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The stability of Fréchet’s equation
Tomds Zdrahal

Abstract: In this paper the Hyers — Ulam stability of Fréchet’s func-
tional equation is dealt with. Our approach is motivated by results of L.
Székelyhidi (see [2] and [3]) who pointed out that the classical Hyers’s the-
orem on stability of this functional equation holds true (under an auxiliary
hypothesis) for functions defined on amenable semigroups.

We use the following notations and terminology. Let G be a semigroup
with identity e and let H be a linear space over the rationals. We shall
use the operators of left and right translations ,7' and T}, defined for any
function f : G — H by

yTf(z) = flyz), T,f(z) = flay)
further, the left and right difference operators ;A and A, defined by

where = ranges over G and I denotes the identity operator: I = (T =
T.. Let n > 0 be an integer, then for the products of difference opera-
tors 4, A ...y, A and Ay, ... Ay, we use the notations 4, ..., A and
A

Y1,.-Yn+1°
Let us note that

yl,---,yn+1Af("E) - y1A(y2,---,yn+1Af)(-T) = ylA(yzA(- o yn+1Af) .o )(-T) =
= [(Tyn+1 - I) LR (Ty1 - I)Tm]f(e)
and
Ayl,---,yn+1f(m) == A.1,ln+1 (Ayx,.--,ynf)(fr) T Ayn-;-1 (Ayn(- .- Ay: f) .- )(:E) o

= [TT(Tyn+1 —Jy. . [Fj - I)]f(e).
Obviously

1
(Typyr =) oo (T — I = Z (_l)an+1+...+a1 Ty(l'“"+1),,,y§1‘°‘1)

an+1,...,a1=0 n+1
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Now we recall the notation of invariant mean and amenability.

Let B(G) denotes the space of all bounded complex-valued functions
on G' with sup-norm. A linear functional M on B(G) is called an invariant
mean on G if the following conditions are satisfied:

(i) M(f) = M(f) for all f € B(G);

(ii) inf{f(z) : z € G} < M(f) < sup{f(z) : z € G} for all real-valued
f € B(G);

(iii) M(,Tf) = M(T,f) = M(f) for all y € G and f € B(G).

We note the following properties of a mean which are easily verified:
M(1) = 1, M(c) = c for a constant ¢ € C and the norm of the functional
M is one.

If an invariant mean exists, we call G amenable. (An extensive survey
of criterions of amenability together with an ample bibliography of the
subject may be found in [1]. In particular it is known that every Abelian
semigroup is amenable, but amenability is much weaker condition than
commutativity.)

Fréchet’s functional equation is the following one

Ay,,ynr f(2) =0 (1)

for all z,y1,...,yYn+1 € G, where f : G — H is an unknown function.

As for the Hyers — Ulam stability of the equation (1) the situation is
as follows. The Hyers — Ulam stability in its original form is referred to
the fact that any approximately additive function (i.e. a function which
fulfils Cauchy functional equation with a certain accuracy only) can be
approximated by an additive function. More precisely, if f is a real function
for which the expression f(z+y)— f(z)— f(y) is bounded, then there exists
an additive function a such that f — a is bounded. The question whether
this result holds true also in the case of the equation (1) was answered by
L. Székelyhidi [3]. In spite of that fact we are going to show the same result
deviating slightly his procedure.

Theorem Let G be an amenable semigroup with identity e, C the set
of all complex numbers and f : G — C a function for which the function
(Z,915 -+ -y Un+1) = Dy, ynsr f () is bounded. Then there ezists a function
F : G — C satisfying Fréchet’s functional equation (1) uniformly approzi-
mating the function f.

Proof. Let M stand for an invariant mean on G. Then for all f € B(G)
the function m(f) defined by

m(f)(z) = (=1)"My, ... My, (Dy,,..yncf(€)),
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where the subscript y; next to M, i = 1,...,n, indicates the fact that M is
applied to a function of the variable y; and M, ... M,, denotes the product
of invariant means, is obviously bounded.

We can suppose without loss of the generality that f(e) # 0. In what
follows we are going to check that the function

F(z) := f(z) — f(e) —m(f)(z)

is a solution of Fréchet’s equation (1). Then the fact that m(f) is bounded
ends the proof of this theorem.
Let us start with some lemmas.

Lemma 1 Let f : G — C be arbitrary. Then for all z,y1,...,4n+1 € G
holds true

@ Y1,-00n+1 Af(z) = Am,y1,.--,ynf(yn+1) &y Am,y1,---,ynf(e) P Ay1,---,yn+1f(e):
2

Ayl,---;yn+1f(w) e yza---,yn-f-:,fo(yl)_ yz,---,yn+1,$Af(e)+ yl,---,yn+1Af(e)'
(3)

Proof. It is obvious that

(Typir =D (Ty—1) .. . (T ~ 1) (To—1) = Ty s Ty = 1) - - - (Tyy — 1) (Tz—1) -

(T = D) Ty YT~ D)

analogously

(Typss — D (T, = 1) . . (T, = I)(Tz—1) = (Ty .. — DTy, =I) ... (T, = )Tz —

= (Tynir — IRy = 1) o Ly =T}

In virtue of the facts presented at the beginning of this paper we have
just shown that the following equality holds true

Azayl,-“’ynf(yn'l'l) I A-’B,yl,---,ynf(e) = Y15-9¥n+t1 Af(x) - yli---syﬂ+1Af(e)'

Since

Ylye-s¥ntl Af(e) = Ay1,---,yn+1 f(e),

we get
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Y1 3¥Un+1 Af(:r) = Aw)yls"-,ynf(yn"'l) - Ax;ylr“)ynf(e) + Ayl:---ayn-i-lf(e)'
Putting yn41 := 2, ¢ := 41, ¥; := ¥41 for i = 1,...,n in the last
equation we get immediately (3) and the lemma is proved.

Lemma 2 Let the assumption of the above theorem are fulfilled. Then

My My, [ S (720 40)] =0, “

Whereai:oor 11i=11---,k, ak...a1=0forall
yl""7yk1tla---,tn+1 EG

Proof. From our assumption on f and from (2) it follows that also the
function (y,(clha’“) . ygl_al), i ins ,tn_,_l) =+ i iitan O (y,(cl_a") s ygl_al))
1s bounded, i.e. (4) is well defined. Further, we have for all
Yy ooy Yky b1y - y bnt1:

My, - My, [t,tna A (w5~ 7)] =
- Myl "'Myk{[(Ttn+1 - I) LR (Tt1 - I)

Ty’(cl—ak)“_ygl*al)]f(e)} =

i Myl ts Myk{[(Tth —I) “us (th_I) (Ttly(l—ﬂk.) y(l—oq) '—Ty(1-ak) y(l—a1)]f(e)}
% S * N

=My, .. My {[(Ttny = 1) (T = (T, 0-ap)_ 0-epy =) =
(-ap)

= Bagy = D)oo (Tey = DT ey j0-an) = DIf ()} =

=My, ... My {[(T},,, = I)... (T}, = I

(T, 0o _yome) = DIF ()} = My, .. My {[(Tipyy = 1) ... (Tr = I)

(Tya-en)_ya-any = DIf (€)} =0,

because My,,..., M, are invariants (and M, ... M,, is the product of
these ones).

Lemma 3 Let again the assumptions of the theorem are fulfilled. Then
for all z,y1,...,yk,u1,...,uns1 € G the following identity is valid:

My, ... My, [u1,-.-,un+1A(Ayl,---,ykf)(m)] = (_l)k w1y unai AF (Z). ¥
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Proof. This is verified by induction on n. For n = 0 we have
Myl L Myk [UIA(Aylo---’ykf)(m)] r= Myl 50 Myk [Aylv'-:ykf(ulm)—Aylr":ykf(m)] =

= My, ... My {[Tu,a(Ty, ~1I) ... (Ty —I) =TTy, —I) ... (T, — D)|f (€)} =
=My, ... My {[(Tu,z — Tz)(Ty, = I)...(Ty, — D]f(e)} =
= My, ... My {[(Toy = DTo(Ty, = I)... (T, — DIf ()} =
= M, ... M@, =TT — D&, L1 o (T <'T) +

+ (T, _I)(Tyk —I)---(Tyl —1)]f(e)} =
1

b Myl B oo Myk{[(Tul v I)(Tm BE I) Z (_l)ak+"'+a1 Ty(l-ﬂk) y(l—a1) +
Qg yeerya1 =0 k "
1
+ (T‘u; —I) Z (_l)ak+...+a1 Ty(l—ak) y(l—al)]f(e)} =
Qp,y...,a1=0 k it

1
=My, .. M, {[ > (-)@Fte(T, —I)(Tac—I)Ty,(f“%)_..yﬁl“%) +

Olfyooey01=0
ap...a1=0

1
+ Z (_1)ak+...+0tl (Tu1 — I)Tyil—ak)...ygl—al) +

Qe yeenyX] =0
op...01=0

+ (—1)*(Ty, — (T — DI + (-1)"(Tu, — D)f(e)} =
1

=My, ... My, { Z (1) TR e f (y§c1""’°)...y§1"“1)) +
Ok yvvy01 =0
ag...a1=0
1 (1-ax)  (1-a1)
3 N AL (T )+ )  wA @) = 0,
gt

because of lemma 2 and the linearity of the meah.
Now suppose that the statement holds true for n; then we get
Myl tee Myk [u'l ,"-,un-{-lA(Ayl)'":ykf)(w)] =
=My, ... My, [U1A(u2,.--,un+1A(Ayl,---,ykf))(x)] =
=My, ... My, [uz,e..stin1 DAy, f) (U1T) — wyrtins1 D(Byy,..p F)(@)] =
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and the proof ends.

Now we can go back to the proof of our theorem. We have for all
Ty,Uly---,Un+1 € G

u1,.--,un+1AF(m) = ul,...,un+1Af($) - U1,---,un+1Af(e) +

+ ()" e AMy, MG L Ry — Ay g ()] =
= urytint1 AF(E) = wrpunr i Af(€)+
+(=1)" "My, oo My, [uy, i A(Ayypn P (2)] +
+ (=1)"My, ... My, a1, un 1 B(Byy,.yn S (€)] =
=upytingr AF (@) = upyunn AS(€) +
H(EDMH=D)" 0y AF (@) + (D (D) wy, o unn Af(€) =0,

because of lemma 3. In virtue of (3) we finally get that also
Doy, qtingr F(Z) = 0 for all &, uy,...,un11 €G,

i.e. F(z) is a solution of Fréchet’s equation (1) and our theorem is proved.

References
[1] Greenleaf, P.: Invariant means on topological groups, Van Nostrand,
1969

[2] Székelyhidi, L.: Note on Hyers’s theorem, C. R. Math. Rep. Sci.
Canada 8 (1986), 127 — 129

[3] Székelyhidi, L.: Fréchet’s equation and Hyers theorem on noncommuta-
tive semi-groups, Annal. Pol. Math. XLVIII (1988), 183 — 189



