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µ ≡ µ∞ =

ω∞
(γ + δ)ρ2

=
1−

√

1− 4ρ2

2(γ + δ)ρ2
, ǫµ =

1−
√

1− 4ρ2

2ρ
.(E#8

det Σn = Dn =

(

n
∏

j=1

µj

)−1

≈
1

µn
=

(

2ρ2(γ + δ)

1−
√

1− 4ρ2

)n

=

= [(γ + δ)(1 +
√

1 + 4ρ2)/2]n.

qk =

k
∑

j=1

(−1)k−jyj

k
∏

i=j

(ǫµi) ≈
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≈

k
∑

j=1

(−1)k−jyj(ǫµ)k−j+1 = ǫµ
k−1
∑

j=0

yk−j(−ǫµ)j .

Qn ≡ Y T
n Σ−1

n Yn =
n
∑

k=1

µk(yk − qk−1)
2 ≈ µ

n
∑

k=1

(

k−1
∑

j=0

yk−j(−ǫµ)j

)2

.78$, 9. 1.
.(:. *% *;;1)6(4*'()% +)2*1('84(
 <$%
'()% )< +(=.+(>8))/ *,
(det Σn)1/n(Y T

n Σ−1

n Yn) ≈

n
∑

k=1

(

k−1
∑

j=0

yk−j(−ǫµ)j

)2

, (10)98(
8 (, .,,.%'(*++? .*,(.1@ '8*% '8. <)14$+* ABCD E)9.:.1 .6;1.,,()%A !C ?.' (, %)' 
)4;+.'.+? 1.*/? <)1 
*+
$+*'()%,D0.' $, %)'(
. '8*' F? /.G%('()% rk = r(kh)− θ. H' 4.*%,@ '8*'
yk+2 = rk+2 − (e1 + e2)rk−1 + e1e2rk =

r((k + 2)h)− (e1 + e2)r((k + 1)h) + e1e2r(kh)− (1− e1)(1− e2)θ.78$, '8. )F,.1:*F+. :*+$., *1. r(kh), k = −1, 0, 1, 2, ..., n. H' 4.*%,@'8*' .6;1.,,()% A !C (4;+(
('+? (%
+$/., )%. 4)1. $%=%)9% ;*1*4.'.1)< 4)/.+ θ@ 98(
8 %../, ') F. .,'(4*'./D H' /(1.
'+? (, %)' 
)%%.
'./') ;*1*4.'.1, )< 4)/.+ a *%/ b *%/ 
)%,.I$.%'+? 
*% F. .,'(4*'./(11.,;.
'(:. )< '8.4@ 8)9.:.1 '8(, .,'(4*'()% 9(++ /.;.%/ )% * 4*'1(6
Σn, (D.D G%*++?@ <1)4 .,'(4*'()%, )< ;*1*4.'.1, a *%/ b.0.' $, 1.
.(:. *% .6;+(
(' /.;.%/.%
. )< .6;1.,,()% A !C )% θ *%/*+,) 9. 4(%(4(J. (' )% '8(, ;*1*4.'.1D K. ,8*++ ;1.,.%' :.
')1 Yn *,

Yn ≡ Rn − θ(1− e1)(1− e2)1n,98.1. 1n L :.
')1 
)4;),./ )< $%(',@ *%/ RT
n ≡ (Rn1, Rn2, ..., Rnn)L :.
')1 %)' /.;.%/.%' )% θ 9('8 
)4;)%.%', Rnk ≡ r(kh) − (e1 +

e2)r((k − 1)h). 78.% (' (, ;),,(F+. ') 91('. /)9%
Y T

n Σ−1

n Yn = (Rn− θ(1− e1)(1− e2)1n)T Σ−1

n (Rn− θ(1− e1)(1− e2)1n).
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θ̂ =

1

(1− e1)(1− e2)

1
T
nΣ−1

n Rn

1T
nΣ−1

n 1n
.71)2 #2.)+-.)/* )2 8*9)-2#$: E[θ̂] = θ, -*$ ).2 %-5)-*
# )2%-5[θ̂] =

1

1T
nΣ−1

n 1n

(

σ

(1− e1)(1− e2)

)2

.<89+)..)*6 %-=8# θ̂ )* #345#22)/* 0/5 Yn )*2.#-$ /0 θ: ># 5#
#)%# *#>5#45#2#*.-.)/* 0/5 Yn, -=5#-$? )*$#4#*$#*. 05/+ 8*@*/>* 4-5-+#.#5!
Yn =

(

I −
1n1

T
nΣ−1

n

1T
nΣ−1

n 1n

)

Rn, (11)>1#5# I A -* 8*). +-.5)3!B2)*6 5#45#2#*.-.)/* C&&D )* #345#22)/* CED: ># 5#
#)%# #345#22)/*0/5 =/6-5).1+)
 08*
.)/* /0 =)@#=)1//$ .15/861 - %#
./5 Rn, $#.#5+)*#$9? /92#5%-9=# %-=8#2 r(kh), k = −1, 0, 1, 2, ... :

(det Σn)1/n(Y T
n Σ−1

n Yn) = (det Σn)1/n

(

RT
nΣ−1

n Rn −
(1T

nΣ−1
n Rn)2

1T
nΣ−1

n 1n

)

.

(12)F/5 2)+4=)G
-.)/* /0 
-=
8=-.)/* /0 .1)2 #345#22)/* -6-)* ># 21-==82# -$%-*.-6# /0 5#
855#*. 45/
#$85#2! !"#"$%&%"' () 71# 0/==/>)*6 5#
855#*. 5#=-.)/*2 .-@# 4=-
#
1

T
nΣ−1

n 1n = 1
T
n−1Σ

−1

n−11n−1 + µn(1− 1
T
n−1Σ

−1

n−1on−1)
2, 1T

1 Σ−1

1 11 = µ1;

1
T
nΣ−1

n on = ǫµn(1− 1
T
n−1Σ

−1

n−1on−1) =

=

n
∑

m=1

(−1)n−m

n
∏

k=m

(ǫµk), 1
T
1 Σ−1

1 o1 = ρ;

1
T
nΣ−1

n Rn = 1
T
n−1Σ

−1

n−1Rn−1+

+µn(1− 1
T
n−1Σ

−1

n−1on−1)(Rnn − oT
n−1Σ

−1

n−1Rn−1),



 !" #$%
'()%*+, -*,./ )% 0*12. 3(4.%,()% 5*'1(6.,
1

T
1 Σ−1

1 Rn1 = µ1Rn1;

oT
nΣ−1

n Rn = ǫµn(Rnn − oT
n−1Σ

−1

n−1Rn−1) =

n
∑

m=1

(−1)n−mRnm

n
∏

k=m

(ǫµk),

oT
1 Σ−1

1 R1 = ρRn1. !""#  ! "#$%$ &$'(") *% +&(
")
(''- &$+$("% +&  !%  ! %).)'(& &$'(/") *%  ! "#$ +& + %)") * 0 (*1 
 *%$23$*"'- #$&$ )% * " &$%3'"$145%)*6 "#$ +& +$&"-  ! !(%" 
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$  ! &$
3&&$*" +& 
$13&$% ! &$* 36# #)6# n )" )% + %%)8'$ " 9*1 "#$ (++& (
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1

T
nΣ−1

n on =
n
∑

m=1

(−1)n−m
n
∏

k=m

(ǫµk) ≈ ǫµ
n
∑

m=1

(−ǫµ)n−m ≈
ǫµ

1 + ǫµ
,

1
T
nΣ−1

n 1n ≈ 1
T
n−1Σ

−1

n−11n−1 + µ

(

1−
ǫµ

1 + ǫµ

)2

≈
nµ

(1 + ǫµ)2
,

1
T
nΣ−1

n Rn ≈ 1
T
n−1Σ

−1

n−1Rn−1 +
µ

1 + ǫµ

n
∑

m=1

(−ǫµ)n−mRnm ≈

≈
µ

(1 + ǫµ)2

n
∑

m=1

Rnm,

RT
nΣ−1

n Rn ≈
µ

1− (ǫµ)2

n
∑

i=1

n
∑

j=1

RniRnj(−ǫµ)|j−i|.> ? ?$ 3%$ "#$ &$
$)7$1 &$%3'"% )* $@+&$%%) * :0;< ! & ' 6(&)"#.)
!3*
") *  ! ')A$')#  1 "#(" 6)7$% "#$ ! '' ?)*6 (++& @).("$ ! &.3'(
 *7$*)$*" ! & 
('
3'(") *  ! .)*).)B)*6 !3*
") *
(det Σn)1/n

(

(RT
nΣ−1

n Rn −
(1T

nΣ−1
n Rn)2

1T
nΣ−1

n 1n

)

≈

≈
1

1− (ǫµ)2

n
∑

i=1

n
∑

j=1

RniRnj(−ǫµ)|j−i| −
1

n(1 + ǫµ)2

(

n
∑

m=1

Rnm

)2

.

(13)C$" 3% &$.)*1 "#(" )* ! &.3'( :0D< 
 .+ *$*"%  ! 7$
" & Rn (&$1$"$&.)*$1 8- $23(')"- Rnk ≡ r(kh) − (e1 + e2)r((k − 1)h), ?#$&$
r(kh), k = −1, 0, 1, 2, ..., (&$ .(&A$"  8%$&7(") *%  ! "#$ )*"$&$%" &("$%4E#$ ! &.3'( :0D< )% &$+&$%$*"$1 . &$ %).+'$ ! & 
('
3'(") *% &("#$&"#(* )*)")(' $@+&$%%) * :F< ! & ' 6(&)"#.)
 !3*
") *  ! ')A$')#  14
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