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Abstract

A finite lattice is W-irreducible if it cannot be split into two overlapping
lattices, one of them being an ideal and the other a filter of the lattice. We
give some characterization of finite W-irreducible lattices.

In 1974 Andrzej Wronski ([7]) introduced an operation @ of sum of
lattices, which we will call a Wronski’s sum (or shortly, a W-sum) of
lattices. Tts definition is following: let Lo = (Lo, <o) and L1 = (L, <4
) be lattices such that LyN L, is a filter in £y and an ideal in £; and the
orderings <g and <; coincide on LoN Ly, then Lo® Ly = (LoU Ly, <),
where < is the transitive closure of <o U <i, is a W-sum of lattices
£0 and £1.

It can be shown that the W-sum of lattices (if there exists) is a lat-
tice, what is more, it preserves some important properties of lattices,
like distributivity or modularity. However, it does not mean that all
lattice identities are preserved, for example the Desargues identity is
not, since the W-sum of two arguesian intervals can be non-arguesian
(see |1]).

The W-sum of two finite lattices can be regarded as a special case
of K-gluing introduced by Christian Herrmann in |[5].

*Extended version of a talk presented at the IX Conference “Applications of
Algebra”, Zakopane, March 7 13, 2005.
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Let (L;)zcx be a family of finite lattices and let the index set
K be also a finite lattice. We call the family (£,).cx a K-atlas with
overlapping neighbours if the following conditions hold for every =,y €
K:

1. If L, C L, then x = y.
2. If v <y then L, N L, # 0.

3. f z <y and L, N L, # () then the orders of £, and L, coincide
on the intersection L, N L, and the interval L, N L, is at the
same time a filter of £, and an ideal of L,.

4. Lx ﬂ Ly — Lx/\y ﬂ vay.

The structure £ = (U L,,<), where < is the transitive closure

zeK
of the union of orders of the lattices £, for x € K, is called the sum

of K-atlas with overlapping neighbours (or simply a K-gluing of the
family (‘Cx)xEK)

Thus, it is clear that if finite lattices £y and £; fulfill Wronski’s con-
ditions and no one is contained in the another, then their W-sum is the
gluing of the C-atlas (Lo, £1), where K is a two-element boolean lat-
tice. Let us observe, however, that since we can repeat the Wrorski’s
sum of two lattices finitely many times, it is reasonable to regard it,
in general, as an iteration of the K-gluing with a two-element skeleton
K. For some reasons, it is also important to skip the first condition
of the K-atlas with overlapping neighbours. In can be proved that
the W-sum and K-gluing do not coincide. We discussed this problem
carefully in [3].

A lattice £ is H-irreducible if there is no nontrivial lattice K and
a K-atlas (L;).cx such that £ is the C-gluing of the atlas. We gave
some characterization of H-irreducible lattices in [4].

It is said that a lattice £ is W-irreducible iff there are no proper
sublattices Ly and £; of £ such that £ = Ly & L;.

It is obvious that every H-irreducible lattice is W-irreducible but
not conversely. Here is a natural characterization of W-irreducible
finite lattices:
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Theorem 1. For every finite lattice L the following conditions are
equivalent:

1. L is W-irreducible;
2. I N(a)Va=1; for everya € L\ {0,};
3. AN(a) Na =0, for everyaec L\ {1.},

where N(a) is the set of all elements of L which are not comparable
with a.

Proof.

Let us suppose that x =\/ N(a) V a < 1. for some a > 0.

Let Lo = [0z, z], Ly = [a,1,]. Since x > a, we get LoN Ly = [a, z],
which is a filter in £y and an ideal in £,. Thus £, ® £, is a sublattice
of the lattice L.

On the other hand, let y € L. If y > a then y € L. If y < a then
y < x and hence y € Ly. In the case when a and y are incomparable
we have y € Ly. It means that Ly & £, = £ and both £, and L, are
proper sublattices of £, which contradicts the assumption.

Now, let us suppose that Lo & L1 = L, where Ly and £ are
proper sublattices of £. Then Ly = [0, z] and Ly = [y, 1], for some
y<ax<lg IfN(y) =0then \/ Ny)Vy=1y <1, Let a € N(y).
Thus a € Ly and hence a < z. It yields \/ N(y) Vy <z < 1..

Thus, we proved the equivalence of 1. and 2. The proof of the
equivalence of 1. and 3. is analogous. e

The above Theorem describes when a finite lattice can be split
into two overlapping parts, one of them being an ideal and the other
a filter of the lattice. It is easy to observe that it cannot be done to
any finite boolean lattice, which means that finite boolean lattices are
We-irreducible. What is more

Corollary 2. A finite distributive lattice is W-irreducible iff it is a
boolean lattice.

Proof

Let us suppose that B is a finite W-irreducible distributive lattice.
Then, by Theorem 1, for every nonzero a € B holds \/ N(a)V a = 15.
Let a € At(B). Then a A\/ N(a) = 0g. Thus, every atom of B has a
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complement and therefore there is a complement b of \/ At(B). Since
bAa=0g for every a € At(B) then b = 0p, which yields

W=\ At(B) = 15.

We conclude that B is atomistic and hence B is a boolean lattice. e

The notion of W-irreducibility can also be characterized in a dif-
ferent way.

Theorem 3. A finite lattice IC is W-irreducible iff for every finite
lattices Lo and L1 such that there exists Lo @ L4
(%) K s an interval of Lo ® Ly iff
(K is an interval of Ly or K is an interval of Ly).

Proof.

If K is not W-irreducible then there are proper intervals £, and
L1 of K such that . = Ly & L£,. Thus K C LyU Ly but K € Ly and
K ¢ Ly, which means that (*) does not hold.

Let us suppose now that there are finite lattices £y, and £ such
that Lo @ L, exists and K is an interval of Lo @ £, but K € Ly and
K ¢ L;. We shall prove that K is not W-irreducible. In particular,
we are going to show that

K=(KnLy) & (KNL)

and LN Ly and K N L, are proper sublattices of .
Let us denote, for simplicity, Lo = [0, 1¢] and L; = [01, 1;]. Then,
by the assumptions

00 S O]C S 11 and Ol S 10.
Thus

KN Ly= [0k, 1x A 1) # 0,

KN Ly = [0x V0, 1] #0.

Then O < 1x A lg and O V 07 < 1k, so O V 017 < 1 A 1o, which
proves that

KNLyNLy =[0c V0,1 Alg] #0.



J. Grygiel 81

Since K N LoN Ly is a filter of XN Ly and an ideal of XN L; then there
exists (KN Ly)® (LNLy). Moreover, as 1 Aly < 1 and O < Ox V04
then K N Ly and IC N L, are proper sublattices of IC and

K=(KNLy)®(KNLy). o
As a consequence of Theorem 3, we get

Corollary 4. Let D; and D, be distributive lattices such that there
exists D; @ D, and let B be a boolean lattice. If B is an interval of
D; ® D, then B is an interval of D; or B is an interval of Ds.

Let us notice that every finite lattice can be represented as a W-
sum of its W-irreducible intervals. This observation together with
Corollary 4 yields the following theorem, proved by Kotas, Wojtylak:

Theorem 5. (see [6]) Every finite distributive lattice can be repre-
sented as a W-sum of its Boolean intervals.

Each representation of a finite lattice K as a W-sum of its W-
irreducible intervals is called a W-representation of K. The set of all
W-representations of a given lattice was discussed in |2].
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