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 ! "##$&'(&)* +'(&$!', -.!(&$!# !"!#$%&! '()!*+,! !"#$#%#& '( )*#+&,*#$" *!. /',0%#&1 2$&!&34*! 56%7'"8 9!$:&1"$#; '( /8<&"#'+'=*3*>? @1,$$ A1*B'=&B CDECF3 GHIHJJ /8<&"#'+'=*3 K'>*!.&I,*$>L  !"#$%&' %�%)"!+,'-!./ !"#$%# ! "!#$ %&'( '(! )*$$*%&+, -.*/$!01 %(&( .#'&*+#$ )3+'&*+4 *) '%* 5#.&6#/$!4 #.! #44*&#'&5!7  ! 4(#$$ "!'!.0&+! #$$ *) '(!0 -.*5&"!" '(#' #' $!#4'*+! *) '(! *!8&!+'4 &+ 93!4'&*+ 5#+&4(!4:-. /&"#(01"3(&01, -,2$ %''#3%-343-5 3' 6'6%//5 6'," 3& #&&,-3#& 73-1 % $%. F",8&," #& -1, 71#/, #9 -1, .2#"6- A×A #9 % ,2-%3& &#&,$.-5 ',-

A 73-1 4%/6,' 3& A. 01%- #.,2%-3#& 3' %//," %''#3%-34, 39 9#2 ,4,25
x, y, z ∈ A -1, 9#//#73&: ,;6%-3#& 3' '%-3'8,"<

F (x, F (y, z)) = F (F (x, y), z), x, y, z ∈ A (E1)=;6%-3#& >=?@ 3' -1,& -,2$," %' -1, %''#3%-343-5 ,;6%-3#&!A#2 ,B%$./,C /,- 6' #&'3",2 % $%. F : I × I −→ I, 71,2, I =
(−1, 1), ",8&," D5 -1, 9#2$6/%

F (x, y) =
x + y

1 + xy
.E- 3' %& #.,2%-3#& 3& ',- I %&" 3- 3' %''#3%-34, 7131 %& ,%'3/5 D,1, ," D5 % "32,- %/6/%-3#&!



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%1* *02#% &0* *3)* ,)3 4)5 F : I × I −→ I (# *3, 6&24
F (x, y) = f−1(f(x) + f(y)), x, y ∈ I(% )%%&()*(+, 6&2 )#7 8(9,*(&# f : I −→ J, :3,2, I, J ⊂ 1- )2,(#*,2+).% %03 *3)* J + J ⊂ J.;&2,&+,2< (# *3, .)%% &6 &#*(#0&0% )#= 8(.)*,2)..7 )#,..)*(+,4)5%< *3,%, )2, *3, &#.7 )%%&()*(+, &#,%> ?)4,.7 *3, 6&..&:(#@ *3,A&2,4< 52&+,= 87 B> $C,. DE℄< G%,, ).%& -> H2)(@,#< I> JK.,% DL℄ )#=&*3,2%M (% *20,N !"#$"% &'(  !" I #! $ %&%"'()($* '!$* (%"!')$* $%+ *!" F : I ×

I −→ I #! $ &%"(%-&-. #(*$"!'$**/ $%!**$"()! $..&($"()! &0!'$"(&%123!% "3!'! !4(." $ &%"(%-&-. #(5!"(&% f : I −→ J .-3 "3$"
F (x, y) = f−1(f(x) + f(y)), x, y ∈ I, (1)63!'! 7 (. $ 8%!!..$'(*/ -%#&-%+!+9 '!$* (%"!')$*1O, #&*(, *3)* *3, )8&+, 4,#*(&#,= 2)*(&#). 4)5 (% &6 *3, 6&24GEM< :3,2, f : (−1, 1) −→ 1-, (% =,P#,= 87

f(x) := arctanhx =
1

2
log

1 + x

1− x
, x ∈ (−1, 1)G.,)2.7 f (% ) 8(9,*(&# &6 (−1, 1) &#*& 1- )#=

f−1(x) = tanhx =
e2x − 1

e2x + 1
, x ∈ 1-).1# 52)*(,< &#, (% 62,Q0,#*.7 6),= *& ) %(*0)*(&# :3,2, *3, 4)5 F&#%(=,2,= (% #&* #,,%%)2(.7 =,P#,= &# *3, ,#*(2, R 2,*)#@.,S A×A80* &#.7 6&2 %&4, 5)(2% (x, y) ∈ D ⊂ A × A. ?,+,2*3,.,%%< &#, 4)7%*(.. %,)23 6&2 %&.0*(&#% F : D −→ A &6 *3, &%+("(&%$* )%%&()*(+(*7,Q0)*(&#

F (x, F (y, z)) = F (F (x, y), z) (E2))%%04,= *& 8, %)*(%P,= 6&2 ).. *2(5.,% (x, y, z) ∈ A× A× A %03 *3)*
(x, y), (y, z), (x, F (y, z)) )#= (F (x, y), z) ).. 8,.&#@ *& D. $#= ,+,#(# *3, )%, :3,2, D = A × A *3, +).0,% &6 F #,,= #&* 6).. (#*& A,*3,2,6&2,< :, %*(.. 3)+, *& =,). :(*3 ) &#=(*(&#). )%%&()*(+(*7> /&2



 ! "#$%&'(% )*+,%$-.+/ 0%(123 % $%- F : (−1, 1) × (−1, 1) −→ 45, 316+2 78 09+:#;$<.%
F (x, y) =

x + y

1− xy
, x, y ∈ (−1, 1),=+ 9%6+ +!3! F (1

2
, 1

2
), F (1

3
, 1

2
) #> (−1, 1). ?+6+;09+.+''/ F 1' #2A101#2B%..8 %''#1%016+ =919 $%8 +%'1.8 7+ -;#6+A!40 0<;2' #<0 09%0 % $%- #: 091' 08-+ %2 7+ A+';17+A %2%.#3#<'.80# CDE/ %' -;#6+2 78 F8! G%('% H)℄J !"#$"%&'  !" I #! $% &'!% (%"!)*$+, e ∈ I $%- +!" F : I×I −→45 #! &%"(%/&/0 $%- 0")("+1 (%)!$0(%2 (% !$3 *$)($#+!4 5/''&0! "3$"

F (x, F (y, z)) = F (F (x, y), z), x, y, z, F (x, y), F (y, z) ∈ I$%-
F (x, e) = F (e, x) = x, x ∈ I.63!% "3!)! !7(0" a, b ∈ I 0/3 "3$" a < e < b $%- "3!)! !7(0"0 $&%"(%/&/0 $%- 0")("+1 (%)!$0(%2 8/%"(&% f : [a, b] −→ [−1, 1] 0/3"3$"

F (x, y) = f−1(f(x) + f(y)), x, y, F (x, y) ∈ [a, b] (2)$%-
f(a) = −1, f(e) = 0, f(b) = 1.K+ 2#01+ 09%0 % $%- A+L2+A %7#6+ 1' #: 09+ :#;$ CME/ =9+;+

f : [− 1
√

3
, 1
√

3
] −→ [−1, 1], 1' A+L2+A 78

f(x) :=
3

π
arctanhx, x ∈ [− 1√

3
,

1√
3
],=919 1' +%'8 0# -;#6+!N91' -%-+; #2+;2' $%-' =919 7+.#23 0# 09+ L+.A 45[x, y] #: O<#B01+20' #: 09+ 120+3;%. A#$%12 #: %.. -#.82#$1%.' #: 0=# 6%;1%7.+' x, y,1!+! ;%01#2%. :<201#2' #: 09+'+ 0=# 6%;1%7.+'! N9+ A#$%12 #2'1A+;+A1' '<--#'+A 0# 7+ #: 09+ :#;$ 452 \M, =9+;+ M ⊂ 452 1' % '+0 #: -.%B2%; P+7+'3<+ $+%'<;+ Q+;# C<'<%..8 % <;6+E! K+ =1.. #2'1A+; % :%$1.8



  !" #$$%'()'*+ ,()'%"(- ./")'%"$%0 1(2$ %0 )3() 4'"5 5+6"'"7 )3+1 ($ %2+8()'%"$9 ,()'%"(- 0/")'%"
F ∈ :,[x, y], ;3'3 '$ %0 )3+ 0%81

F (x, y) =
aW (x, y)

bW (x, y)
,;3+8+ W '$ 2%-<"%1'(- %0 );% *(8'(=-+$ x, y ("5 a ∈ :,, b ∈ :, \ {0}>M = {(x, y) ∈ :,2 : W (x, y) = 0}) ;+ ;'-- %"$'5+8 ($ %"$)(")

F : :,2 −→ :,. !"#$%$&#' !2+8()'%" F : :,2 \M −→ :,, ;3+8+ M ⊂ :,2 '$ (7'*+" $+)? '$ (--+5  !!"$ %$&' '@ F $()'$6+$ +A/()'%"
F (x, F (y, z)) = F (F (x, y), z) (E)0%8 (-- (x, y, z) ∈ :,3 $/3 )3() (x, y), (y, z), (x, F (y, z)), (F (x, y), z) 6∈

M. :) )/8"$ %/) )3() '" %85+8 )% =+ ($$%'()'*+ ( 8()'%"(- 0/")'%"
F ∈ :,[x, y] 3($ )% =+ %0 $2+'(- 0%81? ;3'3 '$ 28+$+")+5 =< )3+0%--%;'"7 )3+%8+1? 28%*+5 =< #9 B3C8')() DE℄G()!&*!+ ,' () %*' + %$", - ).,%$", F ∈ :,[x, y] $!  !!"$ %$&'/%*', %*'+' '0$!% a, b, c, d, e, f, g, h ∈ :,, e2 + f 2 + g2 +h2 > 0, !.* %* %

F (x, y) =
axy + bx + cy + d

exy + fx + gy + h
. (3)H3+ )3+%8+1 7'*+$ %"-< ( "++$$(8< %"5')'%" 0%8 ( 8()'%"(- 0/"I)'%" )% =+ ($$%'()'*+9 J%) (-- %2+8()'%"$ %0 )3'$ 0%81 (8+ ($$%'()'*+?+979 )3+ 0%--%;'"7 %"+$ >%" "()/8(-$ 5%1('"$K

F (x, y) =
axy

exy + h
, a, e, h ∈ :, \ {0},

F (x, y) =
bx

exy + h
, b, e, h ∈ :, \ {0},

F (x, y) =
axy + bx

exy + h
, a, b, e, h ∈ :, \ {0},



 ! "#$%&'(% )*
F (x, y) =

bx

fx + gy
, b, f, g ∈ +, \ {0},

F (x, y) =
axy + bx

fx + gy
, a, b, f, g ∈ +, \ {0},

F (x, y) =
axy + bx

exy + fx + gy
, a, b, e, f, g ∈ +, \ {0},

F (x, y) =
axy + d

exy + fx + gy
, a, d, e, f, g ∈ +, \ {0},-%./ 0# 12 %''#.%0.42!5 '67.280 #89.0.#8 %//#:.8; 0# <##'2 %''#.%0.42 #=2>%0.#8'->#$ %$#8; 0<#'2 #- 0<2 -#>$ ?@A <%' 8#0 1228 -#>$6/%029 B20!C2 D89 %''#.%0.42 >%0.#8%/ -680.#8' :<.< 12/#8; 0# /%'' -68E0.#8' #- -#>$ (3), :<2>2 %0 /2%'0 #82 #- 0<2 #27.280' a, b, c, d, e, f, g, h.' 2F6%/ G2>#! ! "#$% &'()*++8 :<%0 -#//#:'H ->#$ %$#8; >%0.#8%/ -680.#8' #- 0<2 -#>$

F (x, y) =
axy + bx + cy + d

exy + fx + gy + h
,:<2>2 a, b, c, d, e, f, g, h ∈ +,, e2+f 2+g2+h2 > 0 :2 :.// 12 #8'.92>.8;#8/B 0<#'2 -#> :<.< %0 /2%'0 #82 #- 0<2 #27.280' a, b, c, d, e, f, g, h.' 2F6%/ 0# G2># %89H '.$6/0%82#6'/BH 8#0 $#>2 0<%0 5 #- 0<2$ 4%8.'<!I<2 -%$./B #- %// '6< -680.#8' :.// 12 9.4.929 .80# 0<2 -#//#:.8;'61/%''2'J

Fi = {F (x, y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = 0, an 6= 0, n 6= i},

i ∈ {1, ..., 8};

Fi,j = {F (x, y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = aj = 0, an 6= 0,

n ∈ {1, ..., 8} \ {i, j}}, i 6= j i, j ∈ {1, ..., 8};



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%
Fi,j,k = {F (x, y) =

a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8

:

ai = aj = ak = 0, an 6= 0, n ∈ {1, ..., 8} \ {i, j, k}},

i, j, k ∈ {1, ..., 8} i, j, k pairwise different;

Fi,j,k,l = {F (x, y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8

:

ai = aj = ak = al = 0, an 6= 0, n ∈ {1, ..., 8} \ {i, j, k, l}},

i, j, k, l ∈ {1, ..., 8}, i, j, k, l pairwise different;

Fi,j,k,l,m = {F (x, y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = aj = ak = al =

am = 0, an 6= 0, n ∈ {1, ..., 8} \ {i, j, k, l, m}}, i, j, k, l, m ∈ {1, ..., 8},

i, j, k, l, m pairwise different.1# ,)2 &3 *2, .)%%,% Fi 4.,)5.6 7, 2)+, 8 &3 *2,89 *2,5, )5,5)*(&#). 30#*(&#% ):8(**(#; ,<).6 &#, =,5& &,>(,#* 35&8 )8&#;
a, b, c, d, e, f, g, h. 1# ,)2 &3 *2, 28 .)%%,% Fi,j *2,5, )5, 5)*(&#). 30#?*(&#% 7(*2 ,<).6 2 =,5& &,>*(,#*%@ $#).&;&0%.6A (# )%, 72,5, ,<).6
3 &,>*(,#*% &055(#; (# 4B9 )5, +)#(%2(#;A *2, %02 ) 5)*(&#). 30#?*(&# C,.&#;% *& *2, 3)8(.6 &3 55 4#&* 56 C,)0%, F5,6,7 = F5,6,7,89 Fi,j,k.)%%,%D (# )%, 72,5, ,<).6 4 &,>*(,#*% &055(#; (# 4B9 )5, +)#?(%2(#;A *2, %02 ) 5)*(&#). 30#*(&# C,.&#;% *& *2, 3)8(.6 &3 65 4 (#E5)*(,A )#: 70 *2,&5,*()..69 Fi,j,k,l .)%%,%D (# )%, 72,5, ,<).6 5&,>*(,#*% &055(#; (# 4B9 )5, +)#(%2(#;A *2, %02 ) 5)*(&#). 30#?*(&# C,.&#;% *& *2, 3)8(.6 &3 46 4 (# E5)*(,A )#: 56 *2,&5,*()..69
Fi,j,k,l,m .)%%,%@ F, %2).. %2&7 *2)* &#.6 %&8, E)5*(0.)5 8,8C,5%&3 *2, .)%%,% %E&G,# &3 2)EE,# *& C, )%%&()*(+,@ H&5,&+,5A #&* )..,.,8,#*% &3 ) ;(+,# .)%% )5, )%%&()*(+,@ /&5 ,)2 &3 *2, .)%%,% (#I0,%*(&# 7, %2).. 3&580.)*, ) #,,%%)56 )#: %0>(,#* &#:(*(&# 3&5*2, )%%&()*(+(*6 &3 (*% 8,8C,5%@JI0)*(&# 4J9 3&5 ) 5)*(&#). 30#*(&# &3 *2, 3&58 4B9 8)6 ,I0(+?).,#*.6 C, 75(**,# )% *2, ,I0).(*6 C,*7,,# *7& *25,,?E.), 5)*(&#).30#*(&# &5 )% *2, ,I0).(*6 &3 *7& E&.6#&8().% &3 %,&#: :,;5,, (#



 ! "#$%&'(% )*+,-.. /01.2.01.0+ 3%-/%45.'! 67, % 2#590#$/%5 9/.51' % :70+/#0 #:+,. :#-$
W (x, y, z) =

2∑

i,j,k=0

ci,j,kx
iyjzk,;,.-. ci,j,k %-. #0'+%0+'! <,7' /+ /' % 5/0.%- #$4/0%+/#0 #: 27 '.#011.=-.. $#0#$/%5' /0 +,-.. 3%-/%45.' >+,. 07$4.- #: 3−.5.$.0+ 3%-/?%+/#0' ;/+, -.2.%+/0=' :-#$ % 3−.5.$.0+ '.+@! <,. $%A#-/+9 #: +,.:70+/#0 5%''.' #0'/1.-.1 +,. .B7%5/+9 #: +,. #--.'2#01/0= 2#590#?$/%5' :#-.' +,. #.C/.0+' #: '#$. $#0#$/%5' /03#5-.1 +# 4. .B7%5 +#

0. D:+.- +,. #$2%-/'#0 #: +,. #--.'2#01/0= #.C/.0+' #0. #4+%/0'% '9'+.$ #: 27 .B7%5/+/.' #0.-0/0= +,. 2%-%$.+.-' a, b, c, d, e, f, g, h
F (x, y) =

axy + bx + cy + d

exy + fx + gy + h
,



 ! "# $%%&()*(+, -)*(&#). /0#*(&#% !"#" a, b, c, d, e, f, g, h ∈ 1-, e2 + f 2 + g2 + h2 > 0 $% &%%'$&)$*"+ )!",)!" -'..' $,/ "01&.$)$"% !'.2 )#1"3 213
abe2 + a2eg + be2g = a2ef + ace2 + ce2f,2113

a3f + a2eh + be2h + abeg + abef + befg

= ade2 + de2f + a2be + a2f 2 + bce2 + cef 2,21113
b2e2 + befg + aceg + abeg + beg2 = acef + abef + cef 2 + c2e2 + cefg,2143

a2g2 + bce2 + beg2 + a2ce + ade2 + de2g

= aceg + acef + cefg + a3g + a2eh + ce2h,243
a2bf + befh + abfg + b2ef + bf 2g + a2cf + aceh + 2begh + abeh + adeg

= ab2e + adef + def 2 + bcef + abf 2 + cf 3 + abce + 2cde2 + defg + cefh,2413
2a2cf + a2gh + begh + abg2 + bcef + bfg2 + aceh + 2adef

= 2adeg + acf 2 + bceg + cf 2g + abeh + 2a2bg + a2fh + cefh,24113
2bde2 + begh + acg2 + bceg + bg3 + ac2e + adeg + deg2 + abce + defg

= aceh + adef+ 2cefh + cfg2 + a2cg + c2eg + cegh + a2bg + acfg + abeh,241113
ab2f + abfh + bf 2h + beh2 + a2df + adeh

= b3e + bdef + df 3 + abde + d2e2 + defh,2153
abcf +acfh+2bfgh+b2eh+adfg = b2ce+2cdef +df 2g+abfh+cf 2h,253
2abcf +abgh+bfgh+bceh+adf 2 = b2ce+2bdeg+df 2g+abfh+ab2g,



 ! "#$%&'(% )*+,-.
ac2f +acgh+2cdef +bc2e+dfg2 = 2abcg+adg2 +bceh+acfh+cfgh,+,--.
acgh+2bdeg+bg2h+bc2e+dfg2 = c2eh+adfg+2cfgh+abcg +abgh,+,---.

acde + e2d2 + degh + c3e + cdeg + dg3

= a2dg + adeh + ceh2 + ac2g + acgh + cg2h,+,-/.
a2bf + abeh + befh = ab2e + bde2 + def 2,+,/.
acfg + b2eg + bfg2 = c2ef + abfg + cf 2g,+,/-.
ac2e + cde2 + deg2 = ac2g + aceh + cegh,+,/--.

abdf + bfh2 + cbfh + bgh2 + 2acdf + adgh + b2cf + bdf 2 + cdeh + adfh

= b2de + bdeh + bcde + 2d2eg + dfgh + b3g + bdfg + b2fh + df 2h + abdg,+,/---.
acdf + ach2 + 2bgh2 + 2bdeh + adgh + bc2f + c2fh + bdfg

= 2cdeh + adfh + 2cfh2 + b2cg + cdfg + b2gh + abdg + abh2,+,-,.
acdf + 2d2ef + bcde + dfgh + c3f + c2gh + cdfg + dg2h + c2de + cdeh

= adgh + 2abdg + bdeh + bcgh + adfh + cfh2+ bc2g + acdg + cdg2+ cgh2,



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%1223
bfh2 + abdf + adfh = b2de + d2ef + df 2h,12243
bc2f + bcgh + cdf 2 = b2cg + bdg2 + bcfh,122443
c2de + d2eg + dg2h = acdg + adgh + cgh2,1224443

bdfh + bh3 + ad2f + adh2 + bcdf + cdfh

= d2eh + bd2e + b2dg + d2fg + b2h2 + dfh2,122453
bcdf + d2f 2 + c2df + cdgh + cdfh = bdgh + bdfh + bcdg + d2g2 + b2dg,12253

c2df + c2h2 + d2fg + cd2e + d2eh + dgh2

= cdgh + bcdg + bdgh + ad2g + adh2 + ch3,122543
cd2f + cdh2 + d2fh+ = d2gh + bd2g + bdh2,1225443

a2df + beh2 + bfgh + 2ac2f + acgh + 2bg2h + abcf + acfh

+ adg2 + b2ce + 3bdef + df 2g + c2eh + adfg + acde + degh

= abde + adf 2 + 2cf 2h + bc2e + 3cdeg + dfg2 + 2ab2g

+ adfg + b2eh + acfh + cfgh + abfh + abcg + a2dg + ceh2 + defh. !"#$%&$'() *"( +,"./!" !+ +!%0 163 12/2 &*./&3$& *'' .2$ !"4/5./!"& 14371225443 +,'3''& $6,*./!" 1839 !""#9 $%%0:, *;)* ) <)*(&#). =0#*(&# F >(+,# ?@ 163 (% )%%&7()*(+,9 A, &?*)(# ,B0)*(&#% 143C1443C999C122453C12253 )#D 1225443=<&: ,B0)*(&#
F (F (x, y), z) = F (x, F (y, z))



 ! "#$%&'(% )*+, #$.%/0'#1 #2 345 #560513' #2 $#1#$0%7' x2y2z2, x2y2z, x2yz2,

xy2z2, x2yz, xy2z, xyz2, x2y, x2z, xy2, y2z, xz2, yz2, x2y2, x2z2, y2z2,

xy, xz, yz, x2, y2, z2, x, y, z, xyz, /5'.530857,! 945 #$.%/0'#1 #2$#1#$0%7' #2 :5;/55 <5/# 75%:' 3# 5=>%30#1 ?@@ABC! D+80#>'7, 02 %2>130#1 #2 2#/$ ?EC 2>7F77' 345 %+#85 #1:030#1'G 3451 03 0' %''#0%3085!94>' 345 ./##2 4%' +551 #$.7535:!H5 1#305 34%3 !"#$%&  !" #$#%"& '( %!" ")*+%,'-# ?BCI?@@ABBC !+# +% ."+#%'-" #'.*%,'- #*! %!+% +.. '"0,"-%# +1" -'-2+-,#!,-34 -+&".$ a =
b = c = d = e = f = g = h = 1. 5'6"2"1 + (*-%,'- 7"8-"7 9$

F (x, y) =
xy + x + y + 1

xy + x + y + 1
= 1(+,.# %' 9" +- +##',+%,2"4 -'-%1,2,+. ':"1+%,'- '( ('1& ?EC 6,%! +..-'-2+-,#!,-3 '"0,"-%#;B3 3>/1' #>3 34%3 01 345 7%'' #2 /%30#1%7 2>130#1 #2 2#/$ ?ECG J45/55K%37, #15 #2 345 50;43 #560513' 0' 5=>%7 <5/# #17, 345 2#77#J01; %/5%''#0%3085L

F (x, y) =
bex + bey + bf

e2xy + efx + efy + be + f 2
with b, e, f 6= 0, be 6= −f 2;

F (x, y) =
a2exy + a2ex + a2ey + a2f

(a− f)efxy + aefx + aefy
with a, e, f 6= 0, a 6= f.M%$57, 345 2#77#J01; 345#/5$ 0' 3/>5L'(!)$!" *& <- %!" .+## '( %!" 1+%,'-+. (*-%,'- '( ('1&

F (x, y) =
axy + bx + cy + d

exy + fx + gy + h
,6!"1" a, b, c, d, e, f, g, h ∈ BN, e2 + f 2 + g2 + h2 > 0 +-7 "=+%.$ '-">6!,!"2"1? '( '"0,"-%# ,# ")*+. %' @"1'4 '-.$ ('..'6,-3 #*9.+## '-A%+,-# +##',+%,2" (*-%,'-#B

F (x, y) =
bx + cy + d

exy + fx + gy + h
with b, c, d, e, f, g, h 6= 0; (1.1)

F (x, y) =
axy + bx + cy + d

exy + fx + gy
with a, b, c, d, e, f, g 6= 0. (1.2)



 ! "# $%%&()*(+, -)*(&#). /0#*(&#% !"#!$#"% !&#"'()!*+ !, ,!"- 12324 '"# '+!)'()$# /!* *'(0"'1 2!-')*3)4 c = b, g = f, d = bf

e
, h = be+f2

e
'*2 !&#"'()!*+ !, ,!"- 123!4 '"#'+!)'()$# /!* *'(0"'1 2!-')*3 )4 c = b, g = f, d = af

e
, e = af−f2

a
. !""#3 /(5%* 6, %7&6 *7)* #& &#, &8 *7, 80#*(&#% (% )%%&()*(+,9

F (x, y) =
axy + cy + d

exy + fx + gy + h
with a, c, d, e, f, g, h 6= 0; (1.3)

F (x, y) =
axy + bx + d

exy + fx + gy + h
with a, b, d, e, f, g, h 6= 0; (1.4)

F (x, y) =
axy + bx + cy

exy + fx + gy + h
with a, b, c, e, f, g, h 6= 0; (1.5)

F (x, y) =
axy + bx + cy + d

fx + gy + h
with a, b, c, d, f, g, h 6= 0; (1.6)

F (x, y) =
axy + bx + cy + d

exy + gy + h
with a, b, c, d, e, g, h 6= 0; (1.7)

F (x, y) =
axy + bx + cy + d

exy + fx + h
with a, b, c, d, e, f, h 6= 0. (1.8) !!"#$ %&$ ()%*+*,- !"..(!$ %&+% (.$*+%/() 01234 /! +!!(/+%/5$2 6,7*(.(!/%/() $8"+9/%, 0:;<4 &(9= %*"$2 ;) +!$ b = 0 %&/! $8"+%/()>/5$! def 2 = 0, ?&/& /! /#.(!!/@9$2 A(* (.$*+%/() 012B4 0+!$ c = 04$8"+%/() 0:<;4 >/5$! deg2 = 0; C(* 012D4 0+!$ d = 04 $8"+%/() 0::4>/5$! bfh2 = 0; C(* 012E4 0e = 04 @, 0:;<4 ?$ &+5$ a2bf = 0; C(* 012F40f = 04 @, 0:<4 ?$ &+5$ b2eg = 0 +)= C(* 012G4 0+!$ g = 04 @, 0::;;4?$ (@%+/) c2de = 0. H&$*$C(*$I +99 %&$!$ +!$! 9$+= %( + ()%*+=/%/()2J$% C")%/() (C C(*# 01214 @$ +!!(/+%/5$2 6, 7*(.(!/%/() $8"+9/%/$!0;4I222I 0::<;;4 +*$ !+%/!K$=2 L) !$%%/)> a = 0 /) $8"+%/() 0;4 ?$ !$$%&+%

cf = bg (i)+)= (@5/("!9,
cf 2h = bfgh. (ii)6, 0;:4 0?/%& a = 04?$ (@%+/)

2bfgh + b2eh = b2ce + 2cdef + df 2g + cf 2h,



 ! "#$%&'(% )*+,-,/ 01 (ii), 2-34'
bfgh = b2ce + 2cdef + df 2g − b2eh.5#+4346/ 01 789 7:#6 a = 09 +4 ,%34
bfgh = b2ce + 2bdeg + df 2g − bceh.;,464:#64/ 01 (i) 7+,-, 2-34' 2cdef = 2bdeg9

bceh = b2eh,-!4! c = b %<=/ 01 (i), g = f. ;,>' +4 ,%34
c = b, g = f. (iii)?>6@,46/ 01 7AB9 7+-@, a = 09 %<= (iii),

b2 + df = bh, (iv)-! 4!
b2ef + def 2 = befh. (v)C1 78BA9 %<= (iii) +4 ,%34
bde2 + def 2 = befh.;,464:#64/ #< %#><@ #: (v) #<4 ,%'

bde2 = b2ef,-!4!
de = bf. (vi)?>6@,46/ 01 (iv) +4 #0@%-<

h =
b2 + df

b%<= 01 (vi)

d =
bf

e
,+,4<4

h =
b2 + bf2

e

b
= b +

f 2

e
=

be + f 2

e
.



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%12(% 3,)#% *2)* (4 40#*(&# 45&3 .)%% 67879 (% )%%&()*(+, (* 30%* :,&4 *2, 4&53
F (x, y) =

bex + bey + bf

e2xy + efx + efy + be + f 2
with b, e, f 6= 0, be 6= f 2.$ ;(5,* ).0.)*(&# %2&<% *2)* *2(% 40#*(&# 40..=.% ,>0)*(&# 6?98@&< <, )%%03,A *2)* 40#*(&# &4 4&53 678B9 (% )%%&()*(+,8 CDE5&F&%(*(&# ,>0).(*(,% 6G9A888A 6HHIGG9 2&.; *50,8 "# %,**(#J h = 0 (#,>0)*(&# 6HHIG9 <, %,, *2)*

cf = bg (⋆)(8,8
bc2f = b2cg (⋆⋆))#; 45&3 6HHG9 6<(*2 h = 09A :D (⋆⋆), <, 2)+,
cdf 2 = bdg2,<2,#, :D (⋆) <, J,* g = f )#; 45&3 (⋆) c = b. K& <, 2)+,

c = b, g = f. (⋆ ⋆ ⋆)/05*2,5A :D 6HHGGG9 64&5 h = 09 )#; (⋆ ⋆ ⋆), <, %,, *2)*
af = be + f 2. (•)E0**(#J h = 0 (# 6HIG9 )#; 0%(#J (⋆ ⋆ ⋆) <, 2)+,

ab2e + bde2 + def 2 = ab2f.12,5,4&5,A :D (•)

ab2e + (af − f 2)de + def 2 = ab2f(8,8
b2e + def = b2f)#; <2,#,

b2de + d2ef = b2df. (••)/05*2,5A :D 6HHGG9 6<(*2 h = 09 )#; (⋆ ⋆ ⋆) <, &:*)(#
b2de + d2ef = abdf.



 ! "#$%&'(% ))*+,-,.#-, /0 (••)
abdf = b2df1!,!

b = a. (• • •)2344156 h = 0 15 789:; %5< %==>0156 (• • •) ?, +%@,
a3f = a3e + ade2 + def 2?+1+ B#154>0 ?14+ (•) %5< (• • •) >,%<' 4#

a2(ae + f 2) = a3e + de(af − f 2) + def 2.*+,-,.#-,
a2f 2 = adef?+1+ 1$=>1,' 4+%4

d =
af

e
.C0 (•) %5< (• • •) ?, 6,4

e =
af − f 2

a
.*+1' $,%5'D 4+%4 1. .3541#5 .-#$ >%'' 7E!F; 1' %''#1%41@, 4+,5 14 $3'4/, #. 4+, .#-$

F (x, y) =
axy + ax + ay + af

e

af−f2

a
xy + fx + fy

with a, e, f 6= 0, a 6= f1!,!
F (x, y) =

a2exy + a2ex + a2ey + a2f

(a− f)efxy + aefx + aefy
with a, e, f 6= 0, a 6= f?+1+ ?%' 4# /, '+#?5! 94 1' ,%'1>0 4# +,(D 4+%4 4+, >%44,- #=,-%41#51' %''#1%41@, 7#5 5%43-%> <#$%15; ?+,5,@,- a, e, f 6= 0, a 6= f. *+3'4+, =-##. +%' /,,5 #$=>,4,<!G#? ?, <1'415631'+ '3+ '3/>%'',' #. 4+, >%'' #. .3541#5' #. .#-$7H; .#- ?+1+ ,I%4>0 4?# #,J1,54' %-, ,K3%> L,-#! *+, #--,'=#5<M156 -,'3>4 -,%<' %' .#>>#?'N !"#$"% &'  ! "#$ &'(( )* +'",)!'& *-!",)!( )* "#$ *)+.

F (x, y) =
axy + bx + cy + d

exy + fx + gy + h
,



 ! "# $%%&()*(+, -)*(&#). /0#*(&#% !"#" a, b, c, d, e, f, g, h ∈ 1-, e2 + f 2 + g2 + h2 > 0 $%& "'$)*+ ) ,- !.!"/"#0 ,"1."%)2 $#" "34$* 5"#,6 %, ,%" .2 $22,.$)./"7 !""#$ 2, %3).. &#%(4,5 67 )%,% 8 *3, #09:,5 &; 3&(%,% &; ,<=)*.> *?& ,.,9,#*% ;5&9 )9&#@ ,(@3*AB 1# ,)3 )%, ?, ?(.. )%%09,8;&5 *3, (#4(5,* C5&&;A *3)* ) 5)*(&#). ;0#*(&# ?(*3 ,<)*.> *?& ?)#=(%3(#@ &,D(,#*% (% )%%&()*(+, )#4 ?, ?(.. 0%, E5&C&%(*(&# *& @,* )&#*5)4(*(&#B 1# )%, a = b = 0 :> 81A ?, &:*)(#
ce2f = 0,?3(3 (% (9C&%%(:.,B F(9(.)5>G(; b = e = 0, 8HI1A @(+,% ac2g = 0;(; e = h = 0, 8HHA @(+,% abdf = 0;(; f = h = 0, 8HHI1A @(+,% bd2g = 0;(; a = c = 0, 81A @(+,% b2eg = 0;(; a = d = 0, 8HI1A @(+,% cegh = 0;(; a = f = 0, 81A @(+,% be2g = 0;(; a = g = 0, 81A @(+,% ce2f = 0;(; b = d = 0, 8HH11A @(+,% cgh2 = 0;(; b = c = 0, 8HI1A @(+,% deg2 = 0;(; b = h = 0, 8H1IA @(+,% def 2 = 0;(; b = g = 0, 8H1IA @(+,% def 2 = 0;(; c = d = 0, 8HHA @(+,% bfh2 = 0;(; c = e = 0, 8H1IA @(+,% a2bf = 0;(; c = h = 0, 8HI1A @(+,% deg2 = 0;(; c = f = 0, 8HI1A @(+,% deg2 = 0;(; d = e = 0, 8HHA @(+,% bfh2 = 0;(; d = f = 0, 8HIA @(+,% b2eg = 0;(; d = g = 0, 8HHA @(+,% bfh2 = 0;(; e = f = 0, 8HI1A @(+,% ac2g = 0;(; f = g = 0, 8HHA @(+,% b2de = 0;(; g = h = 0, 8HHI1A @(+,% cd2f = 0;(; e = g = 0, 8HH1A @(+,% bc2f + cdf 2 = bcfh,?3,#,

bc + df = bh?3,5,)% 8HA @(+,% 2abcf + adf 2 = abfh, ?3,#, 2bc + df = bh. J3,5,=;&5,
bc = 0.



 ! "#$%&'(% )*+, -./ 0/$%1,1,2 %'/' 4/ 50#//6 %' 7#88#4'!9/- d = h = 0. :; <=>+? 4/ 2/- ac2e = ac2g 4./,/
g = e. (i)@A--1,2 d = h = 0 1, <=+=? 4/ #B-%1, c3f = bc2g, 1!/!

cf = bg. (ii):; <=+>? <41-. d = h = 0? 4/ .%C/ a2bf = ab2e, 1!/!
af = be. (iii):; (i), (ii), (iii) 4/ 2/- af = cf, 4./,/
c = a. (iv)D, '/--1,2 d = h = 0 1, <>++? %,6 A'1,2 (i), (iv) 4/ '// -.%-

abe2 + be3 = afe2 + a2e21!/!
ab + be = af + a2.:; (iii) -.1' $/%,' -.%- b = a %,6E B; (iii), f = e. F# 4/ .%C/

b = a, c = a, f = e, g = e. (v)G./0/7#0/E 1, -.1' %'/E % 0%-1#,%8 7A,-1#, #,'16/0/6 .%' -# .%C/ 7#0$
F (x, y) =

axy + ax + ay

exy + ex + ey
=

a

e
,4.1. 1' 1$5#''1B8/E B/%A'/ $/0/8; /H%-8; -4# #/I1/,-' %0/ /JA%8K/0#!9/- c = g = 0. :; <=+++? 4/ 2/- d2e2 = adeh, 4./,/

de = ah%,6 B; <+=? 4/ .%C/ b2eh = abfh, 1!/!
be = af.



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%12,3,4&3,5 (# *2(% )%,5 6, (#4,3 *2)*
F (x, y) =

axy + bx + d

exy + fx + h
=

aexy + bex + de

e2xy + efx + eh
=

=
aexy + afx + ah

e2xy + efx + eh
=

a

e

exy + fx + h

exy + fx + h
=

a

e
.12(% (% &#*3)7(*(&# 8,)0%, 9,3,.: *6& &,;(,#*% )3, ,<0). =,3&>?,* #&6 b = f = 0. /3&9 @AB 6, 7,3(+, *2, ,<0).(*:

ag = ce)#7 *2,3,4&3,5 8: @CB5 6, 2)+, aceh + cede = 2cde2, (>,>
ah = de.120%5 (# *2(% )%,5 6, &8*)(#

F (x, y) =
axy + cy + d

exy + gy + h
=

a2xy + acy + ad

aexy + agy + ah
=

=
a2xy + acy + ad

aexy + cey + de
=

a(axy + cy + d)

e(axy + cy + d)
=

a

e
,62(2 )D)(# (% &#*3)7(*(&# 8,)0%, 9,3,.: *6& &,;(,#*% )3, ,<0).=,3&>?,* #&6 a = e = 0. /3&9 @CB )#7 @CAAAB 6, %,, *2)*

bg = cf)#7
bh = df.12,3,4&3,5 (# *2(% )%,5 6, D,*

F (x, y) =
bx + cy + d

fx + gy + h
=

b2x + bcy + bd

bfx + bgy + bh
=

=
b2x + bcy + bd

bfx + cfy + df
=

b(bx + cy + d)

f(bx + cy + d)
=

b

f
,) %(9(.)3 &#*3)7(*(&#>?,* E#)..: a = h = 0. F, &8%,3+, *2)* (# *2(% )%, @AB D(+,%

be2g = ce2f 62,#,
bg = cf. (⋆)



 ! "#$%&'(% )*+, -../ -0123 a = h = 0) 04 542 befg = de2 + bce2 + cef 2, 0313 7,
(⋆) 84%9' 2# de2f + bce2 = 0, 1!4!

df = −be. (⋆⋆):;221<5 a = h = 0 1< -.=/ 04 #72%1< bce2+beg2+de2g = cefg, 034<47, (⋆) bce2 + de2g = 0, 1!4!
bc = −dg. (⋆ ⋆ ⋆)>#0 7, (⋆⋆) %<9 (⋆ ⋆ ⋆) 04 3%?4 dg = df 1!4!

g = f%<9 7, (⋆)
c = b.@;A234AB 7, -.=/ -C#A a = h = 0, b = c, g = f,/ 04 #<8;94 b2+de2f =

0, 1!4! b2 = −df. D34A4C#A4B 7, (⋆⋆) 04 3%?4 b2 = be 54221<5
e = b.EC24A '4221<5 a = h = 0, e = c = b, g = f 1< -=/B 04 3%?4 bdf 2 = −b3d,034<4

f 2 = −b2.D31' #<2A%9121#< F<1'34' 234 GA##C #C 234 234#A4$!.< 234 '4H;48B 04 #<'194A ';3 ';78%''4' #C 8%'' #C C;<21#<' #C234 C#A$ -I/B 034A4 4J%28, 23A44 #4K14<2' %A4 4H;%8 L4A#! M1$;82%N<4#;'8,B 234 %'4 e = f = g = 0 1' <;$74A49 %$#<5 %'4'B 034A4 C#;A#4K14<2' ?%<1'3 -e = f = g = h = 0/B 74%;'4
axy + bx + cy + d

h
= Axy + Bx + Cy + D,034A4 A = a

h
, B = b

h
, C = c

h
, D = d

h
.O4 %A4 5#1<5 2# '3#0B 23%2 #<8, 234 C#88#01<5 C;<21#<' CA#$ 234'48%''4' %A4 %''#1%21?4P

F (x, y) =
aexy

e2xy + efx + efy + f 2 − af
with a, e, f 6= 0, f 6= a;

F (x, y) =
axy + bx + by

exy + b
with a, b, e 6= 0;



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%
F (x, y) =

axy + d

ax + ay + h
with a, d, h 6= 0.1&2, ,3)*.4 5, 6)+, !"#$"% &'  ! "#$ &'(( )* "#$ +'",)!'& *-!",)!( )* "#$ *)+.

F (x, y) =
axy + bx + cy + d

exy + fx + gy + h
,/#$+$ a, b, c, d, e, f, g, h ∈ 7-, e2 + f 2 + g2 + h2 > 0 '!0 $1'"&2 "#+$$3/#,#$4$+5 )* "#$($ )$6,$!"( '+$ $7-'& ") 8$+)9 .$+$&2 *)&&)/,!:(-;&'(( ),!"',!( '((),'",4$ *-!",)!(<

F (x, y) =
axy

exy + fx + gy + h
, with a, e, f, g, h 6= 0; (3.1)

F (x, y) =
axy + bx + cy

exy + h
, with a, b, c, e, h 6= 0; (3.2)

F (x, y) =
axy + d

fx + gy + h
, with a, d, f, g, h 6= 0. (3.3)=)+$)4$+9 )>$+'",)!( )* *)+. 89:;< '+$ '(),'",4$ 3)! !'"-+'& 0).',!5,? g = f, h = f2

−af

e
; )>$+'",)!( )* *)+. 89:=< '+$ '(),'",4$ 3)! !'"-+'&0).',!5 ,? h = c = b '!0 )>$+'",)!( )* *)+. 89:9< '+$ '(),'",4$ 3)!!'"-+'& 0).',!5 ,? g = f = a.($##)' /(2%* 5, &#%(>,2 .)%%,% 89:;<?89:=<?89:9<: $%%0@, *6)*A0#*(&# &A A&2@ 89:;< (% )%%&()*(+,: B4 C2&D&%(*(&# 5, 6)+, ,E0).(*(,%87<?:::?8FFG77< 85(*6 b = c = d = 0 <: /2&@ 87< 5, &#.0>, *6)*

a2eg = a2ef, (:,:
g = f)#>? H4 77? a3f + a2eh = a2f 2, 56,#,

h =
f 2 − af

e
.I6,2,A&2,

F (x, y) =
axy

exy + fx + fy + f2
−af

e

,



 ! "#$%&'(% )*+,-, -' %''#-%/-01 2% '/3%-4,/5#3+%36 013-7%/-#89: +,-, +%' /# ;1',#+8! <#+ =1/ % 5>8/-#8 #5 5#3$ 2?!@9 ;1 %''#-%/-01! AB C3#D#'-/-#8+1 #8=>61 /,%/ 1E>%=-/-1' 2F9:!!!:2GGHFF9 2+-/, d = f = g = 0 9 ,#=6/3>1! I3#$ 2F9 +1 '11 /,%/ abe2 = ace2, -!1!
c = b%86: ;B 2GFH9: abeh = ab2e, +,181
h = b.J,1315#31

F (x, y) =
axy + bx + by

exy + b
,+,-, -' %''#-%/-01 2% '/3%-4,/5#3+%36 013-7%/-#89: +,-, +%' /# ;1',#+8! I>3/,13 =1/ 5>8/-#8 #5 5#3$ 2?!?9 ;1 %''#-%/-01! AB C3#D#K'-/-#8 +1 ,%01 1E>%=-/-1' 2F9:!!!:2GGHFF9 2+-/, b = c = e = 0 9! I3#$2FF9 +1 #;/%-8 a3f = a2f 2, +,181

f = a%86: ;B 2FH9: a2g2 = a3g, ',#+-84 /,%/
g = a.J,1315#31

F (x, y) =
axy + d

ax + ay + h
.L '-$D=1 %=>=%/-#8 ',#+' /,%/ F -' %''#-%/-01!J# ',#+ /,%/ 8# #81 53#$ /,1 31$%-8-84 =%''1' -' %''#-%/-01 5>8K/-#8' -/ '>M1' /# #;'1301 /,%/5#3 b = c = f = 0, ;B 2F9: +1 41/ a2eg = 0;5#3 b = c = g = 0, ;B 2F9: +1 41/ a2ef = 0;5#3 b = c = h = 0, ;B 2GFH9: +1 41/ def 2 = 0;5#3 b = d = e = 0, ;B 2GGFF9: +1 41/ cgh2 = 0;5#3 b = d = f = 0, ;B 2GGFF9: +1 41/ cgh2 = 0;5#3 b = d = g = 0, ;B 2GFF9: +1 41/ c2eh = 0;5#3 b = d = h = 0, ;B 2GGHFF9: +1 41/ ac2f = 0;5#3 b = f = g = 0, ;B 2GGFF9: +1 41/ c2de = 0;5#3 b = f = h = 0, ;B 2FF9: +1 41/ ade2 = 0;



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%1&2 b = g = h = 0, 34 56789 :, ;,* cdef = 0;1&2 c = d = e = 0, 34 57789 :, ;,* bfh2 = 0;1&2 c = d = f = 0, 34 57<89 :, ;,* b2eg = 0;1&2 c = d = g = 0, 34 5789 :, ;,* abfh = 0;1&2 c = d = h = 0, 34 577<6689 :, ;,* ab2g = 0;1&2 c = f = g = 0, 34 5689 :, ;,* abe2 = 0;1&2 c = f = h = 0, 34 57689 :, ;,* adg2 = 0;1&2 c = g = h = 0, 34 5766689 :, ;,* d2e2 = 0;1&2 d = f = h = 0, 34 576<89 :, ;,* ab2e = 0;1&2 d = g = h = 0, 34 57<89 :, ;,* c2ef = 0;1&2 f = g = h = 0, 34 57789 :, ;,* b2de = 0;1&2 a = c = d = 0, 34 576<89 :, ;,* befh = 0;1&2 a = b = d = 0, 34 57<689 :, ;,* cegh = 0;1&2 a = b = c = 0, 34 576<89 :, ;,* def 2 = 0;1&2 a = b = g = 0, 34 576<89 :, ;,* def 2 = 0;1&2 a = b = f = 0, 34 57<66689 :, ;,* cdeh = 0;1&2 a = b = h = 0, 34 576<89 :, ;,* def 2 = 0;1&2 a = c = e = 0, 34 57<89 :, ;,* bfg2 = 0;1&2 a = c = f = 0, 34 5689 :, ;,* be2g = 0;1&2 a = c = g = 0, 34 566689 :, ;,* b2e2 = 0;1&2 a = c = h = 0, 34 5689 :, ;,* be2g = 0;1&2 a = d = e = 0, 34 5<89 :, ;,* cf 3 = 0;1&2 a = d = f = 0, 34 5689 :, ;,* be2g = 0;1&2 a = d = g = 0, 34 57789 :, ;,* bfh2 = 0;1&2 a = d = h = 0, 34 56789 :, ;,* b2ce = 0;1&2 a = e = f = 0, 34 5<6689 :, ;,* bg3 = 0;1&2 a = e = g = 0, 34 5<89 :, ;,* cf 3 = 0;1&2 a = e = h = 0, 34 5<89 :, ;,* cf 3 = 0;1&2 a = g = h = 0, 34 5689 :, ;,* ce2f = 0;1&2 a = f = g = 0, 34 57789 :, ;,* b2de = 0;1&2 a = f = h = 0, 34 5689 :, ;,* be2g = 0;1&2 c = e = f = 0, 34 57689 :, ;,* adg2 = 0;1&2 b = e = f = 0, 34 5<689 :, ;,* a2gh = 0;1&2 c = e = g = 0, 34 577<89 :, ;,* adh2 = 0;1&2 b = e = g = 0, 34 5789 :, ;,* adf 2 = 0;1&2 c = e = h = 0, 34 577689 :, ;,* bdg2 = 0;1&2 b = e = h = 0, 34 57<689 :, ;,* ac2g = 0;1&2 d = e = f = 0, 34 57<689 :, ;,* ac2g = 0;1&2 d = e = g = 0, 34 57789 :, ;,* bfh2 = 0;



 ! "#$%&'(% )*+#, d = e = h = 0, -. /01234 56 768 ac2g = 0;+#, e = f = h = 0, -. /01234 56 768 ac2g = 0;+#, e = g = h = 0, -. /02134 56 768 a2bf = 0;+#, a = b = e = 0, -. /0034 56 768 df 2h = 0.9#4 :; 6%= #+ 8=6 ,6$%:;:;7 %'6' 56 #-8%:; #;8,%>:8:#; 5:8=8=6 %''?$@8:#; 8=%8 6A%8B. 8=,66 #6C:6;8' %,6 6D?%B 8# E6,#! F=:'6;>' 8=6 @,##+!G':;7 ':$:B%, $68#>' 56 %; >686,$:;6 %''#:%8:H6 +?;8:#;' #++#,$ /*3 5:8= 6A%8B. +#?, 5%;:'=:;7 #6C:6;8'! IB6%,B. 8=6 %'6
e = f = g = h = 0 :' 6AB?>6> %;> -6%?'6

F (x, y) =
bx + cy + d

h
= Bx + Cy + D, with b, c, d, h 6= 0;

F (x, y) =
axy + bx + cy

h
= Axy+Bx+Cy, with a, b, c, h 6= 0;

F (x, y) =
axy + bx + d

h
= Axy + Bx + D, with a, b, d, h 6= 0;

F (x, y) =
axy + cy + d

h
= Axy + Cy + D, with a, b, c, h 6= 0,5=6,6 A = a

h
, B = b

h
, C = c

h
, D = d

h
; 8=6 %'6' 5=6,6 a = e = f =

g = 0, d = e = f = g = 0, c = e = f = g = 0, b = e = f = g = 0 %,6#;:>6,6> :; B%''6' 5:8= 5 H%;:'=:;7 #6C:6;8'!28 :' ;#8 =%,> 8# H6,:+. 8=6 +#BB#5:;7 !"#$"% &'  ! "#$ &'(( )* "#$ +'",)!'& *-!",)!( )* "#$ *)+.
F (x, y) =

axy + bx + cy + d

exy + fx + gy + h
,/#$+$ a, b, c, d, e, f, g, h ∈ 2J, e2 + f 2 + g2 + h2 > 0 '!0 $1'"&2 *)-+3/#,#$4$+5 )* "#$ )$6,$!"( '+$ $7-'& 8$+)9 .$+$&2 "#$ *)&&)/,!: (-;<&'(( )!"',!( '((),'",4$ *-!",)!(=

F (x, y) =
axy

exy + fx + gy
, with a, e, f, g 6= 0; (4.1)

F (x, y) =
axy

fx + gy + h
, with a, f, g, h 6= 0; (4.2)



 ! "# $%%&()*(+, -)*(&#). /0#*(&#%
F (x, y) =

bx + cy

exy + h
, with b, c, e, h 6= 0. (4.3)

F (x, y) =
axy + d

fx + gy
, with a, d, f, g 6= 0. (4.4)

F (x, y) = Axy + Bx + Cy + D, with A, B, C, D 6= 0. (4.5) !"#!$#"% !&#"'()!*+ !, ,!"- 1!234 '"# '+!)'()$# /!* *'(0"'1 2!-')*3)4 g = f = a; !&#"'()!*+ !, ,!"- 1!254 '"# '+!)'()$# /!* *'(0"'12!-')*3 )4 g = f = a; !&#"'()!*+ !, ,!"- 1!264 '"# '+!)'()$# /!**'(0"'1 2!-')*3 )4 h = c = b; !&#"'()!*+ !, ,!"- 1!2!4 '"# '+!)'()$#/!* *'(0"'1 2!-')*3 )4 g = f = a '*2 !&#"'()!*+ !, ,!"- 1!274 '"#'+!)'()$# /!* *'(0"'1 2!-')*3 )4 C = B, D = B(B−1)
A

, B 6= 1.$#).&8&0%.9: ;, )# %*0<9 *=, .)%% &> ?)*(&#). >0#*(&#% &> >&?@ 164;(*= ,A)*.9 *=?,, #&#+)#(%=(#8 &,B(,#*% )#< *& C?&+, *=, >&..&;(#8 !"#$"% &' 5* (6# 1'++ !, (6# "'()!*'1 ,0*()!*+ !, (6# ,!"-
F (x, y) =

axy + bx + cy + d

exy + fx + gy + h
,76#"# a, b, c, d, e, f, g, h ∈ D-, e2 + f 2 + g2 + h2 > 0 '*2 #8'(19 :$#/76)6#$#"3 !, (6# !#;)#*(+ '"# #<0'1 (! =#"!% -#"#19 (6# ,!11!7)*>+0?1'++ !*(')*+ '++!)'()$# ,0*()!*+@

F (x, y) =
axy

fx + gy
, for a, f, g 6= 0; (5.1)

F (x, y) = axy + bx + cy, for a, b, c 6= 0. (5.2) !"#!$#"% !&#"'()!*+ !, ,!"- 17234 '"# '+!)'()$# /!* *'(0"'1 2!-')*3)4 g = f = a; !&#"'()!*+ !, ,!"- 17254 '"# '+!)'()$# )4 c = b = 1.E=, &#.9 ?,@)(#(#8 )%, ;=,?, )* @&%* 5 &> *=, &,B(,#*% (#F0,%*(&# <& #&* +)#(%= (% *?(+().2



 ! "#$%&'(%  ! !"!#!$!&"#℄ %& ')*+&  !#$%!& '( )$(#*'(+, -.$+#*'(& +(/ #0!*% 122,*+3#*'(&& ',-./0 12.334 5.6 7829:;8<-8<4 #=  &">℄ '& ?@*20A,A& B2,A08<3 2,A08<<.++.3 ,3380,A0C.3 .A 82D3 EF,-2,:A0EF.3& 4!5$! /!& 6+#078+#*.$!& /! ,9-(&!*:(!8!(# ;$27%*!$%4 !"4 DD& #G>!H#GIG4 #==J:#===&"K℄ L& ?2,0M.<4 N& 1O+.3& P@. ,3380,A0C0AQ .EF,A08< 2.C030A.-& 1!3.$+#*'(!& 6+#0!8+#*+!4 #$4 DD& KG HK#>4 #=J=&"I℄ RQ& S,93,& TF,303F/3 ,<- M.<.2,+0).- ,3380,A0C0AQ& 1!.$+3#*'(!& 6+#0!8+#*+!4 %"4 DD&  H>U4 >GG!&


