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UNIFORMLY CONTINUOUS COMPOSITION OPERATOR IN
THE SPACE OF FUNCTIONS OF TWO VARIABLES OF
BOUNDED &-VARIATION IN THE SENSE OF SCHRAMM

WADIE AZIZ, TOMAS EREU, NELSON MERENTES, JOSE L. SANCHEZ,
MAELGORZATA WROBEL

ABSTRACT

We prove in this paper that if the composition operator H, generated by a function h : I x ¢ — Y,
maps &1 BV (I2,C) into @3BV (I2,Y) and is uniformly continuous, then the left-left regulariza-

tion A* of h is an affine function with respect to the third variable.

1. INTRODUCTION

Let I” denote the rectangle [ay,b1] x [az,b2]. Let (X,|-1),(Y,|-|) be real
normed spaces and C be a convex cone in X. For a function h: I’ x C =Y,
denote by X the algebra of all functions f : I? — X and by H : Xl 5yl
the Nemytskij operator generated by the function h defined by

(Hf)(t,s) = h(t,s, f(t,5)), fe X% (ts)ell

Let (®BV(I%, X),|| - |l#) be a Banach space of functions f € X712 which
have bounded ®-variation in the sense of Schramm, where the norm || - || is
defined with the aid of Luxemburg-Nakano-Orlicz seminorm [14, 7, 15].

Assume that H maps the set of functions f € ®BV(I’, X) such that
f(I%) ¢ C into ®BV(I%,Y). In the present paper, we prove that, if H is
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uniformly continuous, then the left-left, right-right, left-right and right-left
regularizations of its generator h with respect to first two variables are affine
functions with respect to the third variable. This extends the main results of
[5] and [3]. In some spaces the representation theorems for the Lipschitzian
Nemytskij operators have been established before, see [3-8, 11].

2. PRELIMINARIES

In this section we recall some facts which will be in need in further consid-
erations.

Denote by R the set of all real numbers and put Ry = [0,00). We say that
a function ¢ : Ry — Ry is a p-function if ¢ is continuous on Ry, ¢(0) = 0,
¢ is increasing on R4 and ¢(t) — oo when ¢ — oco. Let us recall first the
concept of the bounded ¢-variation in the sense of Wiener ([17]). Namely, we
say that a function u : [a,b] — R has a p-bounded variation in the Wiener
sense with respect to a ¢-function ¢ provided the quality chw(u) defined by
the formula

V¥ (u) = V¥ (u; [a, B]) = sup Y~ ¢ (|ulty) — u (tj-1)])
j=1

is finite. Here the supremum is taken over all partitions 7 of the interval [a, b].

Next, let ® = {¢,} be a sequence of increasing convex functions, defined on
the set of nonnegative real numbers and such that ®,(0) = 0 and ®,(¢) > 0
fort > 0and n=1,2,... We say that ® is ®*-sequence if ¢p+1(t) < ¢y, () for
all n, t and P-sequences and in addition

Z ¢n(t) diverges for all ¢ > 0. (1)
n=1

If ® is either a ®*-sequence or a ®-sequence, we say that a function u is
of ®-bounded variation in the Schramm sense if the ®-sum Z &n (Ju(ly)]) is

finite for any non-overlapping collection {I,,} of I ([16]). If IT; = [an, by] is a
subinterval of the interval I (n =1,2,...) we write u (I,) := u (by) — u (an).

We introduce the ® = {¢p,n} two dimensional sequence of increasing
convex functions, such that ¢, ., (0) = 0 and ¢y (t) > 0 for t > 0 and
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n,m=1,2,... We say that ® is ®-sequence [4, 3| if
Gt () < Prm(t) for each n' < n, m' <m, t € [0, 00)

and Z Z Gn.m(t) diverges for t > 0. (2)

n=1m=1

3. NOTATION7 DEFINITIONS AND AUXILIARY FACTS

At the beginning assume that a = (a1, a2), b = (b1, be) are two fixed points
in the plane R2. Denote by I? the rectangle generated by the points a and b,
ie., I = [a1,b1] X [az, ba).

Next, let us assume that {I,,} and {J,,} are two sequences of closed subin-
tervals of the intervals [a1,b1] and [ag, ba], respectively. It means I,, = [a], b}],
(n=1,2,...), Jym = [a5",05'], (m =1,2,...).

Finally assume that f : I — R is a given function and let ® = {¢,, ,,»} be
a fixed double ® sequence.

Fix zy9 € J; = [ag, ba] and consider the function f(-,z9) : [a1,b1] — R. The
quantity Vq;q’ 1, defined by the formula

Vor () = sup > bnn (1 In, 2)])

n=1
= supz¢n,m (|f (b, 22) = f(an, xz2)|) (3)
T op=1
= supZQﬁn,m (‘f(bTth) - f(anaxQ)’) )
™ =1

is said to be ®-variation in the sense of Schramm of the function f(-,z2). In
the case when ch?:[l(f) < oo we will say that f has a bounded ®-variation in
the sense of Schramm with respect to the first variable (with fixed the second
one). In the same way one can define the concept of the ®-variation of the
function f(z1,-) in the Schramm sense. It is denoted by ch?,Jl' Obviously, if
V<I§,J1(f) < 0o then one can say that f has bounded ®-variation in the sense
of Schramm. with respect to the second variable (with fixed the first one).

Let us pay attention to the fact that the least upper bound in formula (3)
is taken with respect to all sequences {I,,} of subintervals of the interval I;.

Analogously we understand the least upper bound in the definition of the
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quantity Vg 5 |4, 3]. Further, we provide the definition of the concept of two

dimensional (or bi-dimensional) variation in the sense of Schramm.

Definition 1. The quantity Vglb

Ve nl) = s 2 3 bun (1f (T Tm)]) =

71,72 n=1m=1

—sup 3D G (1 (s Jon) — f (s Iin)]) =

71,72 n=1m=1

(f) defined by the formula

= sup Z Z Gnm ([ f(@ns em) + f(bny dim) — flan, dm) — f(bn, em)l)

LT
L2 p=1m=1

1s said to be the bi-dimensional variation in the sense of Schramm of the
function f where the least upper bound is considered on all collections of closed

and bounded subintervals {I,}, {Jm} of intervals I; and Jy respectively.
Finally, we introduce the definition of the main considered concept.
Definition 2. We say that the quantity TV(f?(f) defined by the formula

TVE (f) = Vo, () + Ve, () + Ve (f)

1s the total ®-variation of the function f in the sense of Schramm.

A function f is referred as a function with bounded total ®-variation pro-
vided TV (f) < 0.

By ®BV (1Y) we denote the set of all functions f : I> — X which have
bounded total ®-variation in the sense of Schramm.

By Ps let us denote the functional defined on the set ®BV(I?) in the

following way:

P¢(f):inf{e>0:TVq;9 <J£> 31}. (4)

The main result in [4] asserts that the set BV (1) forms a Banach algebra
with the norm defined by the formula

[flle =f(a)] + Pa(f). (5)
Observation 1. If we take the ®-sequence defined as follows
O ={dpm: Pnm(t)=1tF; 1<p<oo,nm=1,2,.}

then we can check that Pg(f) = (TV(I;g(f))l/p.
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Our next result is contained in the following Lemma.

Lemma 1. Let f € ®BV (IS;X) and ® € ®*. Then f has the following
properties:

(1) If (t,5), (', ') € Iff then |f(t,s) — f(t',s")] < 49,1, (5) Pa(f)-
(2) If Po(f) >0 then TVg (f/Po(f)) < 1.
(3) Let v > 0. Then TV (f/r) <1 if and only if Ps(f) < r.

Observation 2. From part (1) of Lemma 1. we deduced that each function
f € ®BV(I%; X) is bounded. Moreover, the following estimation is satisfied
1£lloe = sup {If (¢, )| = (t,5) € I} < [F(a)| + 4@y}, (5) Pa(f)  (6)

if n,m =1,2,... where the symbol || f||oc denotes the supremum norm, i.e.

|flloc = sup {|7(t, )| : (t.5) € I}

Let us fix arbitrary f € ®BV(I?). Then the function f* : I? — X defined
by formula

lim fy1,92), (x1,22) € (a1,b1] x (a2, ba],
(y1,y2)—(x1—0,22—0)

lim f(y17y2)7 T € <a17b1] and T2 = a2,

* _ ) (y1,y2)—=(x1—0,a2+0)
[H (21, 22) = )

lim fy1,92), x1 =ajand z2 € (a,,ba],
(y1,y2)—(a1+0,22—0)

lim fly1,y2), 1 =a1 and 9 = ay
(y1,y2)—(a140,a2+0)

is called the left-left regularization of the function f. The existence of all

one-sided limits used above was proved in [2].
Definition 3. A function f : Iab — R s said to be left-left continuous if

lim f1,y2) = f(w1,22) forall (z1,22) € (a1,b1] x (az,ba].

y1—x1—0,y2—=x2—0

By ®BV* (If) is denoted the subspace of ®BV (I%) consisting of those
functions which are left-left continuous on (ai, b1] X (a2, b2] and by L(X,Y)
the space defined by

LX,)Y):={f: X =Y :fis linear}
Lemma 2 ([3]). If f € ®BV (1Y), then f* € ®BV* (I}).

In the sequel we are going to deal with the main result of this paper.
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4. THE COMPOSITION OPERATOR
Our main result reads as follows:

Theorem 1. Let I C R? be a rectangle, (X,|-|,) be a real normed space,
(Y,|-|,) be a real Banach space, C be a conver cone in X. If the compo-
sition operator H generated by h : I? x C — Y transforms &, BV (IS,C)
mto P BV (Ig,Y) and is uniformly continuous, then there exist functions
A€ L(X,Y) and B € BV (11,Y) such that

W (ts,y) = A(t,s)y + B(t,s), (t,s) €1y, yeC,
where h* is the left-left reqularization of h.
Proof. For every y € C the constant function f(t,s) = y with (t,s) € I? be-
longs to &1 BV (Ig, C). Since H maps ¢ BV (If;, C) into ®o BV (Ifl’, Y), it fol-
lows that the function (¢,s) — h(t,s,y), (t,s) € I, belongs to ®,BV (I12,Y).
Now the completeness of ¢o,BV (Ig,Y) implies the existence of the left-left
regularization h* of h.

By assumption H is uniformly continuous on ¢ BV (Ig, C). Let w be the

modulus of continuity of H that is
wip) i=sup {IH(f1) = H(f2) o+ |11 = Folloy < pi fi f2 € @18V (12,C) }
for p > 0. Hence we get
VE(R) = H(P)lloy < (i = folley), for fi fo € @BV (15,C). (1)
From the definition of the norm || - ||, we obtain
Po, (H(f1) = H(f2)) < 1H(f1) = H(f2)low, for f1, f2 € 9BV (15,C) . (8)
In view of (8), Definitions 1., 2. and Lemma 1.(3), if w(||f1 — f2ll®) > 0,

then
s o ()~ HE) )\ _ oo (Hfi— Hf
vt w(lF— fellw,) )< (A hley) St ©

The definitions of the operator H and the functional Vq‘f[b (f) imply that
for any

g <o <P <aa<fa<-<ap< By < by,
and
as <@ < By <A< Py < < m < By, < b,
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if n,m € N, the inequality

Xn: 7277': p ( |n(0vi,a;, f1(ai@;)) —h(ui @5, fa (ai,a;) —h(ei, B, f1 (i, B, ) ) +h(ai, B, f2(ai,B;))

P e (I F1—Falley )
(10)
—h(Bi,0;, f1(Bi,0;))+h(Bi,a;, f2(Bi,0;))+h(Bi.By . f1(Bi.B; ) ) —h(Bi By f2(BiB;) )|
T <1
w(llfi—fellay)
holds.
For o, f € R, a < 3, we define functions 7,5 : R — [0, 1] by the following
formula:
0 if t<a
(t) [—o if a<t<p (11)
= if «
navﬁ ﬁ —« — —
1 if g<t.

First let us fix t € (a1,b1], s € (az,b2] and n,m € N. For arbitrary sequences
m<ap<fi<a<fh<..<a,<p,<t
< < <Wm<fPy<...<an<pB,<s
and y1,1y2 € C, y1 # yo the functions fi1, fo : I — X defined by
1
Fo(r.7) = 5 | (s g, (7) 115, 5, () = Dy = 92) +ye+y2|, - (12)

for every (7,7) € I?, £ = 1,2; belong to the space ®; BV (I, C). From this
we infer that

fily) = ol ) = 222

2
therefore
11— follo = \%)
moreover .
a Yy +3y
fl(Oéi,Oéj) = Y2; f?(ai,aj) = %’
7 Y1ty —
h (aivﬁj) == 9 2; f2 (Oéuﬁj) = Y2,
o — —Y1 +3y2
fl(ﬁi’aj):y% f2(ﬁz‘,0&j):f;
73 5 +
fl (ﬁ’wﬁj) = T1; f2 (ﬁ“ﬂ]) = n 5 y2_

Applying (10), we get
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i=1j=1 w(llfi—f2lle, )

n m ‘h(a-,&-,yg)—h PooPe g g -l WA (P I +h(a-,ﬁ-,yz)
zqu,j( Gl ] G ) b G ) e G

(13)

—h(Bi5y2)+h (B3, “U22 ) +h(8:,B 00 ) —h (81,5, 152 ) |
+ =1
w(|lf1—f2lle, )

In view of continuity of ¢; ;, and Lemma 2., the left-left continuity of h* we
infer that

ZZQbi,j(ﬂ?)SlfOT n,m=1,2,..., (14)

i=1 j=1

where
‘h*(t,s,yl) — 2h* (t,s, %) + h*(t,s,y2)|

o (22)

xr =

Since n,m € N are arbitrary, condition (14) implies inequality

Z Z(ﬁzd(éﬂ) <1.

i=1 j=1
In view of (2) we get =z =0, i.e.
YL+ yz) I CEN RGN T))
2 2
for all (¢,s) € (a1, b1] X (ag,b2] and y1,y2 € C.
For t € (a1,b1] and s = by let

h* (t, s,

< <fi<a<ffh<..<a,<p,<t

and
a < <Py <t <By<...<ap < B, < b
Proceeding as above we get (13).
If a1 1¢ and G, | s in (13), then we get (15).
The cases when ¢t = a1 and s € (ag,be] or t = a; and s = ay can be treated
similarly. Consequently

h* <t,8, 1 ;y2> _ h*(ta&yl);h*(ta&?ﬂ)

is valid for all (¢,s) € I® and all y,y2 € C.
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Therefore, the function h*(¢, s, -) satisfies the Jensen functional equation in
C for (t,s) € I’. Modifying the standard argument (Kuczma [6]), we conclude
that for each (t,s) € I® there exist additive functions A(t,s) : C — L(X,Y)
and B(t,s) € Y such that

h(hy) = AQ)y+B(), yeC. (16)
The uniform continuity of the operator H : ®1BV (1},C) — ®2BV (10,Y)
implies the continuity of the additive function A(t,s).
Consequently A(t,s) € L(X,Y).
Finally, notice that A(t,s)(0) = {0} for every (t,s) € I. Therefore, putting
y=01in (16), we get

h*(t,s,0) = B(t,s), (t,s) €I,
which implies B € ®,BV (18,Y). O

Observation 3. A similar theorem to Theorem 1. is valid for the right-right,
right-left and left-right regularizations of h(-,y), y € C.
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