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dr′(t) + 2ar′(t)dt + b[r(t)− θ]dt = σdW (t). (1)>+ &:- 0-)* '$&-0-+& 0)&-+ )0- (?+-07-. '$ .'+0-&- &'3- &:- .';-0-$-7-0+'($ (@ &:'+ -A#)&'($ '+ 3(0- ($7-$'-$& @(0 <0)&')* )<<*')&'($BC:'+ )$ ?- 90'&&-$ .(9$ '$ &:- @(03

rk+2 = (e1 + e2)rk+1 − e1e2rk + ξ1(k) + ξ2(k), (2)9:-0- rk ≡ r(kh)− θ, h D )$ #$'& (@ .'+0-&- &'3-E θ D +&)&'($)0F 3-)$(@ <0(-++E e1 = eλ1h, e2 = eλ2h; λ1, λ2 D &:- 0((&+ (@ &:- :)0)&-0'+&'-A#)&'($
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./-& #+ ($+'.-0 ) <0(?*-3 (@ <)0)3-&-0 -+&'3)&'($ (@ 3(.-* INK ?F+)3<*- (@ (?+-07)&'($+ (@ '$&-0-+& 0)&-+ {r(kh), k = −1, 0, 1, 2, ..., n}B"(0 &:'+ <#0<(+- &:- 0-*)&'($ IJK '+ 3(0- ($7-$'-$& &( 0-90'&- '$ &:-@(03 yk+2 = σηk+2, 9:-0- yk+2 ≡ rk+2−(e1 +e2)rk+1+e1e2rk, σηk+2 ≡
ξ1(k) + ξ2(k).C:- 7-&(0 (@ 0)$.(3 7)0')?*-+ (η2 η3 ... ηn) '+ $(03)**F .'+&0'?#&-.9'&: H-0( -5<-&)&'($ )$. ) (7)0')$- 3)&0'5 Σn = (Σij) 9'&: -*-D3-$&+

Σii = γ + δ; Σij = ǫ, '@ |i− j| = 1;



 ! "#$%#$#% &'
Σij = 0, () |i− j| > 1; 1 ≤ i, j ≤ n. (4)*+#,#)-,# .-/0,(1+2( )451(-5 -) .(6#.(+--$ 7(.. .--6 .(6#8
n ln σ2 + ln det Σn + Y T
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n Yn/σ2, (5)7+#,# Y T
n ≡ (y1, y2, ..., yn)! "(5(2(901(-5 :;< -5 σ2 /(%#= 05 #=1(201#

σ̂2 = Y T
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Dn ≡ det Σn; Qn ≡ Y T

n Σ−1
n Yn; oT

n ≡ (0 0 ... 0 ǫ) I nE%#1-,E,-7F
o1 = ǫ; vn ≡ oT

nΣ−1
n on; qn ≡ Y T

n Σ−1
n on; µk+1 ≡ (γ + δ − oT

k Σ−1

k ok)
−1. !"#"$%&%"' () J) 0 201,(A Σn (1 (= -2>-=#$ -) 1+# #.#2#51=$#1#,2(5#$ @B )-,24.0# :K< 1+# 5#A1 ,#4,,#51 ,#.01(-5= 106# >.0#

Dk = (γ + δ)Dk−1 − ǫ2Dk−2, k > 1, D1 = γ + δ, D0 = 1;

Qn = Qn−1 + µn−1(yn − qn−1)
2, Q1 = y2

1/(γ + δ); (7)
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µk = Dk−1/Dk; µk = (γ + δ − vk−1)
−1, k > 1, µ1 = (γ + δ)−1;
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ωk = ρ2/(1− ωk−1), ω0 = 0. (9)C0* =6(=#60:#* $#=#/$ (/ %,-.# (/-I (/# =,6,7#0#6 ρ. 8#0 .* /(0:#;0+,0 0+:* =,6,7#0#6 +,* 0+# *#/*# (2 , (66#-,0:(/ (#K:#/0 ,/$ (/L*#?.#/0-I (/ ,3*(-.0# %,-.# /#%#6 #J##$* ./:0*! 8:7:0:/1 %,-.# ωk ,0
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ω∞. @( +,6,0#6:># =6(#** (2 (/%#61#/# :/ 0+:* ,*# :0 :* (/%#/:#/00( #J,7:/# 0+# 6,0:( ωk/ω∞, )+:+ $#0#67:/#* , $#16## (2 (/%#61#/#2(6 #%#6I k. C/ 0,3-# M 0+# %,-.#* (2 ωk/ω∞ ,6# =6#*#/0#$ 2(6 %,6:(.*
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 !! "#$&'($)*+ ,)+-. ($ /)01- 2'3-$+'($ 4)&0'5-+1#)0)$&--.6 )$. 7(0 ρ ≤ 0, 4 ($8-01-$- #9 &( ::; '+ 0-)<-. )7&-0= '&-0)&'($+> ?<- +*(@-+& ($8-01-$- '+ (A+-08-. 7(0 0'&')* 8)*#-
ρ = 0, 5. B$ &<'+ )+- ($8-01-$- (7 :C; '+ 0-)<-. )7&-0  : '&-0)&'($+6)$. (7 ::; )7&-0 := '&-0)&'($+> ?)A*-  D)*#-+ (7 &<- ($8-01-$- 9)0)3-&-0 {ωk} → ω∞ E'$ 9-0-$&)1-F 7(08)0'(#+ ρ

k ρ G !6 ρ G !6H ρ G !6I ρ G !6= ρ G !6=: ρ G !6C :J6::; :C6JI; :!6!!; J!6!!; C:6:C; C!6!I;H ::6::; ::6JH; :J6:!; :C6H=; KJ6J:; LL6K ;I  !!6!!; ::6::; ::6:J; :J6JH; JK6L=; KC6!C;=  !!6!!;  !!6!!; ::6::; ::6K ; :H6IK; J!6!C;C  !!6!!;  !!6!!;  !!6!!; ::6:I; :C6 C; JI6I:;?<- )$)*M+'+ (7 -59*''& -590-++'($ 7(0 ρ ≡ ǫ/(γ + δ) )+ 7#$&'($+ (79)0)3-&-0+ a, b )$. h +<(@+6 &<)& ρ ∈ (0, 1/4), )$. &<- 3)5'3)* 8)*#-
ρ = 1/4 '+ )-9&-. '$ ) *'3'&'$1 )+-6 @<-$ h→ 0, a→ 0, b→ 0. ?<-$70(3 &)A>  7(**(@+6 &<)& '$ ) 90(A*-3 -5)3'$-. AM #+ &<- 0-#00-$&90(-.#0- E:F ($8-01-+ 7(0 = '&-0)&'($+>N+ '& @)+ $(&-. -)0*'-0 OC℄6 &<- -Q#)&'($ E F )$ A- ($+'.-0-. )+-59)$.-. &<- D)+'-R 3(.-* '$ &<- +-$+- &<)& 3(.-* E F )$. &<- D)S+'-R 3(.-* @'** 1-$-0)&- 90(-++-+ @'&< &<- ($+&)$& E$(& .-9-$.-$&($ rF 8(*)&'*'&M σ )$. ) 8)0')$- σ2/2k = 8)0[r(t)]. B$ &<- *'&-0)&#0-&<-0- )0- 0-+#*&+ (7 9)0)3-&-0 -+&'3)&'($ (7 &<- D)+'-R 3(.-* 7(0 0-)*T$)$')* 90(-++-+ OLS:℄> B$ &)A> H &<-+- -+&'3)&'($+ )$. 0-+#*&+ (7)*#*)&'($+ ($ &<-'0 A)+'+ (7 0((&+ (7 &<- <)0)&-0'+&' -Q#)&'($+ #+-.)A(8-6 )$. )*+( 8)*#-+ γ + δ, ǫ, ρ )0- 0-+#*&-.> EU((&+ λ1 )$. λ2 (7<)0)&-0'+&' -Q#)&'($+ EIF )$ A- (39*-5> B& &#0$+ (#& 7(0 3(.-*+70(3 OJS:℄> B$ &<'+ )+- '$ &<- &)A*- 0-)* )$. '3)1'$)0M 9)0&+ (7 &<-+-0((&+ )0- 0-+#*&-. @'&< #+- (7 ) .-+'1$)&'($ λ1 = α− iβ, λ2 = α + iβ.FN+ '$ 0-)* 90(A*-3+ &<- 0-#00-$& 90(-.#0- E:F 90)&')**M ($S8-01-+ 7(0 = '&-0)&'($+6 '$ 7(03#*)+ 7(0 )*#*)&'($ (7 *(1)0'&<3' 7#$S&'($ (7 *'R-*'<((. '& '+ 9(++'A*- &( #+- *'3'&'$1 8)*#-+ (7 +'V-+ Dk, µk, qk)$. ωk &<)& )0- )*#*)&-. 0-#00-$&*M @<-$ &<- +'V- (7 +)39*- n '+10-)& -$(#1<>
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θ 'H'I:: 'H':J, 'H'I<& 'H'K&K
σ 'H',' 'H''KK 'H'J:K 'H',,J
a 'HL 'HL 'HL 'HL
k 'H&KK< 'H'JM: 'HILIJ 'H,:&'
h &N&, &N&, &NM:L &N&,

λ1 40 α 'HK:IL 'H<LJM 'HL 'HL
λ2 40 β 'H,M&L 'H'JLK 'HKI'' 'H&'J<

lg(γ + δ) ;MHMLK, ;MHJJ<: ;KHI:J, ;MHJJ<K
lg(ǫ) ;JHMM&& ;JH'L&K ;IHJ::, ;JH'L&I

ρ 'H&':, 'H,J<<, 'H,L'' 'H,J<<:?@AB F&<<,GO 7E# )88.)+1P#$ 48#;/487E Q!B! (0#)3.0R *1++ R1#+$ 504/S.8# &<:J 74 T##/*#0 &<I< FM': 4*3#0%)71483G! D17;B)E)+1) F&<<:GO7E# K;$)R U.04$4++)0 $#64317 3647 0)7#H $)1+R 504/ & S.8 &<KM 74 ,LV#* &<<L FLL'L 4*3#0%)71483G! C)+1 F&<<<GO )88.)+1P#$ 48#;/487EQ!B! (0#)3.0R *1++ R1#+$ 504/ S.8# &<:J 74 T##/*#0 &<<: FM<' 4*3#0;%)71483G! D17;B)E)+1) F&<<<GO 7E# V#$#0)+ W#3#0%# BR37#/ 5.8$3 $)7)/487E+R 504/ S)8.)0R &<:M 74 T##/*#0 &<<I!A#7 .3 $#31X8)7#
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=
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∑
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.78$, 9. 1..(:. *% *;;1)6(4*'()% +)2*1('84( <$%'()% )< +(=.+(>8))/ *,
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, (10)98(8 (, .,,.%'(*++? .*,(.1@ '8*% '8. <)14$+* ABCD E)9.:.1 .6;1.,,()%A !C ?.' (, %)' )4;+.'.+? 1.*/? <)1 *+$+*'()%,D0.' $, %)'(. '8*' F? /.G%('()% rk = r(kh)− θ. H' 4.*%,@ '8*'
yk+2 = rk+2 − (e1 + e2)rk−1 + e1e2rk =

r((k + 2)h)− (e1 + e2)r((k + 1)h) + e1e2r(kh)− (1− e1)(1− e2)θ.78$, '8. )F,.1:*F+. :*+$., *1. r(kh), k = −1, 0, 1, 2, ..., n. H' 4.*%,@'8*' .6;1.,,()% A !C (4;+(('+? (%+$/., )%. 4)1. $%=%)9% ;*1*4.'.1)< 4)/.+ θ@ 98(8 %../, ') F. .,'(4*'./D H' /(1.'+? (, %)' )%%.'./') ;*1*4.'.1, )< 4)/.+ a *%/ b *%/ )%,.I$.%'+? *% F. .,'(4*'./(11.,;.'(:. )< '8.4@ 8)9.:.1 '8(, .,'(4*'()% 9(++ /.;.%/ )% * 4*'1(6
Σn, (D.D G%*++?@ <1)4 .,'(4*'()%, )< ;*1*4.'.1, a *%/ b.0.' $, 1..(:. *% .6;+((' /.;.%/.%. )< .6;1.,,()% A !C )% θ *%/*+,) 9. 4(%(4(J. (' )% '8(, ;*1*4.'.1D K. ,8*++ ;1.,.%' :.')1 Yn *,

Yn ≡ Rn − θ(1− e1)(1− e2)1n,98.1. 1n L :.')1 )4;),./ )< $%(',@ *%/ RT
n ≡ (Rn1, Rn2, ..., Rnn)L :.')1 %)' /.;.%/.%' )% θ 9('8 )4;)%.%', Rnk ≡ r(kh) − (e1 +

e2)r((k − 1)h). 78.% (' (, ;),,(F+. ') 91('. /)9%
Y T

n Σ−1

n Yn = (Rn− θ(1− e1)(1− e2)1n)T Σ−1

n (Rn− θ(1− e1)(1− e2)1n).



 ! "#$%#$#% &'(")*)+),-.)/* /0 .1)2 #345#22)/* /* θ 6)%#2 #2.)+-.#
θ̂ =

1

(1− e1)(1− e2)

1
T
nΣ−1

n Rn

1T
nΣ−1

n 1n
.71)2 #2.)+-.)/* )2 8*9)-2#$: E[θ̂] = θ, -*$ ).2 %-5)-*# )2%-5[θ̂] =

1

1T
nΣ−1

n 1n

(

σ

(1− e1)(1− e2)

)2

.<89+)..)*6 %-=8# θ̂ )* #345#22)/* 0/5 Yn )*2.#-$ /0 θ: ># 5##)%# *#>5#45#2#*.-.)/* 0/5 Yn, -=5#-$? )*$#4#*$#*. 05/+ 8*@*/>* 4-5-+#.#5!
Yn =

(

I −
1n1

T
nΣ−1

n

1T
nΣ−1

n 1n

)

Rn, (11)>1#5# I A -* 8*). +-.5)3!B2)*6 5#45#2#*.-.)/* C&&D )* #345#22)/* CED: ># 5##)%# #345#22)/*0/5 =/6-5).1+) 08*.)/* /0 =)@#=)1//$ .15/861 - %#./5 Rn, $#.#5+)*#$9? /92#5%-9=# %-=8#2 r(kh), k = −1, 0, 1, 2, ... :

(det Σn)1/n(Y T
n Σ−1

n Yn) = (det Σn)1/n

(

RT
nΣ−1

n Rn −
(1T

nΣ−1
n Rn)2

1T
nΣ−1

n 1n

)

.

(12)F/5 2)+4=)G-.)/* /0 -=8=-.)/* /0 .1)2 #345#22)/* -6-)* ># 21-==82# -$%-*.-6# /0 5#855#*. 45/#$85#2! !"#"$%&%"' () 71# 0/==/>)*6 5#855#*. 5#=-.)/*2 .-@# 4=-#
1

T
nΣ−1

n 1n = 1
T
n−1Σ

−1

n−11n−1 + µn(1− 1
T
n−1Σ

−1

n−1on−1)
2, 1T

1 Σ−1

1 11 = µ1;

1
T
nΣ−1

n on = ǫµn(1− 1
T
n−1Σ

−1

n−1on−1) =

=

n
∑

m=1

(−1)n−m

n
∏

k=m

(ǫµk), 1
T
1 Σ−1

1 o1 = ρ;

1
T
nΣ−1

n Rn = 1
T
n−1Σ

−1

n−1Rn−1+

+µn(1− 1
T
n−1Σ

−1

n−1on−1)(Rnn − oT
n−1Σ

−1

n−1Rn−1),



 !" #$%'()%*+, -*,./ )% 0*12. 3(4.%,()% 5*'1(6.,
1

T
1 Σ−1

1 Rn1 = µ1Rn1;

oT
nΣ−1

n Rn = ǫµn(Rnn − oT
n−1Σ

−1

n−1Rn−1) =

n
∑

m=1

(−1)n−mRnm

n
∏

k=m

(ǫµk),

oT
1 Σ−1

1 R1 = ρRn1. !""#  ! "#$%$ &$'(") *% +&(")(''- &$+$("% +&  !%  ! %).)'(& &$'(/") *%  ! "#$ +& + %)") * 0 (*1  *%$23$*"'- #$&$ )% * " &$%3'"$145%)*6 "#$ +& +$&"-  ! !(%"  *7$&6$*$  ! &$3&&$*" +& $13&$% ! &$* 36# #)6# n )" )% + %%)8'$ " 9*1 "#$ (++& (#$1 7('3$%  ! "#$ 7('3$%1$"$&.)*)*6 ( &$'(") * :0;<=
1

T
nΣ−1

n on =
n
∑

m=1

(−1)n−m
n
∏

k=m

(ǫµk) ≈ ǫµ
n
∑

m=1

(−ǫµ)n−m ≈
ǫµ

1 + ǫµ
,

1
T
nΣ−1

n 1n ≈ 1
T
n−1Σ

−1

n−11n−1 + µ

(

1−
ǫµ

1 + ǫµ

)2

≈
nµ

(1 + ǫµ)2
,

1
T
nΣ−1

n Rn ≈ 1
T
n−1Σ

−1

n−1Rn−1 +
µ

1 + ǫµ

n
∑

m=1

(−ǫµ)n−mRnm ≈

≈
µ

(1 + ǫµ)2

n
∑

m=1

Rnm,

RT
nΣ−1

n Rn ≈
µ

1− (ǫµ)2

n
∑

i=1

n
∑

j=1

RniRnj(−ǫµ)|j−i|.> ? ?$ 3%$ "#$ &$$)7$1 &$%3'"% )* $@+&$%%) * :0;< ! & ' 6(&)"#.)!3*") *  ! ')A$')#  1 "#(" 6)7$% "#$ ! '' ?)*6 (++& @).("$ ! &.3'( *7$*)$*" ! & ('3'(") *  ! .)*).)B)*6 !3*") *
(det Σn)1/n

(

(RT
nΣ−1

n Rn −
(1T

nΣ−1
n Rn)2

1T
nΣ−1

n 1n

)

≈

≈
1

1− (ǫµ)2

n
∑

i=1

n
∑

j=1

RniRnj(−ǫµ)|j−i| −
1

n(1 + ǫµ)2

(

n
∑

m=1

Rnm

)2

.

(13)C$" 3% &$.)*1 "#(" )* ! &.3'( :0D<  .+ *$*"%  ! 7$" & Rn (&$1$"$&.)*$1 8- $23(')"- Rnk ≡ r(kh) − (e1 + e2)r((k − 1)h), ?#$&$
r(kh), k = −1, 0, 1, 2, ..., (&$ .(&A$"  8%$&7(") *%  ! "#$ )*"$&$%" &("$%4E#$ ! &.3'( :0D< )% &$+&$%$*"$1 . &$ %).+'$ ! & ('3'(") *% &("#$&"#(* )*)")(' $@+&$%%) * :F< ! & ' 6(&)"#.) !3*") *  ! ')A$')#  14
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