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 !"#$ %&&'(*+(",- ". /$''0'*1 %0+"#*+*
PT = 〈Wi, Wo〉 = 〈〈ci1 , ci2, . . . , cim〉, 〈co1

, co2
, . . . , com

〉〉,23$1$ cij , coj
∈ C *,4 C (- * 5,(+$ ,",$#&+6 -$+7 83$ #*(, (4$*". +3$ '$*1,(,9 -6-+$#- /:;;! (- +3*+ +3$ -$<0$,$- Wi *,4 Wo *1$+1$*+$4 2(+3(, (+ *- ,$(93="01(,9 '(,$- ". -"#$ ",$>4(#$,-(",*' $''0'*1*0+"#*+",7 ?+ (- *--0#$4 +3*+@

• ",'6 -$<0$,$- .1"# ",$ 9(A$, +$-+B 23(3 #$*,- .1"# ",$ 9(A$,&*(1 〈Wi, Wo, 〉 *1$ (, +3$ ,$*1$-+ 4(-+*,$ 2(+3 $*3 "+3$1C
• +3$ -$<0$,$ Wi &1$$4$- +3$ -$<0$,$ Wo D*,4 ,"+ +3$ 1$A$1-$EC
• +3$ 4(-+*,$ =$+2$$, 4(F$1$,+ +$-+- D4(F$1$,+ &*(1- 〈Wi, Wo〉E.1"# +3$ +1*(,(,9 -$+ (- *1=(+1*16 D0,G,"2,E783$ *(# ". +3$ /:;;! -6-+$# (- 5,4(,9 -03 * $''0'*1 *0+"#*+",23(3 $A"'0+(", 10'$- 2('' 3*,9$ +3$ -$<0$,$ Wi (,+" +3$ -$<0$,$

Wo =$(,9 *4$<0*+$ +" (+7 % '$*1,(,9 -6-+$# =*-$4 ", $''0'*1 *0+"#*+*",-+10+(", 4(-+(,90(-3$- (+-$'. =6@
• *=('(+6 ". 1$*+(,9 -(#&'$ *'9"1(+3#- 23(3 3*,9$ (,&0+ -$><0$,$- (,+" "0+&0+ ",$-C
• 1$-(-+*,$ .1"# ,"(-$C
• &"--(=('(+6 ". -(#0'+*,$"0- ",A$1+(,9 +3$ (,&0+ -$<0$,$- ". 4(.>.$1$,+ '$,9+3 '(#(+$4 ",'6 =6 "#&0+$1 "0,+(,9 &"2$17 !"# $%&' )"#*+#,& %-. .#/-')'*-& !" #$%&'()%$*(+$,- %--/-,0 ,/1+),1+$ !"#$%&"!'%(!)* "**,*)- ),.(&).(! CA (- #"-+ ".+$, 4$5,$4 *- *&*(1

CA = 〈C, fCA〉, DHE23$1$ C (- *,6 ,",$#&+6 5,(+$ -$+B fCA (- * .0,+(", 23(3 4$+$1#(,$-$A"'0+(", 10'$- CA@
fCA(Lk) = Lk+1, Lk = 〈ck1

, ck2
, . . . , ckm

〉, cki
∈ C. DIE



 ! "#$%#&'%( )*+,-$ .(/(0. ,1- (0(,(23 #05.6$2,(#0 L0 ,1- 2,(#0 #+ #0-78(9-0'(#023-33632$ 26,#92,#0 #0'(',' (0 :3(233: $-;32(0. ,1- ':',-9 Lk <: ,1-0-=, #0- Lk+1 2#$8(0. ,# -/#36,(#0 $63-' 8-,-$9(0-8 <: ,1- +60,(#0
fCA >?℄! !"#$%$&# '() A-, ,1- (0(,(23 #05.6$2,(#0 L0 208 -/#36,(#0 $63-'
fCA <- .(/-0! B1- 5$',  3(0-' #+ -/#36,(#0 #+ #0-78(9-0'(#023 -33632$26,#92,#0 +$#9 ,1- ':',-9 L0 &(33 <- 233-8 ,1- !" #$%&')!B1- +60,(#0 fCA (' 233-8 2 *+%,-+ $'+.C 603(%- ,1- +60,(#0 gCA233-8 2 +%-+ $'+.! B1- +60,(#0 gCA 8-,-$9(0-' ,$20'+#$92,(#0 #+,1- -33 cki

+$#9 ,1- ':',-9 Lk (0,# ,1- -33 c(k+1)i
+$#9 ,1- ':',-9

Lk+1 2#$8(0. ,# cki
208 2 ',2,- #+ 0-(.1<#6$(0. -33'! D, (' ';-(5+#$ ,1- -33632$ 26,#92,2 ,# 2;;3: #0- $63- gCA ,# -/-$: -33 #+ ,1-#05.6$2,(#0 Lk! B1- 3#23 $63- gCA #9<(0-8 &(,1 ,1- #0-;, #+ (,':3(23 6'- +#$ -21 -33 Lk +#$9 .3#<23 $63- fCA! B1- +60,(#0 fCA20 <- 8-0#,-8 2'

c(k+1)1 = gCA(ck1
, ck2

, . . . , ckm−1
, ckm

),
c(k+1)2 = gCA(ck2

, ck3
, . . . , ckm

, ck1
),!!!

c(k+1)m
= gCA(ckm

, ck1
, . . . , ckm−2

, ckm−1
),

EFG&1-$- cki
∈ Lk!*+% '() A-, 2 -33632$ 26,#92,#0 <- .(/-0

CA = 〈C, fCA〉,3-, D(fCA) <- ,1- 8#92(0 #+ fCA 208 3-, 2 '-, A ⊂ D(fCA) <- .(/-0!B1- '-, F $-2,-8 #0 ,1- CA ;$#86,
F =

⋃

0≤k<n−2

〈Lk, Lk+1〉(' ,1- +60,(#0 fCA $-',$(,-8 (0 ,1- 8#92(0 ,# 2 '-,
A = {L0, L1, . . . , Ln−2}. ! "#$%&$' ()%*+ CA ,&%-*+A-, ,1- 0#0-9;,: '-, CC 02,6$23 069<-$ m 208 m7,6;3- L ∈ Cm <-.(/-0C &1-$- Cm (' ,1- H2$,-'(20 ;$#86, #+ m #;(-' #+ ,1- '-, CC (!-!

L = 〈c1, c2, . . . , cm〉, &1-$- ci ∈ C, i ∈ {1, 2, . . . , m}.



 !"#$ %&&'(*+(",- ". /$''0'*1 %0+"#*+*23$ n4+0&'$ -$50$,$ (n > 1) 6('' 7$ 8$,"+$8 79 CA

CA = 〈L0, L1, . . . , Ln−1〉, :;<63$1$
Lk = 〈ck1

, ck2
, . . . , ckm

〉, k ∈ {0, 1, . . . , n− 1}.=+ (- "7>("0- +3*+
CA ∈ Cm × Cm × . . .× Cm

︸ ︷︷ ︸

n times

, :?<@$+ Lkp
#$*, * 9'( 8(-&'*$#$,+ ". Lk 6(+3 p -+$&- +" '$.+

Lkp
= 〈ckp+1

, ckp+2
, . . . , ckm

, ck1
, . . . , ckp

〉, :A<63$1$ 0 ≤ p < mB @$+ +3$ ."''"6(,C &*(1 7$ C(>$,D
Fkp

= 〈Lkp
, c(k+1)p

〉, (0 ≤ k < n− 1). :E<23$ -$+ ". *'' -03 &*(1- 6('' 7$ #*1F$8 79 F ∗D
F ∗ =

⋃

0≤k<n−1

0≤p<m

Fkp
. : <=+ -3"0'8 7$ ,"+$8 +3*+ F ∗ (- * 1$'*+(", (, +3$ /*1+$-(*, &1"80+ ".

Cm *,8 CD
F ∗ ⊂ Cm × C. !"#$"% &'( 23$ -$50$,$ CA (- * &1"80+ ". ",$48(#$,-(",*'$''0'*1 *0+"#*+", (. -$+ F ∗ (- * .0,+(",∗G (B$B +3$ ."''"6(,C &1"&$1+93"'8-

∧

0≤k<n−1

0≤k∗<n−1

∧

0≤p<m

0≤p∗<m

Lkp
= Lk∗p∗

→ c(k+1)p
= c(k∗+1)p∗

. :H<)$##*+ 23$ &1"". 1$-0'+- .1"# +3$ #$+3"8 ". ",-+10+(,C +3$ -$+
F ∗ *,8 .1"# .*+ IBJB

∗ ! "## "%&% '!&(!)!* +,& %&+ F ∗ +,& !'+)'! '- " -.!+)'! /)## 0& .%&1 -('2+,& 3)&/4')!+ '- +,& %&+ +,&'(56



 ! "#$%#&'%( ) !" #$%$&$'()$*% *+ ),- .-) F ∗ !"#$%$&# '(' *+, '+, Z = {0, 1} -+ .(/+0 102 3+,
NZ = 〈z0, z1, . . . , zm〉, zi ∈ Z 45678+10 m9,:;3+ #$2+$+2 ',$:,:$+ 133+2 =:$,>+$ 1  !"#$%&'($&&)!? =:0,(#0 81;;(0. m9,:;3+ Lk (0,# m′9,:;3+ Lk|NZ

(m′ ≤ m) &(33-+ 133+2 ,>+ (!)'+"& Lk &(,> $+';+, ,# ,>+ 0+(.>-#:$>##2 NZ !@03A ,>#'+ +3+8+0,' =$#8 Lk =#$ &>(> +3+8+0,' =$#8 NZ &(,> ,>+'18+ (02+B >1/+ ,>+ /13:+ 1 &(33 -+3#0. ,# Lk|NZ
!C>+ '+, F ∗ #0'(',(0. #= ;1($' Fk = 〈Lk|NZ
, c(k+1)〉 &(33 -+ 2+90#,+2 1' F ∗|NZ ! C>+ 0:8-+$ #= #0+' (0 ,>+ 0+(.>-#:$>##2 NZ &(33 -+133+2 (,' ;#&+$! D, 1;;+1$' =$#8 ,>+ 2+E0(,(#0 8+0,(#0+2 1-#/+ ,>1,

F ∗|NZ = F ∗ (= 102 #03A (= ,>+ 0+(.>-#:$>##2 NZ (' #8;#'+2 #03A=$#8 #0+'! !"#$%$&# '() ? ;$#+'' #= E02(0. 1 '+, F ∗|NZ #= ,>+ '8133+',;#&+$ ',(33 -+(0. 1 =:0,(#0 &(33 -+ 133+2 ," ","-.+"& #= ,>+ '+, F ∗!C>+ 0+(.>-#:$>##2 NZ (' 1 0#,(#0 ,>1, #:$' (0 ,>+ ,>+#$+8 #=+33:31$ 1:,#81,1 (0 #00+B(#0 &(,> 3#13 $:3+ 0#,(#0! C>+ /13:+ #=,>+ 0+(.>-#:$>##2 zi = 1 8+10' ,>1, ,>+ ',1,+ #= ,>+ i9,> 0+(.>-#:$#= ,>+ :$$+0, +33 >1' 10 (0F:+0+ #0 ,>+ ',1,+ #= ,>+ $+':3,10, +33∗!*+% '(' C>+ 8(0(8(G1,(#0 F ∗ $+=+$' ,# 1 '+1$> #= ,>+ 3#13 $:3+
gCA =#$ ,>+ +33:31$ 1:,#81,#0 &>(> ;$#2:, &1' :'+2 ,# $+1,+ ,>+'+, F ∗! !"#$%#& '($)* +#,-"($)%"$$. !"#$%$&# )(- *+, ,>+ "##3+10 =:0,(#0 f : {0, 1}m → {0, 1}n #= ,>+=#33#&(0. =#$8

y1 = f1(x1, x2, . . . , xm)
y2 = f2(x1, x2, . . . , xm)!!!
yn = fn(x1, x2, . . . , xm)

4557-+ .(/+0!
∗ !! "#$%&'( )*+,



 ! "#$% &''()+,)#-. #/ 0%((1(+2 &1,#$+,+& $+,2)3 #/ +  !"!# !#! /1-,)#- f 45%-#,%5 +. B(f)6 7)(( 8%+((%5 + $+,2)3 #/ m× n 5)$%-.)#- [bij ] 7),9 %(%$%-,.
bij =

{
0, )/ fi ). )-5%'%-5%-, /2#$ xj ,

1, )/ fi ). 5%'%-5%-, /2#$ xj .
4 :6 !# $%& ;9% -%)<98#129##5 NZ $)-)$)=)-< ,9% .%, F ∗ #/ #-%>5)$%-.)#-+( %((1(+2 +1,#$+,#- '2#51, ). )5%-,)+( ,# ,9% ?2., 2#7 #/,9% $+,2)3 #/ 5%'%-5%-% /1-,)#- fCA@'()*+#+,* $%- & $+,2)3 #/ m× n 5)$%-.)#- [dij ] 7),9 %(%$%-,.

dij =
∂fi

∂xj

= fi(x01
, . . . , x0j

, . . . , x0m
)⊕ fi(x01

, . . . , x̄0j
, . . . , x0m

),4 A67)(( 8% +((%5 ,9% B##(%+- '+2,)+( 5%2)C+,)C% D ℄ #/ + /1-,)#- f )- + /#2$4  6 +, + '#)-, x = 〈x01
, x02

, . . . , x0m
〉@ F%2% ⊕ .,+-5. /#2 %3(1.)C% #24GHI6 #'%2+,)#-J x̄ $%+-. -%<+,)#- #/ x@K%, + /1-,)#- f 9+C% + /#2$ f : {0, 1}m → {0, 1} 7),9 + 5#$+)-

D(f) +-5 (%, C%,#2. x,y ∈ D(f) 8% <)C%-@ &#25)-< ,# 5%?-),)#-,9% i>,9 %(%$%-, #/ ,9% 5%2)C+,)C% #/ ,9% /1-,)#- f ). %L1+( 1 )/ /#2 ,7#C%,#2. x +-5 y 9+C)-< 5)M%2%-, i>,9 #$'#-%-,. ,9% C+(1%. f(x) +-5
f(y) +2% 5)M%2%-,@'()*+#+,* $%& K%, ,9% %((1(+2 +1,#$+,#- '2#51, CA #/ n ()-%.+-5 m %(%$%-,. )- ()-% 8% <)C%- +-5 (%, + .%, #/ '+)2.∗

F ∗ =
⋃

0≤i<n−1

0≤p<m

Fip , 4 N62%+,%5 #- ), 8% <)C%-J 79%2%
Fip = 〈Lip , c(i+1)p

〉, Lip = 〈cip+1
, cip+2

, . . . , cim, ci1 , . . . , cip〉, 4 O6
ci +2% %(%$%-,. /2#$ ,9 .%, {0, 1}@ K%, + -+,12+( -1$8%2 q /2#$ ,9%(#.%5 )-,%2C+( [1, m] 8% <)C%-@P/ )- ,9% .%, F ∗ %3)., ,7# '+)2. .19 ,9+,

〈〈x1, x2, . . . , xq, . . . , xm〉, a〉, 〈〈y1, y2, . . . , yq, . . . , ym〉, b〉,

∗ !! "#$% "&$ '() "*$+



 ! "#$%#&'%( ))*#$ &+(+
∧

1<i<m

i6=q

xi = yi, xq 6= yq ( a 6= b, -)./0+12 0+1 21(3+4#5$+##6 1718120 NZ &(0+ (2619 q (' 1:5;7 )! !""#$ <10 0+1 "##71;2 61$(=;0(=1 #* ; *520(#2 f : {0, 1}m →
{0, 1}n ;0 ; >#(20 x ∈ {0, 1}m 41 612#016 ;' f ′(x)! <10 x $52 0+$#53+0+1 6#8;(2 D(f) #* ; *520(#2 f ! ?261$ 0+1 ;4#=1 ;''58>0(#2' (0 ('>$#=16 0+;0 @A℄

Sup{f ′(x)} = B(f), -)C/&+1$1 B(f) 81;2' ; 8;0$(9 #* 0+1 61>126121 *520(#2 f ;26 Sup81;2' '5>$1858 #* "##71;2 61$(=;0(=1 8;0$(1' '10∗! D+1 $17;0(#2 F ∗$1;016 #2 0+1 CA >$#650 *57E7' 0+1 #26(0(#2 -F/ ;26 (0 '+#576 41(6120(E16 &(0+ ; *520(#2 #* 0+1 *#$8 f : {0, 1}m → {0, 1}! D+1$1*#$1G0+1$1 19('0 0&# '5+ >;($' Fj = 〈Lj , cj〉 ;26 Fk = 〈Lk, ck〉 *#$ &+(+ 0+1'H'018' Lj ;26 Lk 6(I1$ #27H (2 0+1 qJ0+ #8>#2120 #* 0+1 "##71;261$(=;0(=1 ;0 0+1 >#(20 Lj

F
′∗(Lj) = cj ⊕ ck. -)K/L2 0+1 ;'1 #* *520(#2 f : {0, 1}m → {0, 1} 0+1 8;0$(9 #* 0+1 61>12J6121' *520(#2 f ;' &177 ;' 0+1 "##71;2 >;$0(;7 61$(=;0(=1 +;=1 0+16(812'(#2 m× 1! M12#0(23 0+1 1718120' #* B(F ∗) ;' biG 0+1 1718120'#* F ′∗(Lj) ;' aiG ;#$6(23 0# >$#>1$0H -)C/ &1 +;=1

ai = 1→ bi = 1, 1 ≤ i ≤ m. -)F/N;0 -O!)/ 1'0;47('+1' ; $17;0(#2 410&112 0+1 8;0$(9 B(f) = [bij ] #* 0+161>126121' *520(#2 f ;26 0+1 21(3+4#5$+##6 NZ (2 0+1 *#77#&(23&;HP
b1q = 1 → NZ = 〈z1, z2, . . . , zq−1, 1, zq+1, . . . , zm〉. -QR/"1;5'1 B(F ∗) (' ; =10#$G (0 +#76'
bq = 1→ NZ = 〈z1, z2, . . . , zq−1, 1, zq+1, . . . , zm〉 -Q)/

∗ !" # $!" %& n '#"()*!$ M = {M1, . . . , Mn} %& "+! $#'! ,)'!-$)%- .)"+!/!'!-"$ mij ∈ {0, 1} 0! 1)2!-3 456(!'5' %& M )$ ,!7-!, #$ &%//%.$8
Sup{M} = M1 ∨M2 ∨ . . . ∨Mn,.+!(! "+! %6!(#"%( ∨ '!#-$ "+! 9%%/!#- $5'3



 ! "#$% &''()+,)#-. #/ 0%((1(+2 &1,#$+,+,3+, %-4. ,3% '2##/5 !"#$%& '() 6%, C = {0, 1}7 m = 5 +-4 (%, + .%, F ∗ 8% 2%+,%4#- ,3% CA '2#41, 8% 9):%-;
CA :

0 1 0 0 0
1 0 0 0 1
0 0 1 0 1

,

F ∗ =







〈〈01000〉, 1〉, 〈〈10000〉, 0〉, 〈〈00001〉, 0〉,
〈〈00010〉, 0〉, 〈〈00100〉, 1〉, 〈〈10001〉, 0〉,
〈〈00011〉, 0〉, 〈〈00110〉, 1〉, 〈〈01100〉, 0〉,
〈〈11000〉, 1〉







.<3% ,+8(% '(+%4 8%(#= )-(14%. %(%$%-,. /2#$ ,3% .%, F ∗ #--%,%4)-,# '+)2. )- =3)3 ,3% .%>1%-%. Lkp
4)?%2 #-(@ )- #-% '(+%5 ! " # $

〈〈%1000〉, 1〉 〈〈1%000〉, 0〉 〈〈01%00〉, 1〉 〈〈000%1〉, 0〉 〈〈1000%〉, 0〉
〈〈 1000〉, 1〉 〈〈1 000〉, 1〉 〈〈01 00〉, 0〉 〈〈000 1〉, 0〉 〈〈1000 〉, 0〉
〈〈%0001〉, 0〉 〈〈0%100〉, 1〉 〈〈00%10〉, 0〉 〈〈001%0〉, 1〉 〈〈0001%〉, 0〉
〈〈 0001〉, 0〉 〈〈0 100〉, 0〉 〈〈00 10〉, 1〉 〈〈001 0〉, 1〉 〈〈0001 〉, 0〉%   % %A, .3#1(4 8% -#,%4 ,3+, 2nd +-4 3rd #(1$-. #/ ,3% ,+8(% )-(14% ,3%'+)2. Fj = 〈Lj , cj〉 +-4 Fk = 〈Lk, ck〉 /#2 =3)3 cj 6= ck5 &#24)-9 ,#,3%#2%$ BC5 D -%)938#123##4 NZ 9%,. -#-E%2# :+(1% /#2 %(%$%-,. =),3)-4)%. 2 +-4 3 =3)3 $%+-. ,3+, NZ = 〈01100〉5 F%-%

F ∗|NZ = {〈〈00〉, 0〉, 〈〈01〉, 1〉, 〈〈10〉, 1〉, 〈〈11〉, 0〉}. !"# $#%&'(')& )* + ,#+-&'&. /-)#11)* ("# 23445 161(#70G66" ). + ,@'% #/ ,3% (%+2-)-9 .@.,%$ =),3 ,3% .1'%2:).)#-5 <3%$+)- .,%' )- ,3% #-.,21,)#- #/ ,3% 0G66" .@.,%$ ). )4%-,)/@)-9 ,3%,2+)-)-9 )-/#2$+,)#- )- ), =),3 ,3% .%, F ∗5*&+,-.-/, 0() & .@.,%$ +8(% ,# '%2/#2$ $)-)$)E+,)#- #- ,3%,2+)-)-9 )-/#2$+,)#- .%, F ∗ =)(( 8% +((%4 ,3% (%+2-)-9 .@.,%$ 0G66"5H)-)$)E+,)#- )- ,3% 0G66" .@.,%$ =)(( 8% '%2/#2$%4 #- ,3% 8+.).#/ ,3% ,3%#2%$ +8#1, ,3% -%)938#123##45



 ! "#$%#&'%( )* !"#$%&'( )* #%%+#-+).( )* -/' 0!112(3(-'$ !" #$%&'() "+(,-$. ) '/#&' 0 1$#2-4 #5 '#6. .77-70$ 0-4#604#8 .9#7-4(#8 5$#6$082#6 (8(4(07 #8:,-$04(#8! ;/. 0(6 #5 4/. <=>>? '@'4.6 &0' 4#:82 7#07 $-7.' 2.4.$6(8(8, 4/. .9#7-4(#8 CA! A22(4(#807 2(B-74@#8'('4' (8 (87-2(8, 0$.0' &(4/ 507'. (85#$604(#8 (84# 4/. 1$#2-4
CA!;/. <=>>? '@'4.6 $.#,8(C.' 08 (60,. 0' 0 1$#2-4 #5 .9#7-4(#8#5 4&#D'404.' .9#7-4(#8 CA (C = {0, 1}) 5#$ $-7.'

NZ = 〈1, 1, 0, 0, . . . , 0〉,
gCA = {〈〈0, 0〉, 0〉, 〈〈0, 1〉, 1〉, 〈〈1, 0〉, 1〉, 〈〈1, 1〉, 0〉}
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