (u; [a, b]) = sup
π

n
∑

j=1

ϕ (|u(tj)− u (tj−1)|)

✐+ ✜♥✐*❡✳ ❍❡%❡ *❤❡ +✉♣%❡♠✉♠ ✐+ *❛❦❡♥ ♦✈❡% ❛❧❧ ♣❛%*✐*✐♦♥+ π ♦❢ *❤❡ ✐♥*❡%✈❛❧ [a, b]✳

◆❡①*✱ ❧❡* Φ = {φn} ❜❡ ❛ +❡N✉❡♥❝❡ ♦❢ ✐♥❝%❡❛+✐♥❣ ❝♦♥✈❡① ❢✉♥❝*✐♦♥+✱ ❞❡✜♥❡❞ ♦♥

*❤❡ +❡* ♦❢ ♥♦♥♥❡❣❛*✐✈❡ %❡❛❧ ♥✉♠❜❡%+ ❛♥❞ +✉❝❤ *❤❛* Φn(0) = 0 ❛♥❞ Φn(t) > 0

❢♦% t > 0 ❛♥❞ n = 1, 2, . . . ❲❡ +❛② *❤❛* Φ ✐+ Φ∗✲+❡N✉❡♥❝❡ ✐❢ φn+1(t) ≤ φn(t) ❢♦%

❛❧❧ n✱ t ❛♥❞ Φ✲+❡N✉❡♥❝❡+ ❛♥❞ ✐♥ ❛❞❞✐*✐♦♥

∞
∑

n=1

φn(t) ❞✐✈❡%❣❡+ ❢♦% ❛❧❧ t > 0. (1)

■❢ Φ ✐+ ❡✐*❤❡% ❛ Φ∗✲+❡N✉❡♥❝❡ ♦% ❛ Φ✲+❡N✉❡♥❝❡✱ ✇❡ +❛② *❤❛* ❛ ❢✉♥❝*✐♦♥ u ✐+

♦❢ Φ✲❜♦✉♥❞❡❞ ✈❛%✐❛*✐♦♥ ✐♥ *❤❡ ❙❝❤%❛♠♠ +❡♥+❡ ✐❢ *❤❡ Φ✲+✉♠
∑

n

φn (|u(In)|) ✐+

✜♥✐*❡ ❢♦% ❛♥② ♥♦♥✲♦✈❡%❧❛♣♣✐♥❣ ❝♦❧❧❡❝*✐♦♥ {In} ♦❢ I ✭❬✶✻❪✮✳ ■❢ In = [an, bn] ✐+ ❛

+✉❜✐♥*❡%✈❛❧ ♦❢ *❤❡ ✐♥*❡%✈❛❧ I (n = 1, 2, . . .) ✇❡ ✇%✐*❡ u (In) := u (bn)− u (an)✳

❲❡ ✐♥*%♦❞✉❝❡ *❤❡ Φ = {φn,m} *✇♦ ❞✐♠❡♥+✐♦♥❛❧ +❡N✉❡♥❝❡ ♦❢ ✐♥❝%❡❛+✐♥❣

❝♦♥✈❡① ❢✉♥❝*✐♦♥+✱ +✉❝❤ *❤❛* φn,m(0) = 0 ❛♥❞ φn,m(t) > 0 ❢♦% t > 0 ❛♥❞



❯◆■❋❖❘▼▲❨ ❈❖◆❚■◆❯❖❯❙ ❈❖▼,❖❙■❚■❖◆ ❖,❊❘❆❚❖❘ . . . ✾

n,m = 1, 2, . . . ❲❡ "❛② %❤❛% Φ ✐" Φ✲"❡)✉❡♥❝❡ ❬✹✱ ✸❪ ✐❢

φn′,m′(t) ≤ φn,m(t) ❢♦4 ❡❛❝❤ n′ ≤ n, m′ ≤ m, t ∈ [0,∞)

❛♥❞

∞
∑

n=1

∞
∑

m=1

φn,m(t) ❞✐✈❡4❣❡" ❢♦4 t > 0.
(2)

✸✳ ◆♦"❛"✐♦♥✱ ❞❡❢✐♥✐"✐♦♥* ❛♥❞ ❛✉①✐❧✐❛.② ❢❛❝"*

❆% %❤❡ ❜❡❣✐♥♥✐♥❣ ❛""✉♠❡ %❤❛% a = (a1, a2)✱ b = (b1, b2) ❛4❡ %✇♦ ✜①❡❞ ♣♦✐♥%"

✐♥ %❤❡ ♣❧❛♥❡ R
2
✳ ❉❡♥♦%❡ ❜② Iba %❤❡ 4❡❝%❛♥❣❧❡ ❣❡♥❡4❛%❡❞ ❜② %❤❡ ♣♦✐♥%" a ❛♥❞ b✱

✐✳❡✳✱ Iba = [a1, b1]× [a2, b2]✳

◆❡①%✱ ❧❡% ✉" ❛""✉♠❡ %❤❛% {In} ❛♥❞ {Jm} ❛4❡ %✇♦ "❡)✉❡♥❝❡" ♦❢ ❝❧♦"❡❞ "✉❜✐♥✲

%❡4✈❛❧" ♦❢ %❤❡ ✐♥%❡4✈❛❧" [a1, b1] ❛♥❞ [a2, b2]✱ 4❡"♣❡❝%✐✈❡❧②✳ ■% ♠❡❛♥" In = [an1 , b
n
1 ]✱

(n = 1, 2, . . .)✱ Jm = [am2 , bm2 ]✱ (m = 1, 2, . . .)✳

❋✐♥❛❧❧② ❛""✉♠❡ %❤❛% f : I → R ✐" ❛ ❣✐✈❡♥ ❢✉♥❝%✐♦♥ ❛♥❞ ❧❡% Φ = {φn,m} ❜❡

❛ ✜①❡❞ ❞♦✉❜❧❡ Φ "❡)✉❡♥❝❡✳

❋✐① x2 ∈ J1 = [a2, b2] ❛♥❞ ❝♦♥"✐❞❡4 %❤❡ ❢✉♥❝%✐♦♥ f(·, x2) : [a1, b1]→ R✳ ❚❤❡

)✉❛♥%✐%② V S
Φ,I1
❞❡✜♥❡❞ ❜② %❤❡ ❢♦4♠✉❧❛

V S
Φ,I1

(u) = sup
π1

∞
∑

n=1

φn,m (|f(In, x2)|)

= sup
π1

∞
∑

n=1

φn,m (|f(bn, x2)− f(an, x2)|)

= sup
π1

∞
∑

n=1

φn,m (|f(bn, x2)− f(an, x2)|) ,

(3)

✐" "❛✐❞ %♦ ❜❡ Φ✲✈❛#✐❛%✐♦♥ ✐♥ %❤❡ *❡♥*❡ ♦❢ ❙❝❤#❛♠♠ ♦❢ %❤❡ ❢✉♥❝%✐♦♥ f(·, x2)✳ ■♥

%❤❡ ❝❛"❡ ✇❤❡♥ V S
Φ,I1

(f) < ∞ ✇❡ ✇✐❧❧ "❛② %❤❛% f ❤❛" ❛ ❜♦✉♥❞❡❞ Φ✲✈❛#✐❛%✐♦♥ ✐♥

%❤❡ *❡♥*❡ ♦❢ ❙❝❤#❛♠♠ ✇✐%❤ #❡*♣❡❝% %♦ %❤❡ ✜#*% ✈❛#✐❛❜❧❡ ✭✇✐%❤ ✜①❡❞ %❤❡ "❡❝♦♥❞

♦♥❡✮✳ ■♥ %❤❡ "❛♠❡ ✇❛② ♦♥❡ ❝❛♥ ❞❡✜♥❡ %❤❡ ❝♦♥❝❡♣% ♦❢ %❤❡ Φ✲✈❛4✐❛%✐♦♥ ♦❢ %❤❡

❢✉♥❝%✐♦♥ f(x1, ·) ✐♥ %❤❡ ❙❝❤4❛♠♠ "❡♥"❡✳ ■% ✐" ❞❡♥♦%❡❞ ❜② V
S
Φ,J1
✳ ❖❜✈✐♦✉"❧②✱ ✐❢

V S
Φ,J1

(f) < ∞ %❤❡♥ ♦♥❡ ❝❛♥ "❛② %❤❛% f ❤❛* ❜♦✉♥❞❡❞ Φ✲✈❛#✐❛%✐♦♥ ✐♥ %❤❡ *❡♥*❡

♦❢ ❙❝❤#❛♠♠ ✇✐%❤ #❡*♣❡❝% %♦ %❤❡ *❡❝♦♥❞ ✈❛#✐❛❜❧❡ ✭✇✐%❤ ✜①❡❞ %❤❡ ✜4"% ♦♥❡✮✳

▲❡% ✉" ♣❛② ❛%%❡♥%✐♦♥ %♦ %❤❡ ❢❛❝% %❤❛% %❤❡ ❧❡❛"% ✉♣♣❡4 ❜♦✉♥❞ ✐♥ ❢♦4♠✉❧❛ ✭✸✮

✐" %❛❦❡♥ ✇✐%❤ 4❡"♣❡❝% %♦ ❛❧❧ "❡)✉❡♥❝❡" {In} ♦❢ "✉❜✐♥%❡4✈❛❧" ♦❢ %❤❡ ✐♥%❡4✈❛❧ I1✳

❆♥❛❧♦❣♦✉"❧② ✇❡ ✉♥❞❡4"%❛♥❞ %❤❡ ❧❡❛"% ✉♣♣❡4 ❜♦✉♥❞ ✐♥ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ %❤❡
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 ✉❛♥$✐$② V S
Φ,J1

❬✹✱ ✸❪✳ ❋✉.$❤❡.✱ ✇❡ ♣.♦✈✐❞❡ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ $❤❡ ❝♦♥❝❡♣$ ♦❢ $✇♦

❞✐♠❡♥:✐♦♥❛❧ ✭♦. ❜✐✲❞✐♠❡♥:✐♦♥❛❧✮ ✈❛.✐❛$✐♦♥ ✐♥ $❤❡ :❡♥:❡ ♦❢ ❙❝❤.❛♠♠✳

❉❡✜♥✐%✐♦♥ ✶✳ ❚❤❡ #✉❛♥'✐'② V S
Φ,Iba

(f) ❞❡✜♥❡❞ ❜② '❤❡ ❢♦/♠✉❧❛

V S
Φ,Iba

(f) = sup
π1,π2

∞
∑

n=1

∞
∑

m=1
φn,m (|f(In, Jm)|) =

= sup
π1,π2

∞
∑

n=1

∞
∑

m=1
φn,m (|f(bn, Jm)− f(an, Jm)|) =

= sup
π1,π2

∞
∑

n=1

∞
∑

m=1

φn,m (|f(an, cm) + f(bn, dm)− f(an, dm)− f(bn, cm)|) ,

✐2 2❛✐❞ '♦ ❜❡ '❤❡ ❜✐✲❞✐♠❡♥2✐♦♥❛❧ ✈❛/✐❛'✐♦♥ ✐♥ '❤❡ 2❡♥2❡ ♦❢ ❙❝❤/❛♠♠ ♦❢ '❤❡

❢✉♥❝'✐♦♥ f ✇❤❡/❡ '❤❡ ❧❡❛2' ✉♣♣❡/ ❜♦✉♥❞ ✐2 ❝♦♥2✐❞❡/❡❞ ♦♥ ❛❧❧ ❝♦❧❧❡❝'✐♦♥2 ♦❢ ❝❧♦2❡❞

❛♥❞ ❜♦✉♥❞❡❞ 2✉❜✐♥'❡/✈❛❧2 {In}✱ {Jm} ♦❢ ✐♥'❡/✈❛❧2 I1 ❛♥❞ J1 /❡2♣❡❝'✐✈❡❧②✳

❋✐♥❛❧❧②✱ ✇❡ ✐♥$.♦❞✉❝❡ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ $❤❡ ♠❛✐♥ ❝♦♥:✐❞❡.❡❞ ❝♦♥❝❡♣$✳

❉❡✜♥✐%✐♦♥ ✷✳ ❲❡ 2❛② '❤❛' '❤❡ #✉❛♥'✐'② TV S
Φ (f) ❞❡✜♥❡❞ ❜② '❤❡ ❢♦/♠✉❧❛

TV S
Φ (f) = V S

Φ,I1(f) + V S
Φ,J1(f) + V S

Φ,Iba
(f)

✐2 '❤❡ '♦'❛❧ Φ✲✈❛/✐❛'✐♦♥ ♦❢ '❤❡ ❢✉♥❝'✐♦♥ f ✐♥ '❤❡ 2❡♥2❡ ♦❢ ❙❝❤/❛♠♠✳

❆ ❢✉♥❝$✐♦♥ f ✐: .❡❢❡..❡❞ ❛: ❛ ❢✉♥❝$✐♦♥ ✇✐$❤ ❜♦✉♥❞❡❞ $♦$❛❧ Φ✲✈❛.✐❛$✐♦♥ ♣.♦✲

✈✐❞❡❞ TV S
Φ (f) <∞✳

❇② ΦBV (Iba) ✇❡ ❞❡♥♦$❡ $❤❡ :❡$ ♦❢ ❛❧❧ ❢✉♥❝$✐♦♥: f : Iba → X ✇❤✐❝❤ ❤❛✈❡

❜♦✉♥❞❡❞ $♦$❛❧ Φ✲✈❛.✐❛$✐♦♥ ✐♥ $❤❡ :❡♥:❡ ♦❢ ❙❝❤.❛♠♠✳

❇② PΦ ❧❡$ ✉: ❞❡♥♦$❡ $❤❡ ❢✉♥❝$✐♦♥❛❧ ❞❡✜♥❡❞ ♦♥ $❤❡ :❡$ ΦBV (Iba) ✐♥ $❤❡

❢♦❧❧♦✇✐♥❣ ✇❛②✿

PΦ(f) = inf

{

ǫ > 0 : TV S
Φ

(

f

ǫ

)

≤ 1

}

. (4)

❚❤❡ ♠❛✐♥ .❡:✉❧$ ✐♥ ❬✹❪ ❛::❡.$: $❤❛$ $❤❡ :❡$ ΦBV
(

Iba
)

❢♦.♠: ❛ ❇❛♥❛❝❤ ❛❧❣❡❜.❛

✇✐$❤ $❤❡ ♥♦.♠ ❞❡✜♥❡❞ ❜② $❤❡ ❢♦.♠✉❧❛

‖f‖Φ = |f(a)|+ PΦ(f). (5)

❖❜,❡-✈❛%✐♦♥ ✶✳ ■❢ ✇❡ $❛❦❡ $❤❡ Φ✲:❡ ✉❡♥❝❡ ❞❡✜♥❡❞ ❛: ❢♦❧❧♦✇:

Φ = {φn,m : φn,m(t) = tp; 1 < p <∞✱ n,m = 1, 2, ...}

$❤❡♥ ✇❡ ❝❛♥ ❝❤❡❝❦ $❤❛$ PΦ(f) =
(

TV S
Φ (f)

)1/p
✳



❯◆■❋❖❘▼▲❨ ❈❖◆❚■◆❯❖❯❙ ❈❖▼,❖❙■❚■❖◆ ❖,❊❘❆❚❖❘ . . . ✶✶

❖✉" ♥❡①& "❡'✉❧& ✐' ❝♦♥&❛✐♥❡❞ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✳

▲❡♠♠❛ ✶✳ ▲❡" f ∈ ΦBV
(

Iba;X
)

❛♥❞ Φ ∈ Φ∗✳ ❚❤❡♥ f ❤❛) "❤❡ ❢♦❧❧♦✇✐♥❣

♣1♦♣❡1"✐❡)✿

✭✶✮ ■❢ (t, s), (t′, s′) ∈ Iab "❤❡♥ |f(t, s)− f(t′, s′)| ≤ 4Φ−1n,m

(

1
2

)

PΦ(f)✳

✭✷✮ ■❢ PΦ(f) > 0 "❤❡♥ TV S
Φ (f/PΦ(f)) ≤ 1✳

✭✸✮ ▲❡" r > 0✳ ❚❤❡♥ TV S
Φ (f/r) ≤ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ PΦ(f) ≤ r✳

❖❜(❡)✈❛+✐♦♥ ✷✳ ❋"♦♠ ♣❛"& ✭✶✮ ♦❢ ▲❡♠♠❛ ✶✳ ✇❡ ❞❡❞✉❝❡❞ &❤❛& ❡❛❝❤ ❢✉♥❝&✐♦♥

f ∈ ΦBV (Iba;X) ✐' ❜♦✉♥❞❡❞✳ ▼♦"❡♦✈❡"✱ &❤❡ ❢♦❧❧♦✇✐♥❣ ❡'&✐♠❛&✐♦♥ ✐' '❛&✐'✜❡❞

‖f‖∞ = sup
{

|f(t, s)| : (t, s) ∈ Iba
}

≤ |f(a)|+ 4Φ−1n,m

(

1
2

)

PΦ(f) (6)

✐❢ n,m = 1, 2, . . . ✇❤❡"❡ &❤❡ '②♠❜♦❧ ‖f‖∞ ❞❡♥♦&❡' &❤❡ '✉♣"❡♠✉♠ ♥♦"♠✱ ✐✳❡✳

‖f‖∞ = sup
{

|f(t, s)| : (t, s) ∈ Iba

}

▲❡& ✉' ✜① ❛"❜✐&"❛"② f ∈ ΦBV (Iba)✳ ❚❤❡♥ &❤❡ ❢✉♥❝&✐♦♥ f∗ : Iba → X ❞❡✜♥❡❞

❜② ❢♦"♠✉❧❛

f∗(x1, x2) =



































lim
(y1,y2)→(x1−0,x2−0)

f(y1, y2), (x1, x2) ∈ (a1, b1]× (a2, b2],

lim
(y1,y2)→(x1−0,a2+0)

f(y1, y2), x1 ∈ (a1, b1] ❛♥❞ x2 = a2,

lim
(y1,y2)→(a1+0,x2−0)

f(y1, y2), x1 = a1 ❛♥❞ x2 ∈ (a2, , b2],

lim
(y1,y2)→(a1+0,a2+0)

f(y1, y2), x1 = a1 ❛♥❞ x2 = a2

✐' ❝❛❧❧❡❞ &❤❡ ❧❡❢&✲❧❡❢& "❡❣✉❧❛"✐③❛&✐♦♥ ♦❢ &❤❡ ❢✉♥❝&✐♦♥ f ✳ ❚❤❡ ❡①✐'&❡♥❝❡ ♦❢ ❛❧❧

♦♥❡✲'✐❞❡❞ ❧✐♠✐&' ✉'❡❞ ❛❜♦✈❡ ✇❛' ♣"♦✈❡❞ ✐♥ ❬✷❪✳

❉❡✜♥✐+✐♦♥ ✸✳ ❆ ❢✉♥❝"✐♦♥ f : Iba → R ✐) )❛✐❞ "♦ ❜❡ ❧❡❢"✲❧❡❢" ❝♦♥"✐♥✉♦✉) ✐❢

lim
y1→x1−0, y2→x2−0

f(y1, y2) = f(x1, x2) for all (x1, x2) ∈ (a1, b1]× (a2, b2].

❇② ΦBV ∗
(

Iba
)

✐' ❞❡♥♦&❡❞ &❤❡ '✉❜'♣❛❝❡ ♦❢ ΦBV
(

Iba
)

❝♦♥'✐'&✐♥❣ ♦❢ &❤♦'❡

❢✉♥❝&✐♦♥' ✇❤✐❝❤ ❛"❡ ❧❡❢&✲❧❡❢& ❝♦♥&✐♥✉♦✉' ♦♥ (a1, b1] × (a2, b2] ❛♥❞ ❜② L(X,Y )

&❤❡ '♣❛❝❡ ❞❡✜♥❡❞ ❜②

L(X,Y ) := {f : X → Y : f ✐' ❧✐♥❡❛"}

▲❡♠♠❛ ✷ ✭❬✸❪✮✳ ■❢ f ∈ ΦBV
(

Iba
)

✱ "❤❡♥ f∗ ∈ ΦBV ∗
(

Iba
)

✳

■♥ &❤❡ '❡I✉❡❧ ✇❡ ❛"❡ ❣♦✐♥❣ &♦ ❞❡❛❧ ✇✐&❤ &❤❡ ♠❛✐♥ "❡'✉❧& ♦❢ &❤✐' ♣❛♣❡"✳
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✹✳ ❚❤❡ ❈♦♠♣♦'✐)✐♦♥ ❖♣❡,❛)♦,

❖✉$ ♠❛✐♥ $❡*✉❧, $❡❛❞* ❛* ❢♦❧❧♦✇*✿

❚❤❡♦$❡♠ ✶✳ ▲❡" Iba ⊂ R
2
❜❡ ❛ %❡❝"❛♥❣❧❡✱ (X, | · |

X
) ❜❡ ❛ %❡❛❧ ♥♦%♠❡❞ .♣❛❝❡✱

(Y, | · |
Y
) ❜❡ ❛ %❡❛❧ ❇❛♥❛❝❤ .♣❛❝❡✱ C ❜❡ ❛ ❝♦♥✈❡① ❝♦♥❡ ✐♥ X✳ ■❢ "❤❡ ❝♦♠♣♦✲

.✐"✐♦♥ ♦♣❡%❛"♦% H ❣❡♥❡%❛"❡❞ ❜② h : Iba × C −→ Y "%❛♥.❢♦%♠. Φ1BV
(

Iba, C
)

✐♥"♦ Φ2BV
(

Iba, Y
)

❛♥❞ ✐. ✉♥✐❢♦%♠❧② ❝♦♥"✐♥✉♦✉.✱ "❤❡♥ "❤❡%❡ ❡①✐." ❢✉♥❝"✐♦♥.

A ∈ L(X,Y ) ❛♥❞ B ∈ Φ2BV
(

Iba, Y
)

.✉❝❤ "❤❛"

h∗(t, s, y) = A(t, s)y +B(t, s), (t, s) ∈ Iba, y ∈ C,

✇❤❡%❡ h∗ ✐. "❤❡ ❧❡❢"✲❧❡❢" %❡❣✉❧❛%✐③❛"✐♦♥ ♦❢ h✳

=%♦♦❢✳ ❋♦$ ❡✈❡$② y ∈ C ,❤❡ ❝♦♥*,❛♥, ❢✉♥❝,✐♦♥ f(t, s) = y ✇✐,❤ (t, s) ∈ Iba ❜❡✲

❧♦♥❣* ,♦ Φ1BV
(

Iba, C
)

✳ ❙✐♥❝❡ H ♠❛♣* Φ1BV
(

Iba, C
)

✐♥,♦ Φ2BV
(

Iba, Y
)

✱ ✐, ❢♦❧✲

❧♦✇* ,❤❛, ,❤❡ ❢✉♥❝,✐♦♥ (t, s) 7→ h(t, s, y)✱ (t, s) ∈ Iba✱ ❜❡❧♦♥❣* ,♦ Φ2BV
(

Iba, Y
)

✳

◆♦✇ ,❤❡ ❝♦♠♣❧❡,❡♥❡** ♦❢ Φ2BV
(

Iba, Y
)

✐♠♣❧✐❡* ,❤❡ ❡①✐*,❡♥❝❡ ♦❢ ,❤❡ ❧❡❢,✲❧❡❢,

$❡❣✉❧❛$✐③❛,✐♦♥ h∗ ♦❢ h✳

❇② ❛**✉♠♣,✐♦♥ H ✐* ✉♥✐❢♦$♠❧② ❝♦♥,✐♥✉♦✉* ♦♥ Φ1BV
(

Iba, C
)

✳ ▲❡, ω ❜❡ ,❤❡

♠♦❞✉❧✉* ♦❢ ❝♦♥,✐♥✉✐,② ♦❢ H ,❤❛, ✐*

ω(ρ) := sup
{

‖H(f1)−H(f2)‖Φ2
: ‖f1 − f2‖Φ1

≤ ρ; f1, f2 ∈ Φ1BV
(

Iba, C
)}

❢♦$ ρ > 0✳ ❍❡♥❝❡ ✇❡ ❣❡,

‖H(f1)−H(f2)‖Φ2
≤ ω

(

‖f1 − f2‖Φ1

)

, ❢♦$ f1, f2 ∈ Φ1BV
(

Iba, C
)

. (7)

❋$♦♠ ,❤❡ ❞❡✜♥✐,✐♦♥ ♦❢ ,❤❡ ♥♦$♠ ‖ · ‖Φ2
✇❡ ♦❜,❛✐♥

PΦ2

(

H(f1)−H(f2)
)

≤ ‖H(f1)−H(f2)‖Φ2
, ❢♦$ f1, f2 ∈ Φ1BV

(

Iba, C
)

. (8)

■♥ ✈✐❡✇ ♦❢ ✭✽✮✱ ❉❡✜♥✐,✐♦♥* ✶✳✱ ✷✳ ❛♥❞ ▲❡♠♠❛ ✶✳✭✸✮✱ ✐❢ ω
(

‖f1 − f2‖Φ
)

> 0✱

,❤❡♥

V S
Φ,Iba

(f)

(

(H(f1)−H(f2))(·, a2)

ω
(

‖f1 − f2‖Φ1

)

)

≤ TV S
Φ2

(

Hf1 −Hf2
ω (‖f1 − f2‖Φ1

)

)

≤ 1. (9)

❚❤❡ ❞❡✜♥✐,✐♦♥* ♦❢ ,❤❡ ♦♣❡$❛,♦$ H ❛♥❞ ,❤❡ ❢✉♥❝,✐♦♥❛❧ V S
Φ,Iba

(f) ✐♠♣❧② ,❤❛,

❢♦$ ❛♥②

a1 ≤ α1 < β1 < α2 < β2 < · · · < αn < βn ≤ b1,

❛♥❞

a2 ≤ α1 < β1 < α2 < β2 < · · · < αm < βm ≤ b2,
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✐❢ n,m ∈ N✱ #❤❡ ✐♥❡'✉❛❧✐#②

n
∑

i=1

m
∑

j=1

φi,j

(

|h(αi,αj ,f1(αi,αj))−h(αi,αj ,f2(αi,αj))−h(αi,βj ,f1(αi,βj))+h(αi,βj ,f2(αi,βj))
ω(‖f1−f2‖Φ1

)

✭✶✵✮

+
−h(βi,αj ,f1(βi,αj))+h(βi,αj ,f2(βi,αj))+h(βi,βj ,f1(βi,βj))−h(βi,βj ,f2(βi,βj))|

ω(‖f1−f2‖Φ1
)

)

≤ 1.

❤♦❧❞2✳

❋♦5 α, β ∈ R✱ α < β✱ ✇❡ ❞❡✜♥❡ ❢✉♥❝#✐♦♥2 ηα,β : R → [0, 1] ❜② #❤❡ ❢♦❧❧♦✇✐♥❣

❢♦5♠✉❧❛✿

ηα,β(t) :=



















0 ✐❢ t ≤ α
t− α

β − α
✐❢ α ≤ t ≤ β

1 ✐❢ β ≤ t .

(11)

❋✐52# ❧❡# ✉2 ✜① t ∈ (a1, b1]✱ s ∈ (a2, b2] ❛♥❞ n,m ∈ N✳ ❋♦5 ❛5❜✐#5❛5② 2❡'✉❡♥❝❡2

a1 ≤ α1 < β1 < α2 < β2 < . . . < αn < βn ≤ t

a2 ≤ α1 < β1 < α2 < β2 < . . . < αm < βm ≤ s

❛♥❞ y1, y2 ∈ C✱ y1 6= y2 #❤❡ ❢✉♥❝#✐♦♥2 f1, f2 : I → X ❞❡✜♥❡❞ ❜②

fℓ(τ, γ) :=
1

2

[

(ηαi,βi
(τ) + ηαj ,βj

(γ)− 1)(y1 − y2) + yℓ + y2

]

, (12)

❢♦" ❡✈❡"② (τ, γ) ∈ Iba, ℓ = 1, 2❀ ❜❡❧♦♥❣ +♦ +❤❡ -♣❛❝❡ Φ1BV (Iba, C)✳ ❋"♦♠ +❤✐-

✇❡ ✐♥❢❡" +❤❛+

f1(·, ·)− f2(·, ·) =
y1 − y2

2
,

+❤❡"❡❢♦"❡

‖f1 − f2‖Φ =
∣

∣

∣

y1 − y2
2

∣

∣

∣
;

♠♦"❡♦✈❡"

f1(αi, αj) = y2; f2(αi, αj) =
−y1 + 3y2

2
;

f1
(

αi, βj

)

=
y1 + y2

2
; f2

(

αi, βj

)

= y2,

f1(βi, αj) = y2; f2(βi, αj) =
−y1 + 3y2

2
;

f1
(

βi, βj

)

= x1; f2
(

βi, βj

)

=
y1 + y2

2
.

❆♣♣❧②✐♥❣ ✭✶✵✮✱ ✇❡ ❣❡+



✶✹ ❲✳ ❆❩■❩✱ ❚✳ ❊❘❊)✱ ◆✳ ▼❊❘❊◆❚❊❙✱ ❏✳ ▲✳ ❙❆◆❈❍❊❩✱ ▼✳ ❲❘1❇❊▲

n
∑

i=1

m
∑

j=1
φi,j

(
∣

∣

∣
h(αi,αj ,y2)−h

(

αi,αj ,
−y1+3y2

2

)

−h
(

αi,βj ,
y1+y2

2

)

+h(αi,βj ,y2)
ω(‖f1−f2‖Φ1)

✭✶✸✮

+
−h(βi,αj ,y2)+h

(

βi,αj ,
−y1+3y2

2

)

+h(βi,βj ,x1)−h
(

βi,βj ,
y1+y2

2

)∣

∣

∣

ω(‖f1−f2‖Φ1)

)

≤ 1.

■♥ ✈✐❡✇ ♦❢ ❝♦♥-✐♥✉✐-② ♦❢ φi,j , ❛♥❞ ▲❡♠♠❛ ✷✳✱ -❤❡ ❧❡❢-✲❧❡❢- ❝♦♥-✐♥✉✐-② ♦❢ h∗ ✇❡

✐♥❢❡: -❤❛-

n
∑

i=1

m
∑

j=1

φi,j(x) ≤ 1 ❢♦: n,m = 1, 2, . . . , (14)

✇❤❡:❡

x =

∣

∣h∗(t, s, y1)− 2h∗
(

t, s, y1+y2
2

)

+ h∗(t, s, y2)
∣

∣

ω
(∣

∣

y1−y2
2

∣

∣

) .

❙✐♥❝❡ n,m ∈ N ❛:❡ ❛:❜✐-:❛:②✱ ❝♦♥❞✐-✐♦♥ ✭✶✹✮ ✐♠♣❧✐❡? ✐♥❡@✉❛❧✐-②

∞
∑

i=1

∞
∑

j=1

φi,j(x) ≤ 1.

■♥ ✈✐❡✇ ♦❢ ✭✷✮ ✇❡ ❣❡- x = 0, ✐✳❡✳

h∗
(

t, s,
y1 + y2

2

)

=
h∗(t, s, y1) + h∗(t, s, y2)

2
(15)

❢♦: ❛❧❧ (t, s) ∈ (a1, b1]× (a2, b2] ❛♥❞ y1, y2 ∈ C✳

❋♦: t ∈ (a1, b1] ❛♥❞ s = b2 ❧❡-

a1 < α1 < β1 < α2 < β2 < . . . < αn < βn < t

❛♥❞

a2 < α1 < β1 < α2 < β2 < . . . < αm < βm < b2.

C:♦❝❡❡❞✐♥❣ ❛? ❛❜♦✈❡ ✇❡ ❣❡- ✭✶✸✮✳

■❢ α1 ↑ t ❛♥❞ βm ↓ s ✐♥ ✭✶✸✮✱ -❤❡♥ ✇❡ ❣❡- ✭✶✺✮✳

❚❤❡ ❝❛?❡? ✇❤❡♥ t = a1 ❛♥❞ s ∈ (a2, b2] ♦: t = a1 ❛♥❞ s = a2 ❝❛♥ ❜❡ -:❡❛-❡❞

?✐♠✐❧❛:❧②✳ ❈♦♥?❡@✉❡♥-❧②

h∗
(

t, s,
y1 + y2

2

)

=
h∗(t, s, y1) + h∗(t, s, y2)

2

✐? ✈❛❧✐❞ ❢♦: ❛❧❧ (t, s) ∈ Iba ❛♥❞ ❛❧❧ y1, y2 ∈ C✳
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❚❤❡#❡❢♦#❡✱ '❤❡ ❢✉♥❝'✐♦♥ h∗(t, s, ·) ,❛'✐,✜❡, '❤❡ ❏❡♥,❡♥ ❢✉♥❝'✐♦♥❛❧ ❡1✉❛'✐♦♥ ✐♥

C ❢♦# (t, s) ∈ Iba✳ ▼♦❞✐❢②✐♥❣ '❤❡ ,'❛♥❞❛#❞ ❛#❣✉♠❡♥' ✭❑✉❝③♠❛ ❬✻❪✮✱ ✇❡ ❝♦♥❝❧✉❞❡

'❤❛' ❢♦# ❡❛❝❤ (t, s) ∈ Iba '❤❡#❡ ❡①✐,' ❛❞❞✐'✐✈❡ ❢✉♥❝'✐♦♥, A(t, s) : C → L(X,Y )

❛♥❞ B(t, s) ∈ Y ,✉❝❤ '❤❛'

h∗(·, y) = A(·)y +B(·), y ∈ C. (16)

❚❤❡ ✉♥✐❢♦#♠ ❝♦♥'✐♥✉✐'② ♦❢ '❤❡ ♦♣❡#❛'♦# H : Φ1BV
(

Iba, C
)

→ Φ2BV
(

Iba, Y
)

✐♠♣❧✐❡, '❤❡ ❝♦♥'✐♥✉✐'② ♦❢ '❤❡ ❛❞❞✐'✐✈❡ ❢✉♥❝'✐♦♥ A(t, s)✳

❈♦♥,❡1✉❡♥'❧② A(t, s) ∈ L(X,Y )✳

❋✐♥❛❧❧②✱ ♥♦'✐❝❡ '❤❛' A(t, s)(0) = {0} ❢♦# ❡✈❡#② (t, s) ∈ Iba✳ ❚❤❡#❡❢♦#❡✱ ♣✉''✐♥❣

y = 0 ✐♥ ✭✶✻✮✱ ✇❡ ❣❡'

h∗(t, s, 0) = B(t, s), (t, s) ∈ Iba,

✇❤✐❝❤ ✐♠♣❧✐❡, B ∈ Φ2BV
(

Iba, Y
)

✳ �

❖❜"❡$✈❛'✐♦♥ ✸✳ ❆ ,✐♠✐❧❛# '❤❡♦#❡♠ '♦ ❚❤❡♦#❡♠ ✶✳ ✐, ✈❛❧✐❞ ❢♦# '❤❡ #✐❣❤'✲#✐❣❤'✱

#✐❣❤'✲❧❡❢' ❛♥❞ ❧❡❢'✲#✐❣❤' #❡❣✉❧❛#✐③❛'✐♦♥, ♦❢ h(·, y)✱ y ∈ C✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❏✳ ❆♣♣❡❧❧✱ *✳ *✳ ❩❛❜.❡❥❦♦✱ ◆♦♥❧✐♥❡❛' ❙✉♣❡'♣♦+✐,✐♦♥ ❖♣❡'❛,♦'✱ ❈❛♠❜.✐❞❣❡ ❯♥✐✈❡.:✐;②

*.❡::✱ ◆❡✇ ❨♦.❦✱ ✶✾✾✵✳

❬✷❪ ❲✳ ❆③✐③✱ ◆✳ ▼❡.❡♥;❡:✱ ❏✳ ▲✳ ❙H♥❝❤❡③✱ ❘❡❣✉❧❛'✐③❡❞ ❋✉♥❝,✐♦♥+ ♦♥ ,❤❡ 5❧❛♥❡ ❛♥❞ ◆❡♠②,+❦✐❥

❖♣❡'❛,♦'✱ *.❡♣.✐♥;✳

❬✸❪ ❚✳ ❊.❡N✱ ◆✳ ▼❡.❡♥;❡:✱ ❇✳ ❘③❡♣❦❛✱ ❏✳ ▲✳ ❙H♥❝❤❡③✱ ❖♥ ❝♦♠♣♦+✐,✐♦♥ ✐♥ ,❤❡ ❛❧❣❡❜'❛ ♦❢

❢✉♥❝,✐♦♥+ ♦❢ ,✇♦ ✈❛'✐❛❜❧❡+ ✇✐,❤ ❜♦✉♥❞❡❞ ,♦,❛❧ Φ✲✈❛'✐❛,✐♦♥ ✐♥ ❙❝❤'❛♠♠ +❡♥+❡✱ ❏✳ ▼❛;❤✳

❆♣♣❧✳ ✸✸ ✭✷✵✶✵✮✱ ✵✶✲✶✺✳

❬✹❪ ❚✳ ❊.❡N✱ ◆✳ ▼❡.❡♥;❡:✱ ❏✳ ▲✳ ❙H♥❝❤❡③✱ ❙♦♠❡ '❡♠❛'❦+ ♦♥ ,❤❡ ❛❧❣❡❜'❛ ♦❢ ❢✉♥❝,✐♦♥+ ♦❢ ,✇♦

✈❛'✐❛❜❧❡+ ✇✐,❤ ❜♦✉♥❞❡❞ ,♦,❛❧ Φ✲✈❛'✐❛,✐♦♥ ✐♥ ❙❝❤'❛♠♠ +❡♥+❡✱ ❈♦♠♠❡♥;✳ ▼❛;❤ ✺✵✭✶✮✱

✭✷✵✶✵✮✱ ✷✸✲✸✸✳

❬✺❪ ❏✳ ❆✳ ●✉❡..❡.♦✱ ❏✳ ▼❛;❦♦✇:❦✐ ❛♥❞ ◆✳ ▼❡.❡♥;❡:✱ ❯♥✐❢♦'♠❧② ❝♦♥,✐♥✉♦✉+ ❝♦♠♣♦+✐,✐♦♥

♦♣❡'❛,♦'+ ✐♥ ,❤❡ +♣❛❝❡ ♦❢ ❢✉♥❝,✐♦♥+ ♦❢ ,✇♦ ✈❛'✐❛❜❧❡+ ♦❢ ❜♦✉♥❞❡❞ ϕ✲✈❛'✐❛,✐♦♥ ✐♥ ,❤❡ +❡♥+❡

♦❢ ❲✐❡♥❡'✱ ❈♦♠♠❡♥;✳ ▼❛;❤✳✱ ✺✵✭✶✮✱ ✭✷✵✶✵✮✱ ✹✶✲✹✽✳

❬✻❪ ▼✳ ❑✉❝③♠❛✱ ❆♥ ■♥,'♦❞✉❝,✐♦♥ ,♦ ,❤❡ ❚❤❡♦'② ♦❢ ❋✉♥❝,✐♦♥❛❧ ❊E✉❛,✐♦♥+ ❛♥❞ ■♥❡E✉❛❧✐,✐❡+✱

*♦❧✐:❤ ❙❝✐❡♥;✐✜❝ ❊❞✐;♦.: ❛♥❞ ❙✐❧❡:✐❛♥ ❯♥✐✈❡.:✐;②✱ ❲❛.:③❛✇❛✲❑.❛❦\✇✲❑❛;♦✇✐❝❡✱ ✶✾✽✺✳

❬✼❪ ❲✳ ❆✳ ▲✉①❡♠❜✉.❣✱ ❇❛♥❛❝❤ ❋✉♥❝,✐♦♥ ❙♣❛❝❡+✱ *❤✳❉✳ ❚❤❡:✐:✱ ❚❡❝❤♥✐:❝❤❡ ❍♦❣❡:❝❤♦♦❧ ;❡

❉❡❧❢;✱ ◆❡;❤❡.❧❛♥❞:✱ ✶✾✺✺✳

❬✽❪ ❏✳ ▼❛;❦♦✇:❦✐✱ ▲✐♣+❝❤✐,③✐❛♥ ❝♦♠♣♦+✐,✐♦♥ ♦♣❡'❛,♦'+ ✐♥ +♦♠❡ ❢✉♥❝,✐♦♥ +♣❛❝❡+✱ ◆♦♥❧✐♥❡❛.

❆♥❛❧✳ ✸ ✭✶✾✾✼✮✱ ✼✶✾✲✼✷✻✳
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