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Abstract

Dual logics with respect to Lukasiewicz’s logics were investigated by G. Ma-
linowski, M. Spasowski and R. W¢jcicki in [4,5]. Our aim is to discuss the
generalized method of natural deduction for the logic which is dual to
FLukasiewicz’s three-valued logic.

1. Introduction

The generalized method of natural deduction is based on a set of rules
of decomposition, where, apart from rules of admission, we accept also
some rules of rejection. We start with the empty set of axioms.
Proofs of tautologies are of the form of trees, whose branches are
constructed by applying given rules of decomposition as follows.

If the rule is in the conjunctive form

*Extended version of a talk presented at the X Conference “Applications of
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S
S1
52

Sn

then we extend the branch containing the vertex s by adding n new
vertices like this:

S1

52

Sn

If the rule is in the disjunctive form

Y
81 82 o .. Sn

then we put n new branches starting in the vertex s like this:

AN

The method was described in details in [1].

Let M = (U, V,f) be a finite matrix of any propositional calculus

based on a language J = (S, F), where F is a finite set of functors and
S is the set of all formulas of the language J.
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Let « € S, i€V, j€U\V. We introduce two kinds of signed
expressions: ; a and ; a, which are meant to denote the fact that a
is admitted in the ¢ — th degree or « is rejected in the 7 — th degree,
respectively. If « is a propositional variable then expressions F; a and
-; a are said to be atomic.

For every formula o and every j € U\ V of the language J we can
construct the tree of decomposition for the signed expression —; a.

[1] We start with the vertex signed by —; «, where j € U\ V and
apply the appropriate rule of decomposition adding one or more
new branches as it was described above.

[2] In the n — th step we apply the rules to all vertices (which are
labeled by signed expressions) which were obtained in the (n —
1) — th step and which are not atomic.

[3] The construction is finished, where all leaves of the tree of de-
composition contain either atomic signed expressions or expres-
sions which cannot be decomposed by any rule.

e A branch of the tree of decomposition is closed if it contains
two vertices labeled by atomic signed expressions of the form
¥, %0 for some ¢ # 7,4, 7 € U, where

.o — Fsa for seV,
Y7 A, a for seU\V

or it contains a vertex which is labeled by a non - atomic signed
expression which cannot be decomposed by any rule.

e A tree of decomposition is closed iff every its branch is closed.

We will say that a formula « is admissible iff the tree of decomposition
for the signed expression -; « is closed, for every j € U\ V. Let us
denote by T the set off all admissible formulas.
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It was shown in [1] that the set tautologies of any finite matrix
is identical to the set of all admissible formulas (in the sense of the
generalized method of natural deduction, described above). It means
that the method can be applied to examining if a given formula is a
tautology of a sentential calculus with a finite matrix.

2. The generalized method of natural
deduction for the logic L.

Let J = (S,{=,—,A}) be the language of Lukasiewicz’s sentential
calculus, where connectives =, =, A stand for implication, negation
and conjunction, respectively.

The Lukasiewicz’s three - valued matrix has a form:

ot = ({0, 5,1} (00, (o S )

where functions f_., f-, fo are defined as follows:

fo(z,y) =min{l,1 —x + y},

fo(z) =1—uz,

falz,y) = min{x, y}.

The disjunction functor V can be defined by:

aVp g —(—a A ).

Additionally, let us define the functor <, as follows:

Q i>6 4 —4(a — (3), where

0L o= (a A —ar),

a—>ﬁ£a=>(a:>ﬁ).
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The logic £4 dual to Lukasiewicz’s three - valued logic can be
characterized by the following matrix dual to the matrix M :

1

Mg = ({Oa ia

1},{0,

1
5}7{f:>7fﬁaf/\}) )

where functions f— , f, fr are defined in the same way as in the matrix

M.

We showed in [2| some axiomatization of the sentential logic £4.
We can take for the logic £4 the following rules of decomposition:

Negation —

Fo —ax I—%—'a miate’

qa ’ I—%a7 Fo
Implication =

Foax = f3 l—%oz:>ﬁ da=p

o - Ha  Fya a4
o 8 B kB -1
Conjunction N\

Foa A3 l—%a/\ﬁ JaANp
Foa ko f 7 Fia Fra Ha H4a
g A6 FLB 40

Disjunction V

Fo V3 l—%a\/ﬁ “4aVvp
e Fia Fia Fea Ha A8
Fo 3 FoB 1B ki p
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Dual implication LR

Foa 55 JaLp
oo Fia A o AHa
R0 LB

where symbols I, I—%, — denote:
Fo a - formula « is admitted in the 0 degree,
I—% a - formula « is admitted in the % degree,
-« - formula « is rejected, in other words 4 a < a.

Formulas of the logic £3 preceded by one of the following symbols
Fo, F1, = will be called signed expressions. We can build the tree
of decomposition for any signed expression 4 «, where « is a formula
of L4 .

It can be observed that a branch of the decomposition tree is closed
iff either a signed expression

or one of the pairs of signed expressions :

{ Fop { Fop { F% p
l_% p ) _| p ) _| p )
where p is a propositional variable, appears in it. A closed branch will

be marked by (c).
A tree of decomposition is closed if all of its branches are closed.

Let us denote by T* the set of all admissible formulas of £3. Thus
T is the set of all @ € S for which the tree of decomposition for a
signed expression - « is closed.

Since, the matrix of the logic £4 is finite, therefore, by [1], the
following theorem holds

Theorem 1.
T = BE(M3),

where E(M4) denotes the content of the matrix MJ.
Here are some examples showing how to apply the method.



Formalization of the sentential logic 47

Example 1.

We will use the generalized method of natural deduction to prove that
d
[1] =p —=(pAq).

2l p L0 L (g L)

are tautologies of £J.

1. We construct the tree of decomposition for the signed expression

d
= —p —>—|(p/\ q)_

d
= =p —>—|(p/\q)

/\

- —p - —p

| |
Fo =(p A q) Fi=(pAg)

| |

Fop Fop
| |

IpAgq l—%p/\q

-p l—%p Fip -p
| | | |
—q Figqg -q Fiq



48 A. Gérnicka

2. We construct the tree of decomposition for the signed expression

4p L (p L (g Lp)).

4pL(pL(g L)

Example 2.

Now, we are going to build the tree of decomposition for the signed
expression - (p = —p) = —p to show that the formula (p = —p) = —p
isn’t a tautology in £9.
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H4(p=—-p) =

Fop = p Fip=p = -p
| | |
p 1L p Fop
| / \ open branch
Fo —p Fip p
| | |
p Fo —p F1p
open branch | |
TLp e
| |
-p I—% P

(c) (c)

It is possible to formulate a formal algorithm for constructing the
tree of decomposition and checking if it is closed.

References

[1| G. Bryll. Metody odrzucania wyrazen. Akademicka Oficyna
Wydawnicza, PLJ, Warszawa, pp. 57-87, 1996.

[2] A. Gornicka. Aziomatization of the sentential logic dual with re-
spect to tukasiewicz’s three-valued logic. Bulletin of the Section
of Logic, 2006, to appear.

[3] A. Gornicka. Dual consequence operations associated with a cer-
tain class of logical matrices. Bulletin of the Section of Logic,
29, 4, 1-8, 2000.



50 A. Gérnicka

[4] G. Malinowski, M. Spasowski. Dual counterparts of Lukasiewicz’s
sentential calculi. Studia Logica, 33, No.2, 153-162, 1974.

[5] R. Wojcicki. Dual counterparts of consequence operations. Bul-
letin of the Section of Logic, 2, No. 1, 201-214, 1973.



