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 !  !"#$% &$''$)
• d(p, q) ≥ 0" #$% d(p, q) = 0 &' p = q ( !"#$#%&  '! &'$()*
• d(p, q) = d(q, p) ("())&$'#  '! &'$()*
• d(p, q) ≤ d(p, r) + d(r, q) ($'#+,-.& #,&/0+.#$()+,- #// 01- 2-0 S -$%34-% 4&01 01&2 5-06& #  !"#$ &'(! #$%" 736 #// p, q ∈ S"4- #// 01- $859-6 d(p, q) 01- )$&"(*! 9-04--$ p #$% q (4&01 6-2:-0 03 01-5-06& d)+ !"#$%& '()( ;-<$- d 3$ R

2 ×R
2 #2 73//342= d(p, p) = 0 736 #// p ∈ R

2 #$%736 p, q ∈ R
2 4&01 p 6= q" d(p, q) =

√

(q1 − p1)2 + (q2 − p2)2 &7 $-&01-6 p $36 q&2 01- 36&>&$ (0, 0) 37 R
2 #$% d(p, q) = 1 +

√

(q1 − p1)2 + (q2 − p2)2 301-64&2-+?1-$ d 1#2 01- :32&0&@- :63:-60A #$% &2 2A55-06&+ B36-3@-6" d +$*$)!*"4&01 01- 828#/ C8/&%-#$ 5-06& 3$ R
2 -D-:0 41-$ -D#0/A 3$- 37 p #$% q &201- 36&>&$+ E36 #// p, q, r ∈ R

2" 4- 1#@- d(p, (0, 0)) ≤ d(p, r) + d(r, (0, 0)) #$%
d(p, q) ≤ d(p, (0, 0)) + d((0, 0, q))" 9A 01- 06&#$>/- &$-F8#/&0A 736 01- C8/&%-#$5-06& 3$ R

2" 23 01#0 d #/23 2#0&2<-2 01- 06&#$>/- &$-F8#/&0A #$% &0 &2 3$2-GF8-$0/A # 5-06& 3$ R
2+*&+,-.-/, '('( H8::32- (S, d) #$% (T, e) #6- 5-06& 2:#-2 #$% f : S −→ T +?1-$ f &2 #//-% #$ $&+ !"#, 36 #$ $&+ !"#$  (' &7" #$% 3$/A &7"

e(f(p), f(q)) = d(p, q) 736 #// p, q ∈ S+ I7 f &2 #$ &235-06A" 4- 2#A 01#001- 5-06& 2892:#- (f(S), e) 37 (T, e) &2 #$ $&+ !"#$ +', 37 01- 2:#- (S, d)+ ! "#$% &' (#$)& %+,#B-06&2 #6- %-2&>$-% 03 5-#286- %&20#$- 9-04--$ :3&$02+ J34" 4- 3$2&%-601- $30&3$ 37 /&$-#6 2-0 &$ #$ #69&06#6A 5-06& 2:#- (2-- K!℄)+*&+,-.-/, 0()( M-0 A" B" #$% C 9- 016-- :3&$02 &$ # 5-06& 2:#- (S, d)+,- 2#A 01#0 {A,B,C} &2 # -$*!(# &!" &$ S &7
d(A,B) = ±d(A,C)± d(C,B). (LS)I7 9301 2855#$%2 3$ 01- 6&>10G1#$% 2&%- #6- $30 N-63 #$% 1#@- 2&>$ :/82" 01-$4- 2#A 01#0 C /&-2 .!"/!!* A #$% B" #$% 4- 46&0- A− C −B+*&+,-.-/, 0('( ?1- 2-0 X &$ # 5-06& 2:#- (S, d) &2 #//-% -$*!(# &!" &7 -#1016-- %&'-6-$0 :3&$02 &$ X 7365 # /&$-#6 2-0+*&+,-.-/, 0(0( ?1- &!0 !*" AB /$"1 !*)'+$*"& A (*) B &2 01- 2-0

AB = {A,B} ∪ {C : A − C − B}+ ?1- )$&"(*! d(A,B) 7635 A 03 B &2



 !"#!$ !% &#'"($* %!+ ,-.#&*($ /.($*  !"#$ %$&'"# |AB| () AB* +#$ ,&-(& ←→AB () .%% /$'0$&"/ (&".-&-&' AB -/ "#$2/"3.-'#"4  !"# "#3(,'# A .&5 B* !"#$%$&# '()( 6,77(/$ A .&5 B .3$ 7(-&"/ -& . 0$"3- /7.$ (S, d)* +#$$%& AB (,"'(-&' )3(0 A "(8.35/ B -/ "#$ /$" −→AB (&/-/"-&' () AB .&5 .%%7(-&"/ C 8-"# |AC| = |AB| + |BC|* +#$ 3.9 () %-&$ AB $0.&."-&' )3(0
A -& "#$ 5-3$"-(& (77(/-"$ "( B -/ "#$ /$" ←−AB () .%% 7(-&"/ C /,# "#."
|CB| = |CA|+ |AB|*+#$ (&$7" () %-&$.3 /$"/ -& . 0$"3- /7.$ 8-"#(," .55-"-(&.% (&5-"-(&/-/ &(" -&"$3$/"-&'* :(3 $;.07%$< . %-&$ -/ &(" &$$//.3-%9 . %-&$.3 /$"< ./ "#$&$;" $;.07%$ /#(8/**+,-./! '(0( =$" S = {A,B,C,D}< d(A,B) = 6< d(A,C) = 4<
d(A,D) = d(B,D) = d(C,D) = 3 .&5 d(B,C) = 2* >" -/ $./9 "( /$$ "#."
S = AB (07%-$/ 8-"# "#$ .;-(0/ () 0$"3- /7.$* ?& "#$ ("#$3 #.&5< "#$ /$"
{A,C,D} -/ &(" %-&$.3< #$&$ "#$ /$'0$&" AB -/ &(" %-&$.3* @$ .%/( /$$ "#.""#3$$ 7(-&"/ .& %-$ (& . %-&$ 8#-# -/ &(" . %-&$.3 /$"< 8#$&$A$3 . %-&$ -/ &(""#$ ,&-(& () "8( 3.9/ 2#.%)B%-&$/4 $0.&."-&' )3(0 . 7(-&" -& (77(/-"$ 5-3$B"-(&/* +( /#(8 "#-/< (&/-5$3 "#$ %-&$ BC = AB* @$ #.A$ −→BC = {A,B,C}.&5 ←−BC = {B,C}* >" )(%%(8/ "#." BC 6=

−→
BC ∪

←−
BC*1!-,23 '(0( >) . C&-"$ /$" S -/ %-&$.3< "#$& "#$3$ $;-/"/ . /$'0$&" (&".-&-&'

S 8-"# $&57(-&"/ )3(0 S* D$.%%9< .0(&' .%% 7.-3/ E$%(&'-&' "( S< "#$3$ $;-/"/. 7.-3 A,B 8-"# 0.;-0.% 5-/".&$* =$" C E$ .&("#$3 7(-&" () S* +#$&
{A,B,C} -/ . %-&$.3 /$"* :3(0 "#$ 5$C&-"-(& () "#$ E$"8$$&&$// )(%%(8/ "#."
|AB| = |AC|+ |CB|< .&5 "#,/ C ∈ AB*F("$< "#$ %-&$.3-"9 () . 0$"3- /7.$ (S, d) 5($/ &(" -07%9 "#$ ,&-G,$&$//() 7(-&" C 28-"# 3$/7$" "( "#$ 7(-&"/ A,B ∈ S4 /."-/)9-&' "#$ $G,."-(& (LS)*>&5$$5< /,77(/$ (S, d) -/ 0$"3- /7.$< S = {K,L,M,N} .&5 d(K,L) =
d(L,M) = d(M,N) = d(N,K) = 1< d(K,M) = d(L,N) = 2* H.# "#3$$7(-&"/ () S )(30 . %-&$.3 /$" -& 8#-# (&$ () "#$ 5-/".&$/ -/ I .&5 "#$ ("#$3/.3$  * >& "#-/ ./$< K .&5 M %-$ E$"8$$& L .&5 N < .&5 8$ #.A$ d(K,L) =
d(L,M) .&5 d(M,N) = d(N,K)*F$;"< 8$ (&/-5$3 "#$ &("-(& () %-&$.3%9 (,7%$5 /$"/ .&5 "#$ &("-(& (). "3-.&'%$ -& .& .3E-"3.39 0$"3- /7.$ 2/$$ JI℄4* !"#$%$&# '(4( +8( /$"/ .3$  !"#%$ & ()* #+ -) "#$-3 -&"$3/$"-(& (&".-&/ ."%$./" "8( 7(-&"/*



 !  !"#$% &$''$) !"#$%$&# '()( " #$%&' ()(&'* +, ('&( %$ (S, d) %(  !"#$% & ()* #+ %, &-') /$0' $1*0'2'3 (+ &-/& '4'2) &5+ $'%6-0+2%$6 ('&( /2' 7%$'/27) +187'39 !"#$%$&# '(*( :188+(' A,B,C /2' 8+%$&( +, &-' *'&2% (8/' (S, d)9 ;'(/) &-/& &-') 3'#$' / ,%!$"- # ABC9 <-' ('6*'$&( AB= BC= AC /2'&-' .!+#. +, &-' &2%/$67'= /$3 A,B,C /2' &-' /#%,!#.9 <-' $1*0'2
|ABC| =

√

s(s− a)(s − b)(s − c)= 5-'2' a, b, c /2' &-' 7'$6&-( +, &-' (%3'(/$3 s = 1

2
(a + b + c) %( &-' ('*%8'2%*'&'2 +, &-' &2%/$67'= %( &-' $%#$ +,

△ABC9 " &2%/$67' 5%&- >'2+ /2'/ %( (/%3 &+ 0' +#-#"#%$,#+9 !"#$%$&# '(+( ;' (/) &-/& / 8+%$& M +, &-' (8/' (S, d) 0# ("-. ,( $,%!$"- # ABC %,
|ABC| = |MAB|+ |MBC|+ |MCA|. (△)?$ &-%( ('$('= /$) &2%/$67' %( 2'6/23'3 /( &-' ('& +, 8+%$&( 0'7+$6%$6 &+ %&9@2+* &-' 3'#$%&%+$ +, / &2%/$67' ,+77+5( &-/& %,△ABC %( 3'6'$'2/&'3= &-'$

{A,B,C} %( / 7%$'/2 ('&9 ?$ &-%( /('= +$' +, &-' ,/&+2( %$ s(s−a)(s−b)(s−c)4/$%(-'(9 @+2 'A/*87'= 7'& s − c = 0= %9'9= c = a + b /$3 5' /$ /((1*'B5%&-+1& 7+(( +, 6'$'2/7%&)C a = |CB|= b = |AC|= c = |AB|9 ;' +0&/%$
|AB| = |AC|+ |CB|= %9'9= A− C −B9 ! "#$ %$&'( *+(,%-D'A&= 5' %$&2+31' +$' +, 8+((%07' *+3%#/&%+$( +, *'&2% /A%+*(= 5-%- -+73&21' %$ E17%3'/$ FG(8/' B,9 HF℄C9,-( B !"# $!$%% &'"()C @+2 '/- &5+ 8+%$&( A /$3 B= / 8+%$& M (/&%(,)G%$6 &-' +$3%&%+$ |AB| = ±|AM | ± |MB|= 5-'2' |AM |= |MB| /$3 &-'(%6$ /2' #A'3= %( 1$%J1'7) 3'&'2*%$'39,.( B*"!$&+",- &'"()C <-' 1$%+$ +, ('&( +, /$) 7%$'/27) +187'3 ()(&'*+, 7%$'/2 ('&( %( / 7%$'/2 ('&9,'( B&'"() (. ."**"!/ & *"!$C @+2 '/- &5+ 8+%$&( A /$3 B /$3 /$)2'7/&%+$ d(A,B) = ±d1± d2= d1 ≥ 0= d2 ≥ 0= &-'2' 'A%(&( / 8+%$& C (1-&-/& d(A,C) = d1 /$3 d(C,B) = d29,/( <-'2' /2' &-2'' 8+%$&( $+& ,+2*%$6 / 7%$'/2 ('&9,0( @+2 /$ /20%&2/2) 7%$' l /$3 /$) 8+%$& C= 5' -/4' |ABC| = λ|AB|= 5-'2'

λ 3+'( $+& 3'8'$3 +$ &-' -+%' +, &-' ('6*'$& AB ⊂ l9



 !"#!$ !% &#'"($* %!+ ,-.#&*($ /.($*  ! !" " !"#$ #% &"$"' (")*# $%& d(A,A′) + d(A′, O) = d(A,O)'() d(B,B′) + d(B′, O) = d(B,O)* +,%-% '.. )/0&'(%0 )/2%- 3-45 6%-4*'() .%&
d(A′, O)

d(A,O)
=

d(B′, O)

d(B,O)
.7,%(

d(A′, O)

d(A,O)
=

d(B′, O)

d(B,O)
=

d(A′, B′)

d(A,B)
. #" " !"#$ #% #,-(./,/# $%& d(A,B) = d(A′, B′)8 7,%( &,%-% %9/0&0'( /045%&-: f : (S, d) −→ (S, d) 0;, &,'& f(A) = A′ '() f(B) = B′8<4+* .%& ;0 4=0%->% 045% 4((%&/4(0 =%&+%%( &,/0 0:0&%5 43 '9/450 '()&,% (4&/4(0 43 ?.'('- 0%& ?-%0%(&%) /( &,% ?-%>/4;0 0%&/4(08 @/-0& 43 '.. +% '(0%% &,'& /3 ' 5%&-/ 0?'% 0'&/0A%0 '9/45 $* &,%( /&0 0%B5%(&0 '-% &,% ./(%'-0%&08 C()%%)* .%& AB =% ' 0%B5%(& /( (S, d)8 7,%( A 6= B 0/(% '.. 4(%D%.%5%(&0%&0 '-% ./(%'-8 E;??40% &,'& K,L,M '-% ?4/(&0 43 AB8 F: &,% )%A(/&/4( 43' 0%B5%(&* +% ,'>% {A,B,K}* {A,B,L} '() {A,B,M} '-% ./(%'-.: 4;?.%)./(%'- 0%&0* '() =:  $* &,%/- ;(/4( {A,B,K,L,M} /0 ' ./(%'- 0%&8 7,/05%'(0* &,'& /&0 0;=0%& {K,L,M} /0 ./(%'-* &448$44G/(B '& )%A(/&/4(0 H8I '() H8J '=4>%* +% 0%% &,'& %', >%-&%9 43 &,%&-/'(B.% =%.4(B0 &4 /&8 7,% 0/&;'&/4( +/&, &,% 0/)%0 43 &-/'(B.% /0 (4& &-/>/'.8 74?-4>% &,/0* +% (%%) &4 4(0/)%- &,% '9/45  %8 E;??40% △ABC /0 ' &-/'(B.%/( (S, d)8 C3 M ∈ AB &,%( |AB| = |AM | + |MB|8 C3 +% 5;.&/?.: =4&, 0/)%043 &,/0 %K;'&/4( =: -%'. (;5=%- λ "λ /0 &,%  !"#"$%& 43 &,% &-/'(B.% △ABC4- &,% )/0&'(% 3-45 C &4 AB# +% ,'>% |ABC| = |AMC| + |MBC|8 7,%(

|ABC| = |AMB|+ |AMC|+ |MBC| 0/(% |AMB| = 08 @-45 &,/0 '() =: &,%)%A(/&/4( 43 ' &-/'(B.%* +% 4(.;)% &,'& M =%.4(B0 &4 △ABC8L% -%'.. ,%-% 4(.: 4(% /5?4-&'(& &,%4-%5 -%.'&%) &4 ./(%0 43 ' 5%&-/0?'%8&'()*(+ "M8 M8 C>'(4> NO℄#8 C3 ' 5%&-/ 0?'% (S, d) 0'&/0A%0 5%&-/ '9/450 ,D -* &,%( '(: ./(% 43 &,/0 0?'% /0 /045%&-/ &4 &,% -%'. ./(% +/&, &,% ;0;'.5%&-/87,% 0:0&%5 43 5%&-/ '9/450 34- Q;./)%'( OD0?'% ?-%0%(&%) '=4>% 5':=% >/%+%) '0 ' 0:0&%5 %K;/>'.%(& &4 &,% R/.=%-&S0 '9/45'&/8 7,% 4((%&/4(0=%&+%%( &,%5 0%%50 &4 =% '( /(&%-%0&/(B 0;=T%& 34- /(>%0&/B'&/4(8



 !  !"#$% &$''$) !"!#!$!&" ℄ $% &'()% *'+, -'./'012'3% &4 $233'(36+7038'1,+9: ;+((6'2/<='2>)29<$2'(< ?@126:  AAB%"C℄ D% D% 48+(.8% ;'012E'3F+G+ +F32./+02F+ H@F,2I.8+ >1.301+(308+% ?+>23F2(+@E(J6 3'/2(+1.8 KL;4: M.,% CNA: OAP  Q: CQQ %"R℄ ;% S T'+1U2I% ;'012 T>+'3% T>12(9'1: =.(I.(: CQQ!%"B℄ V% W+,X0% ;'012FY >12'30.1J% D,7+: &1+023,+8+:  AO %


