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Abstract. Recurrent equations concern relationships between some (in general in
a neighbourhood) elements of sequences. By these equations one can evaluate an
arbitrary element of such sequences. In this paper we consider recurrent equations
for the arithmetical and geometrical sequences of higher degree. We also give some
properties of these sequences.

Let us start with a short introduction to definitions and properties of the
sequences of higher degree. For the given sequence {a,,} we define the sequence
of the m-th differences {A™a,, } and the sequence of the m-th quotients {g, m }
in the following way:

Alan - an—i—l — Qp, (1)
A™lg, = A"a, 1 — A™a,, n,m < N\ {0}.

__ Qn41
qn,1 = an ° (2)
dn,m+1 = anjl—%’ n,me N \ {0}
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The following two tables show elements of the considered sequences:

ay
Aal
a9 A2a1
Aag A3a3
as A2a2
Aag A3a2
a4 A2as
Aay
a5
ay
qi1
a2 q12
q21 q13
ag q22 q14
q31 q23
4y q32
q41

The arithmetical and geometrical sequences of higher degree are defined as
follows (see [1-3]):

Definition 1. The sequence {a,} is called the arithmetical sequence of the
k-th degree (k = 1,2,3,...) if and only if the sequence {AFa,} is constant

and {A%a,} # 0. Any constant sequence is called arithmetical sequence of
the 0-th degree.

Definition 2. The sequence {a,} is called the geometrical sequence of the
k-th degree (k = 1,2,3,...) if and only if the sequence g, j is constant and
gnk 7 1. Any constant sequence is called geometrical sequence of the 0-th
degree.

Theorem 1. Any arithmetical sequence {a,} of the k-th degree has the
following properties:
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a) an = ("3")ar + 30, (7) Alay,
b) sp =270 a; = (711)6‘1 + Zf:l (iﬁl)Aial’
c) Ala, =ap11 —a, = Zf 1 ( )Azal

Theorem 2. Any geometrical sequence {a,} of the k-th degree has the
following properties:

("7h)

k
a) ap =ar-[[;2, 41
b) m, =[[}; @ = af - Hz 1 qu;rl)’

_ T (:71)
) Gna1 = = ]Iz 4y; -

Theorem 3. For any sequence {a,}, the general formulas of the sequences
{A™a,} and {gnm} given by (1) and (2), respectively, have the following

forms:
m

A"y = 30 (7 o ®

1=0
(—1)¢
Hanm (4)

Proof of the formula (3). The proof is by induction on the parameter m (for
every n € Ny ). Let m = 1. Then the formula (3) is true, since Ala, = a, 11—
an, = (—1)0((1))an+1 + (—1)1@)%- Let us assume now that formula (3) holds
for m = k. By inductive assumption we obtain A**lq, = A¥ Gnt+1 — Akq, =

S o (=) (N ant1in—i — X1 (B ansi—i = S (1 (T ansrra—i-
So, the formula (3) holds for m = k + 1. By the principle of mathemati-
cal induction we conclude that the formula holds for every natural number
m € N+.

Proof of the formula (4). Let m = 1. Then the formula (4) holds, since

—1)0(1 1)1t
qng = 2 = a,(Hll) (o) 'agl b (1) Assume now that (4) holds for m = k.

Using the induction hypothesis the expression g, 41 can be rewritten as:

I DI(5) k1

Gtk Lliz0 %pqa4k—i ("7
An,k+1 = = DR H Qg lt1—5
=0 “n4+k—i -

Thus the formula holds for m = k + 1. So, by the principle of induction we
can conclude that the formula (4) holds for every m € N \ {0}.
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Theorem 4.

a) If the sequence {a,, } is the arithmetical sequence of the k-th degree, then
the recurrent equation

k1
> (1) (k ;L 1>an+k+1—i =0 (5)

=0
is satisfied by this sequence.

b) If the sequence {a,} is the geometrical sequence of the k-th degree, then
it satisfies the following recurrent equation:

k+1 P

(_1)1 i
H an+k+(lfi) =1 (6)
i=0

Easy proofs will be omitted.

Theorem 5. The sequence {a,} is the arithmetical sequence of the k-th
degree if and only if the sequence {u,} of the form w, = A - r% (where
r € Ry \ {1} and A # 0) is the geometrical sequence of the k-th degree.

Proof. On the basis of Theorem 3 (formulas (3) and (4)) we have:
o1 (iRt i (b

Hf:()l ufz—i—l)—i-(k—zl)—z' B Hf:_ol (Aran+l+k717i)(_1) (k2 1)
k—1

e = i R R R

_ Gn41k-1
dn.,k =

AEf;ol(*l)i(k:-l) . rzi:ol(*l)i(kzl)anﬂﬂcflﬂ‘
AT (Y i 0 (R ) an ke

k— i (k— k— i (k—
— rzi:ol(—l)z( T Dangiek—1-i— g (1D (T ) angr_1-i _

_ TAkflan_H—Ak’lan — TAkan‘

Hence, it is shown, that g, , = const # 1 iff A¥a, = const # 0. Therefore, by
Definitions 1 and 2 it is obvious, that Theorem 5 holds.

Corollary 1. If the sequence {a,} is the arithmetical sequence of the kth de-
gree, then the sequence defined by the formula w, = Ar® (A # 0,
r € Ry \ {1}) satisfies the equation (6).

It follows from Theorems 5 and 4b.
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In order to solve the equation (5) we use the theory of homogeneous linear
recurrent equations. Recall, that the recurrent equation of order k is of the

form:

Uptk = A Uptp—1 + dottpsk—2+ ... +dp_1Upt1 +dpuyn ,  (dg #0)  (7)

has the following characteristic equation:

rk = d17"k_1 + dg?"k_2 + ...t dp_r + dg. (8)

Theorem 6 (see [4]).

a)

If the characteristic equation (8) has k distinct roots ugf) =7}, then the
general solution of (7) has the form:

k
Up = Z Cﬂ‘,?, (9)
=1

where the coefficients ¢q, co, ... , ¢ are constants. One can see, that the
general solution (9) is linear combination of particular solutions of the
equation (7): uy) = ry, WP = T, ., WP = Ty

If the characteristic equation (8) has distinct roots 1,72, ... ,7¢, (t < k),
of multiplicities ki, ks, ... , kt, where 22:1 k; = k, then the characteri-
stic polynomial (1) = 7% — (dir* 1 4 dor*=2 + ... + dj_17 + d},) can
be factored as: (1) = (r —r1)* - (r —r)*2 - ... - (r — ry)¥t. Then, the
general solution of the equation (7) has the form:

t ki—1
= 11 Y ems (10)
=1 7=0

where ¢;; (i=1,...,t,j=0,1,... ,k; — 1) are an arbitrary constants.

After expanding the formula (10) will be of the form:

Up = 7'111(0170710 + 617177,1 4+ ...+ CLkl_lnkl_l)"i‘

1 ka—1
+r5(caon’ + coan + ...+ copy_1n2 )+

+...+ r?(cmno + ct,lnl +...+ ctykt_lnkt_l).

Any particular solution of (7) can be obtained from the general solution by
suitable choice of constants. These constants are determined by the initial

conditions.



160 Arkadiusz Bryll, Grzegorz Bryll, Robert Sochacki

Let the formula (5) has the expanded form:

k+1 k+1
(_1)0< 0 >an+k+1+(—1)1< 1 >an+k—|—...+

(-1t (k;'; 1>an+1 T (—1)HH (]; N 1)a 0. (1)

Corollary 2. The general solution of (11) has the form:

an = con® + cint + ...+ en”. (12)

Proof. The equation (11) has the following characteristic equation:

(=1)° (k :)r 1) rEH (=)t (k Jlr 1) rk 4+

+(-1) (kz 1>r+ (—1kHt (:ii) =0. (13)

It is easy to see, that the left side of (13) is the expansion of the formula
(r — 1)k*! by the Newton’s binomial. Thus (r — 1)¥*! = 0 if » = 1. So, the
characteristic equation (13) has the only one root r; = 1 with multiplicity
k+1. Theorem (6) (the formula (10)) states, that the general solution of (11)
is the sequence {a,} given by (12).

Example. Find a closed-form expression for the sequence

{an} = (0,0,2,6,12,20,30,42, ... ).

The general formula of the sequence {a,} is determined by Theorem 4a
and Corollary 1. The sequence {a,} is the arithmetical sequence of the 2-nd
degree and its recurrent equation has the following characteristic equation (see
(5) and (11) for k = 2): (r — 1)3. The only root of that is the number 1 with
multiplicity 3. Using the formula (12) we obtain a,, = con® + cin' + can?, i.e.
an = cg + cin + con®. The constants cg, ¢, co are determined by the initial

conditions: a; =0, ag =0, ag = 2. Then, we have:

a1 =0=cyp+c1+co
a2:0260+261+462
a3 =2 =co+ 3c1 + 9y

The solutions are: ¢y = 2, ¢y = —3, ¢ = 1. Finally, the given sequence is of
the form: a, = 2 — 3n + n?. We can also use Theorem 1a to find the general
formula of that sequence.
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Theorem 7. The sequence {a, } is the arithmetical sequence of the kth degree
if and only if its general formula is a polynomial of degree k.

Proof. Let {a,} be an arithmetical sequence of the kth degree. This
sequence fulfils (11). By Corollary 2 we obtain a,, = con® 4+ cin' + ... + cpn®.
By assumption and Definition 1 we have the following condition: Aa, =
const # 0, which implies ¢ # 0, what means that the polynomial a, =
con® + exnt + ...+ epn® is of degree k.

Now, let us assume that a, = con®+cn' +...+¢pn” and ¢, # 0. Thus, by
the equation’(1), we obtain A¥a, = const # 0. According to Definition 1 we
have that the sequence {a,} is the arithmetical sequence of the k-th degree,
which completes the proof.

Lemma 1. If sequences {ag)}, j=1,2,... 1 satisfy (5), then the sequence
(1) (2) (
{un} of the form u,, = A-r{" -rg™ -....r/"  where ri,ro,... ;1 € Ry \ {1}

and A # 0, satisfies (6).

Proof. Let sequences {ag)}, for 7 = 1,2,...,1, satisfy (5). Then, the
following condition holds:

k41
(k+1 ) .
Z(—l)l( . >an+k+1_i =0, j=12...,L (14)
1=0
So, we have:
kAl ierny  REL (1) 0) =Di (")
H u1(1+1k)+(1ii) - H <A : Tiln%“fi Tt TlanJrkHi) -
=0 =0
_ AT ) GV b R D e
=AY V=1,

It is easy to see that the sequence {uw,} satisfies (6).

Corollary 3. If Wy, Ws, ... W; are polynomials of variable n of degree at

= A-rrfl(n)-..urlwl(n)

most k, then the sequence {u,} of the form: u, , where

r1,72,...,7 € Ry \ {1} and A # 0, satisfies (6).

Proof. The sequences o) = W;(n) are the arithmetical sequences of at
most the k-th degree (Theorem 7), therefore they satisfy the equation (5)
(Theorem 4a). Now, by Lemma 1 it follows, that {u,} satisfies (6). Notice,
that if Wi, Wy, ..., W, are polynomials of variable n and dO(Wj) < k for
Jj=1,2,... 1 and at least one of these polynomials is of degree k, then the
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sequence u, = A - r}/vl(n) e erl(n) (where ri,79,...,7 € Ry \ {1} and

A #0) is the geometrical sequence of the k-th degree.
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