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(f) C*22 8" /."4 '$% ()*#" "+,-).*$) $' #!" n#! 4"?%""$' - '/)
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(DL)0n (f) = P ⇔

{

do (P ) 6 n ∧ lim
x→0

1

xn
[f (x)− P (x)] = 0

}

;8G
g(x) = f(x + x0) ⇒ (DL)x0

n (f) = (DL)0n(g);

∗ !" #$%&'( DL )# *+ *&&,"-)*.)'+ '/ 01"-"('22"%"+. ()%)."3 45+)." "62*+#)'+78



 !!  !"#$%&'( )!*++, -!(./0!( )!*++, -!#1*2# 3*/#4
#$% & %'(
)*+( f *, -./(.- *( )0. *().12&3 (x0,+∞) &(- g (x) = f
(

1
x

)

,)0.( (DL)+∞n (f) = (DL)0n (g).4

+1-*(5 )+ )0. &6+2. -./(*)*+( )0. /(*). .78&(,*+( +% & %'(
)*+( f *()0. (.*506+10++- +% )0. 8+*() x0 *, & 
.1)&*( 8+39(+:*&3; !"#$%& '(4 8+39(+:*&3 P (x) = 1+x+x2+...+xn *, )0. /(*). .78&(,*+( +% )0. n)0 -.51..+% )0. %'(
)*+( f(x) = 1
1−x

*( )0. (.*506+10++- +% <.1+= *;.; (DL)0n(f) = P. 
"#$%%&' do(P ) = n, lim
x→0

1

xn
[f(x)−P (x)] = lim

x→0

1

xn
[

1

1− x
−(1+x+x2+...+xn)] =

= lim
x→0

1

xn(1− x)
[1− (1− x)(1 + x + x2 + ... + xn)] =

= lim
x→0

1

xn(1 − x)
· [1− (1− xn+1)] = lim

x→0

xn+1

xn(1 − x)
= lim

x→0

x

1− x
= 0.)*&+,&# '($% & %'(
)*+( f *, -./(.- +( &( +8.( *().12&3 I &(- 0 ∈ I= n > 0, )0.( )0*,%'(
)*+( 0&, &) :+,) +(. /(*). .78&(,*+( +% )0. -.51.. n *( )0. (.*506+10++-+% )0. 8+*() x = 0.-,++.(>'88+,. )0&) (DL)0n(f) = P &(- (DL)0n(f) = Q; ?0.( &

+1-*(5 )+ @./(*)*+(A &# B. 0&2.C

do(P ) 6 n ∧ do(Q) 6 n. A #
lim
x→0

1

xn
[f(x)− P (x)] = 0 ∧ lim

x→0

1

xn
[f(x)−Q(x)] = 0. AD#E+(,*-.1 & 8+39(+:*&3 R +% )0. %+1:C

R(x) = P (x)−Q(x) = C0 + C1x + ... + Ckx
k, B0.1. x ∈ I, k 6 n.>'88+,. &3,+ 69 
+()1&-*
)*+( )0&) R(x) 6= 0; ?0.( &) 3.&,) +(. +% 
+.F
*.(),+% )0*, 8+39(+:*&3 *, (+(G<.1+= %+1 .7&:83.= Cj1 6= 0 (j1 ≤ k);H.) l = *(%{j : Cj 6= 0};?0.( B. 0&2.C

R(x)

xn
=

1

xn
(0+0·x+...+0·xl−1+Clx

l+...+Ckxk) =
1

xn−l
(Cl+Cl+1x+...+Ckxk−l).



 !" #$" %& '()*" "+,-($)%($ %& &#(
*)%($  !"#$ l = n% &'()*
lim
x→0

R(x)

xn
= lim

x→0

1

xn−l

(

Cl + Cl+1x + ... + Ckx
k−l

)

= Cl 6= 0. +,-#$ l < n% &'()*
lim
x→0

∣

∣

∣

∣

R(x)

xn

∣

∣

∣

∣

= +∞. +!-./0(1(2% 0( '31(*
lim
x→0

∣

∣

∣

∣

R(x)

xn

∣

∣

∣

∣

= lim
x→0

∣

∣

∣

∣

P (x)−Q(x)

xn

∣

∣

∣

∣

= lim
x→0

∣

∣

∣

∣

f(x)−Q(x)

xn
−

f(x)− P (x)

xn

∣

∣

∣

∣

6

6 lim
x→0

(∣

∣

∣

∣

f(x)−Q(x)

xn

∣

∣

∣

∣

+

∣

∣

∣

∣

f(x)− P (x)

xn

∣

∣

∣

∣

)

,$2/4 0'5
' /) &'( 73858 /$ +9- 0( /7&35)*
lim
x→0

∣

∣

∣

∣

R(x)

xn

∣

∣

∣

∣

= 0 3): &'(2($/2( lim
x→0

R(x)

xn
= 0,0'3& 
/)&23:5
&8 +,- 3): +!-; .()
(% 388<4=&5/) &'3& P (x)−Q(x) 6= 0 >(3:8&/ 
/)&23:5
&5/)% 8/ P (x)−Q(x) = 0 3): P = Q; !"#$%$&# '(#$

P (x) = a0 + a1x + ... + anxn, 0 6 m 6 n 3): ϕm : Rn+1[x] → Rn+1[x]3): ϕm(P (x)) = a0 + a1x + ... + amxm,&'() &'( =/>?)/453> ϕm(P (x)) 58 
3>>(: &'( m&' :(@2(( 2(8&25
&5/) /$ 3 =/>?A)/453> P (x);∗B(& <8 =2/1( 8(1(23> =2/=(2&5(8 /$ C)5&( (D=3)85/)8 0'5
' 05>> 7( <8(: $/2(13><3&5/) /$ >545&8;)*!&+!, '(#$ 3 $<)
&5/) f 58 :(C)(: /) 3) /=() 5)&(213> I 3): 0 ∈ I% do(P ) 6 n% &'()*
DL0

n(f) = P ⇔ ∃
ε:I→R

[ lim
h→0

ε(h) = 0 ∧ ∀
x∈I

f(x) = P (x) + xnε(x)].

∗

R
m+1[x]  ! " !#$ %& "'' (%')*%+ "'!  * %*# ,"- ".'# x %& "$ +%!$ n$/ 0#1-##2



 !"  !"#$%&'( )!*++, -!(./0!( )!*++, -!#1*2# 3*/#4#$ %&$'( )* )+ (,$-./ *$ +-%%$+( */0*
ε(x) =

{

0, )1 x = 0,
1

xn
[f(x)− P (x)], )1 x 6= 0.2* */( (,3 $1 */)+ %0%(& 4( 
)*( #067(  4)*/ 8,)*( (9%0,+)$,+ $1 ):%$&*0,*1-,
*)$,+ ), */( ,()./6$&/$$3 $1 */( %$),* x = 0; )<(< /0'),. */( 1$&: $1

f(x) = P (x) + xnε(x), 4/(&( ε(x) →
x→0

0. !"#$"% &'
(DL)0n(f) = P ∧ 0 6 m 6 n ⇒ (DL)0m(f) = ϕm(P ).($##)'=&$: */( 0++-:%*)$, 0,3 #/($&(: > )* 1$77$4+ */0* f(x) = P (x) + xnε1(x),4/(&( ε1(x) →
x→0

0. ?$&($'(&; do(ϕm(P )) = m. 2 1-,
*)$, f 
0, 6( 4&)**(,0+
f(x) = ϕm(P (x))+xm+1·S(x)+xnε1(x) = ϕm(P (x))+xm[xS (x)+xn−mε1(x)],4)*/ lim

x→0
[xS (x) + xn−mε1(x)] = 0.@, */( 60+)+ $1 #/($&(: > 4( 0++(&* */0* (DL)0m(f) = ϕm(P )< !"#$"% *' A1 (DL)0n(f) = P 0,3 (DL)0n(g) = Q, */(,0B (DL)0n(λ1f + λ2g) = λ1P + λ2QC*/($&(: 06$-* 8,)*( (9%0,+)$, $1 7),(0& 
$:6),0*)$, $1 *4$ 1-,
*)$,+BD6B (DL)0n(f · g) = ϕn(P ·Q)C*/($&(: 06$-* 8,)*( (9%0,+)$, $1 0 %&$3-
* $1 *4$ 1-,
*)$,+BD
B )1 g(0) 6= 0 0,3 χ )+ 0 E-$*)(,* $1 */( n*/ 3(.&(( 1&$: 3)')+)$, $10 %$7F,$:)07 P 6F 0 %$7F,$:)07 Q 0

$&3),. *$ .&$4),. %$4(&+ C)<(<

P (x) = Q(x) · χ(x) + xn+1Qn(x) ) do(χ) = nB; */(, (DL)0n(f
g
) = χC*/($&(: 06$-* 8,)*( (9%0,+)$, $1 */( 3)')+)$, $1 *4$ 1-,
*)$,+B<($##)'A* 1$77$4+ 1&$: */( 0++-:%*)$, */0*

do(P ) 6 n; do(Q) 6 n, CGB
lim
x→0

1

xn
[f(x)− P (x)] = 0; lim

x→0

1

xn
[g(x)−Q(x)] = 0. C"B



 !" #$" %& '()*" "+,-($)%($ %& &#(
*)%($  !"#$ %&'( )*$ #+, )-$ ./ 0#1/2
do(λ1P + λ2Q) 6 n,

lim
x→0

1

xn
[λ1f(x) + λ2g(x) − (λ1P (x) + λ2Q(x))] =

= lim
x→0

1

xn
[λ1(f(x)− P (x)) + λ2(g(x) −Q(x))] =

= λ1 lim
x→0

1

xn
[(f(x)− P (x)] + λ2 lim

x→0

1

xn
[(g(x) −Q(x))] = 03/+
/5 '+ 60/ 7#898 ': ;/<+969'+ ) #$ ./ #88/&6 60#6

(DL)0n(λ1f + λ2g) = λ1P + λ2Q.7$ =6 :'>>'.8 :&'( 60/ #88?(@69'+8 ': 60/'&/( 60#6 do(ϕn(P ·Q)) 6 nA'&/'1/&5 '+ 60/ 7#898 ': B0/'&/( C ./ 0#1/2
f(x) = P (x) + xnε1(x), g(x) = Q(x) + xnε2(x),.0/&/ lim

x→0
ε1(x) = 0, lim

x→0
ε2(x) = 0.3/+
/5

f(x) · g(x) = [P (x) + xnε1(x)] · [Q(x) + xnε2(x)] =

= P (x) ·Q(x) + xn[Q(x)ε1(x) + P (x)ε2(x) + xmε1(x)ε2(x)] =

= ϕn(P (x)Q(x)) + xn+1S(x) + xn[Q(x)ε1(x) + P (x)ε2(x) + xnε1(x)ε2(x)].B0/&/:'&/5 ./ D/62
f(x) · g(x) = ϕn(P (x) ·Q(x))+

+ xn[xS(x) + Q(x)ε1(x) + P (x)ε2(x) + xnε1(x)ε2(x)], !"#"$ lim
x→0

[xS(x) + Q(x)ε1(x) + P (x)ε2(x) + xnε1(x)ε2(x)] = 0.%&'( B0/'&/( C ./ #88/&6 60#6
(DL)0n(f · g) = ϕn(P ·Q).
$ =6 :'>>'.8 :&'( 60/ #88?(@69'+ 60#6 do(χ) = n. A'&/'1/&5

lim
x→0

1

xn
[
f(x)

g(x)
− χ(x)] = lim

x→0

1

xng(x)
[f(x)− χ(x)g(x)] =

= lim
x→0

1

xng(x)
[P (x) + xnε1(x)− χ(x)(Q(x) + xnε2(x))] =



 !"  !"#$%&'( )!*++, -!(./0!( )!*++, -!#1*2# 3*/#4
= lim

x→0

1

xng(x)
[P (x) + xnε1(x)− χ(x)(Q(x)) − χ(x)xnε2(x)] =

= lim
x→0

1

xng(x)
[P (x) + xnε1(x)− (P (x) − xn+1Qn(x)) − χ(x)xnε2(x)] =

= lim
x→0

1

g(x)
[ε1(x) + xQ

n
(x)− χ(x)ε2(x)] = 0.#$%
$' (DL)0n(f

g
) = χ. !"#$"% &'  !"#$% &'(%) )*+,'-(#' #. 
#0+#-(%(#' #. .$'
%(#'-1

[

(DL)0n(f) = P ∧ (DL)0m(g) = Q ∧ f(0) = 0 ∧ f 6= 0 ∧m · k > n
]

⇒

⇒ (DL)0n(g ◦ f) = ϕn(Q ◦ P ),23)4) k (- %3) +#2)4 #. %3) 5#2)-% %)40 #. , +#56'#0(,5 P 7($##)'8% .#55#2- .4#0 %3) ,--$0+%(#' ,'9 :3)#4)0 ; %3,%
f(x) = P (x) + xnε1(x), 23)4) ε1(x) →

x→0
0, 3)'
) f(0) = P (0) = 0.:3)4) )*(-%-

k > 0, -$
3 %3,% P (x) = xkP1(x).:3)' 2) #"%,('<
f(x) = P (x) + xnε1(x) = xkP1(x) + xnε1(x) = xk(P1(x) + xn−kε1(x)).=' %3) ",-(- #. :3)#4)0 ;> , .$'
%(#' g 3,- %3) .#55#2('? +4#+)4%6<

g(y) = Q(y) + ymε2(y), ε2(y) →
y→0

0.  @1



 !" #$" %& '()*" "+,-($)%($ %& &#(
*)%($  !"#$%& '() *+ ,+- .%$ -/+ 
%&1%23-3%4 %. .54
-3%42 g ◦ f

(g ◦ f)(x) = g(f(x)) = Q(f(x)) + [f(x)]mε2(f(x)) =

= Q(f(x)) + [xk(P1(x) + xn−kε1(x))]m · ε2(f(x)).64 -/+ 34-+$789 (f(x), P (x)) *+ 52+ :8,$84,+;2 &+84 7895+ -/+%$+& .%$ 8 1%<9=4%&389 Q

Q(f(x))−Q(P (x))

f(x)− P (x)
= Q (Cx), */+$+ Cx ∈ (f(x), P (x)),-/+$+.%$+>

Q(f(x))−Q(P (x)) = [f(x)− P (x)]Q (Cx) = xnε1(x)Q (Cx).? .54
-3%4 g ◦ f ,+-2 -/+ .%99%*34, 7895+@
(g ◦ f)(x) = Q(P (x)) + xnε1(x)Q (Cx) + xkm [P1(x) + xn−kε1(x)]mε2(f(x)).A$842.%$&34, 8 1%9=4%&389 Q(P (x)

Q(P (x)) = ϕn(Q(P (x)) + xn+1S(x))*+ %B-834
(g◦f)(x) = ϕn(Q(P (x))+xn+1·S(x)+xnε1(x)Q (Cx)+xkm [P1(x)+xn−kε1]

mε2(f(x)).C+4
+>
lim
x→0

1
xn

[(g ◦ f)(x)− ϕn((Q ◦ P )(x))] =

= lim
x→0

{xS (x) + ε1(x)Q (x) + xkm−n[P1(x) + xn−kε1(x)]mε2(f(x))} = 0,82 km − n > 0DE4 -/+ B8232 %. F+G43-3%4  8 *+ 822+$- -/8-
(DL)0n(g ◦ f) = ϕn(Q ◦ P ). !"!##$"% &'

(DL)0n(f) = P ∧ (DL)0n(g) = Q ∧ f(0) = 0 ⇒ (DL)0n(g ◦ f) = ϕn(Q ◦ P ).A/32 
%$%998$= .%99%*2 3&&+H38-+9= .$%& A/+%$+& I .%$ k = 1 84H m = nD



 !"  !"#$%&'( )!*++, -!(./0!( )!*++, -!#1*2# 3*/#4 !"#$"% &' #$%& $'()*+,-'
)'/+01 2103& &45'160*1789: ' :/1
30*1 f 06 ;0<&+&30'=)& n 30>&6 *1 '1 *5&1 013&+?') I 
*13'0101@ A&+*B
f (n) 06 
*1301/*/6 '3 A&+* '1;

P (x) =
n

∑

k=0

xk

k!
f (k)(0), 3%&1 (DL)0n(f) = P.$%06 $%&*+&> :*))*C6 :+*> $%&*+&> D '1; 3%& $'()*+,-'
)'/+01 3%&*+&>7 936%*/); =& 1*3&; 3%'3 ' 2103& &45'160*1 *: ' :/1
30*1 f 
'1 &4063B 3%*/@% 3%&;&+0?'30?& f (n)(0) ;*&6 1*3 &40637 E*+ &4'>5)&B ' :/1
30*1 f ;&21&; '6F

f(x) =

{

0, 0: x = 0,

x3 sin( 1
x
), 0: x 6= 0,;*&6 1*3 %'?& 3%& ;&+0?'30?& f ′′(0)B 601
&

f ′(x) =

{

0, 0: x = 0,

3x2 sin( 1
x
)− x cos( 1

x
), 0: x 6= 0,=/3 3%& )0>03 *:

f ′(x)− f ′(0)

x
= 3x sin

(

1

x

)

− cos

(

1

x

);*&6 1*3 &4063 C%&1 x→ 0.G1 3%& *3%&+ %'1;B 3%& A&+* 5*)(1*>0') O 06 ' 2103& &45'160*1 *: 3%&6&
*1; ;&@+&& :*+ 3%& :/1
30*1 f 01 3%& 1&0@%=*+%**; *: 3%& 5*013 x = 0 '6
do(0) = −∞ ≤ 2 '1; lim

x→0

1

x2
[f(x)−O(x)] = lim

x→0
(x sin(x)) = 0. !"#$"% ( #'=*/3 013&@+'30*1 '1; ;0<&+&130'30*1 *: 2103& &45'160*168F'8 9: ' :/1
30*1 f 06 
*1301/*/6 *1 '1 *5&1 013&+?') IB 0 ∈ I, (DL)0n(f) = P,

f 06 3%& ;&+0?'30?& *: ' :/1
30*1 g : I → R and Q(x) = g(0) +
∫ x

0 P (t)dt ,3%&1 D0
n+1(g) = Q.=8 9: f (n) 06 
*1301/*/6 *1 '1 *5&1 013&+?') IB 0 ∈ I '1; (DL)0n(f) = P,3%&1 D0
n−1(f

′) = P ′.)$##*''8 H 
*1301/*/6 :/1
30*1 f 
'1 =& C+033&1 '6
f(x) = P (x) + xnε(x),



 !" #$" %& '()*" "+,-($)%($ %& &#(
*)%($  ! "#$%$ & '()
+,-)
ε(x) =

{

0, ,' x = 0,
1

xn
(f(x)− P (x)), ,' x 6= 0,. 
-)+,)(-(. -) +#$ ,)+$%/&0 I1 2%-3 +#$ &..(34+,-) "$ #&/$ g′(x) = f(x)'-% x ∈ I, +#$%$'-%$

∫ x

0
g (t)dt =

∫ x

0
f(x)dt =

∫ x

0
P (t)dt +

∫ x

0
tnε(t)dt ,#$)
$

g(x) − g(0) =

∫ x

0
P (t)dt +

∫ x

0
tnε(t)dt-%

g(x) −Q(x) =

∫ x

0
tnε(t)dt .5$+ (. .#-" +#&+

lim
x→0

1

xn+1
[g(x) −Q(x)] = lim

x→0

1

xn+1

∫ x

0
tnε(t)dt = 0.6) '&
+7 .(8.+,+(+,)9 u = t

x
,) +#$ 0&.+ ,)+$9%&0 "$ -8+&,):

1

xn+1

∫ x

0
tnε(t)dt =

1

xn+1

∫ 1

0
(ux )nε(ux )xdu =

∫ 1

0
unε(ux )du.5$+ ε1(x) =

∫ 1
0 unε(ux )du . ;. & '()
+,-) ε(x) ,. 
-)+,)(-(. &+ +#$ 4-,)+ x = 07,1$1 +#$ <&(
#= 
-)>,+,-) ,. ?0?00$>:

∀
ω>0

∃
δω>0

∀
x
(|x| < δω ⇒ |ε(x)| < ω),#$)
$7 '-% |x| < δω "$ #&/$ |ε(x)| < ω1 @#$) '-% & '()
+,-) ε1(x) "$ -8+&,):

|ε1(x)| =

∣

∣

∣

∣

∫ 1

0

unε(ux)du

∣

∣

∣

∣

6

∫ 1

0

un|ε(ux )|du 6

∫ 1

0

ωundu = ω

[

un+1

n + 1

]1

0

=
ω

n + 1-% lim
x→0

ε1(x) = 0.;.
lim
x→0

1

xn+1
[g(x) −Q(x)] = lim

x→0

∫ 1

0
unε(ux )du = lim

x→0
ε1(x) = 0&)> d0(g) 6 n + 1, +#$) (DL)0n+1(g) = Q.
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f(x) = f(0) + xf ′(0) +

x2
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f ′′(0) + . . . +

xn

n!
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f ′′(0) + . . . +

xn
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ex = 1 + x + x2

2 + x2ε1(x),

cos(x) = 1− x2

2 + x2ε2(x),

ln(1 + x) = x− x2

2 + x2ε3(x),

ex − cos(x)− x = x2 + x2ε4(x),

x− ln(1 + x) = x2

2 + x2ε5(x).<6( 4.&
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ex − cos(x)− x
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= 2 + x2ε(x),  !"#" ε(x) →

x→0
0,!"$
"& lim

x→0

ex − cos(x) − x

x− ln(1 + x)
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h(x) = tan(x− sin(x))-& ,6( &(->6#+)6++' +4 ,6( 3+-&, x = 0.
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3! −
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P (x) =

x3
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−

x5

5!
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ϕ5((Q ◦ P )(x)) = ϕ5 (Q(P (x))) = ϕ5
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x3

3!
−

x5
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x3
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−

x5

5!
. !"#$%& '(<*'4 )!" 0'*)" "12,'-*+' +% )!" n)! 4"/#"" %+# )!" %&'
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(1− x) ln
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1

1− x

)
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f(x) = g′(x) ,'4 f(x) =

1

1− x
= 1+x+x2+. . .+xn−1+xn−1ε(x) 95,;." >:8 " 
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Q(x) = g(0) +

∫ x

0
P (t)dt ,  !"#" P (t) = 1 + t + t2 + . . . + tn−1.5!"'

Q(x) = ln(1) +
∫ x

0 (1 + t + t2 + . . . + tn−1)dt =

=
[

t + t2

2 + t3

3 + . . . + tn

n

]x

0
= x + x2

2 + x3

3 + . . . + xn

n
.
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