
 !" #$%&'() *"+,-.(+/0 '1 2)�(/'
5'6!7
+-"/+8
 9((%-(: ;!/5-<!/+
( =99: 2)�(/'
5'6! >??@
 !"!#$% $&&#'$() *' +!*!#,-"-" *)! .$/-( ()$#$(*!#-/*-(/ '0 12!2!-" /3/*!,/ 4-*) 0-"-*! *'*$% ($&$(-*3'567 *89:;<6<9; !"#$#%#& '( )*#+&,*#$
" *!. /',0%#&1 2
$&!
&3*! 45%6'"7 8!$9&1"$#: '( /7�"#'
+'<**=> ?1,$$ @1*A'<&A BCDBEF GHIHJJ /7�"#'
+'<*F K'=*!.&I,*$=L  !"#$% &'&$ �)*+!
-'."!/0 !"#$%
#' 1' +#.
2.. ) 3'&'4)0 5#'6  7 . 02"# &. 7 4 
%)4)
"'4#."#
.  7 & &8
0)..#
)092'2'#&3 .:."';. 6#"% 4)&+ ; 
)/)
#": 
2." ;'4. <+';)&+.=> #!'! 6' .2// .' "%)"')
% 
2." ;'4 #. 
%)4)
"'4#-'+ ?: . ;' 4)&+ ; 
)/)
#": <5 02;'= )&+ "%' 6% 0'
)/)
#": <" ")0 5 02;'=  7 
2." ;'4. /4'.'&" #& "%' 92'2'#&3 .:."'; #. ? 2&+'+ ?:) 
 &.")&" 6)02' V > 0! 1' +'"'4;#&' "%' 3'&'4)0 5#'6  7 "%' .")"# &)4: &2;?'4+#."4#?2"# & )&+ 0 .. /4 ?)?#0#": #& "%' .:."';. 2&+'4 
 &.#+'4)"# & ). 
 ;/)4'+6#"% 
 44'./ &+#&3 
0)..#
)0 92'2'#&3 .:."';.! @"A. "24&'+ "%)" #& . ;' 
).'. 6'
)& 64#"' 'B/4'..# &. 7 4 & &8
0)..#
)0 
%)4)
"'4#."#
.  7 C&#"' " ")0 
)/)
#": 92'2'.#7 
 44'./ &+#&3 
0)..#
)0 
%)4)
"'4#."#
. )4' $& 6&!=> -<?@;AB
?8;< ! "#$%$!& '(#) '$ *!+$%&*,-&$ !(!.
0-%%*
-0 12$2$*!, %3%&$4% '*&5 #-!6(4+(024$ 6$4-!6% -!6 7!*&$ &(&-0 86$4-!6%9 
-"-
*&3:  & 4$-!% &5-& ;9 $-
56$4-!6 *% 
5-#-
&$#*<$6 =3 %(4$ !(!.!$,-&*+$ #-!6(4 %"-
$ #$12*#$4$!&8
-"-
*&3 (# +(024$9 ζ> ?9 &5$ &(&-0 %24 σ(t) (@ %"-
$ #$12*#$4$!&% 8+(024$%9(@ -00 6$4-!6% "#$%$!& *! &5$ %3%&$4 -& -#=*&#-#3 &*4$ 4(4$!& t *% 0*4*&$6 =3%(4$ 
(!%&-!& +-02$ V A '5*
5 *% !-4$6 &5$ 4$4(#3 +(024$ (@ &5$ %3%&$4>B9 '$ -0%( -%%24$ &5-& %$#+*
$ &*4$ ξ (@ &5$ 6$4-!6 -!6 *&C% +(024$ ζ -#$,$!$#-003 6$"$!6$!&:D2
5 %3%&$4% 5-+$ =$$! 2%$6 &( 4(6$0 -!6 %(0+$ +-#*(2% "#-
&*
-0 "#(=0$4%(

2##*!, *! &5$ 6$%*,! (@ 
(4"2&$# -!6 
(442!*
-&*!, %3%&$4%:E$& F (x, t) = P{ζ < x, ξ < t} =$ &5$ 6*%&#*=2&*(! @2!
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0 = −ap0 + µp1; (1)

0 = ap0 − (a + µ)p1 + 2µp2; (2)

0 = apk−1 − (a + kµ)pk + (k + 1)µpk+1, k = 1, n − 1; (3)

0 = apk−1 − (a + nµ)pk + nµpk+1, k = 1, n + m− 1; (4)

0 = apn+m−1 − nµpn+m. (5)
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gk(x) = P{η = k, σ < x}, (6)*,(5( σ 1' +,( '+-+1&)-54 +&+-3 8&3$0( &= +,( /(0-)/' %5('()+ 1) +,( '4'+(0;E+:' 
3(-5 +,-+ rk = gk(V )9 k = 1, 2, . . . ; F

&5/1)? +& &$5 ,4%&+,('1' *(-''$0( +,-+
gk(x) = CpkL

(k)
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0 = −ar0L(V ) + µr1; (8)

0 = ar0L(V )− a

∫ V

0
g1(V − x)dL(x)− µr1 + 2µr2; (9)

0 = a

∫ V

0
gk−1(V − x)dL(x)− a

∫ V

0
gk(V − x)dL(x) − kµrk + (k + 1)µrk+1,

k = 1, n − 1; (10)

0 = a

∫ V

0
gk−1(V − x)dL(x) − a

∫ V

0
gk(V − x)dL(x) − nµrk + nµrk+1,

k = n, n + m− 1; (11)

0 = a

∫ V

0
gn+m−1(V − x)dL(x) − nµrn+m. (12)
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P (0, 0, t) = P{η1(t) = η2(t) = 0};

G(i, j, x, t) = P{η1(t) = i, η2(t) = j, σ(t) < x}, i, j = 0, 1, ..., max(i, j) ≥ 1;

P (i, j, t) = P{η1(t) = i, η2(t) = j} = G(i, j, V, t), i, j = 0, 1, ..., max(i, j) ≥ 1.!8 $"+"(%:+17 
%:=("(%: "+>.$ 3/+
. 4V < ∞6? 9. *+'. σ(t) ⇒ σ? ηi(t)⇒ ηi?
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p(0, 0) = lim
t→∞

P (0, 0, t) = P{η1 = η2 = 0}; (14)

g(i, j, x) = lim
t→∞

G(i, j, x, t) = P{η1 = i, η2 = j, σ < x},

i, j = 0, 1, ..., max(i, j) ≥ 1; (15)

p(i, j) = lim
t→∞

P (i, j, t) = P{η1 = i, η2 = j} = g(i, j, V ),

i, j = 0, 1, ..., max(i, j) ≥ 1. (16)!" 
+: &. .+$7 $*%9: "*+" "*. 8):
"(%:$ 4 C6D4 E6 $+"($87 "*. 8%//%9(:;.F)+"(%:$<
0 = −(a1 + a2)p(0, 0)L(V ) + µ1p(1, 0) + µ2p(0, 1); (17)

0 = a1p(0, 0)L(V )− (a1 + a2)

∫ V

0

g(1, 0, V − x)dL(x) − µ1p(1, 0) + µ1p(2, 0); (18)

0 = a1

∫ V

0

g(i− 1, 0, V − x)dL(x) − (a1 + a2)

∫ V

0

g(i, 0, V − x)dL(x)−

−µ1p(i, 0) + µ1p(i + 1, 0), i = 2, 3, . . . ; (19)

0 = a2p(0, 0)L(V )− (a1 + a2)

∫ V

0

g(0, 1, V − x)dL(x)−

−µ2p(0, 1) + µ1p(1, 1) + µ2p(0, 2); (20)

0 = a2

∫ V

0

g(0, j − 1, V − x)dL(x) − (a1 + a2)

∫ V

0

g(0, j, V − x)dL(x)−

−µ2p(0, j) + µ1p(1, j) + µ2p(0, j + 1), j = 2, 3, . . . ; (21)

0 = a1

∫ V

0

g(i− 1, j, V − x)dL(x) + a2

∫ V

0

g(i, j − 1, V − x)dL(x)−

−(a1 + a2)

∫ V

0

g(i, j, V − x)dL(x) − µ1p(i, j) + µ1p(i + 1, j), i, j = 1, 2, . . . , (22)
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a1p(0, 0)L(V ) = µ1p(1, 0), a2p(0, 0)L(V ) = µ2p(0, 1), (23)

(a1 + a2)

∫ V

0

g(i, j, V − x)dL(x) = µ1p(i + 1, j), i = 1, 2, . . . , j = 0, 1, . . . , (24)

a2

∫ V

0

g(0, j, V − x)dL(x) = µ2p(0, j + 1), j = 1, 2, . . . . (25)"#$ %&'&()$ 
()%%&
)( +$,,'+-&., /&%
&+(&0, %1%-,' M/M/1/∞ 2&-3 -2# +$&#$&-1
()%%,% 2, 
)0 #4-)&0 5#$ %-)-&#0)$1 560
-&#0% r(i, j) = P{η1 = i, η2 = j}7
i, j = 0, 1, . . . 7 -3, 5#((#2&08 90#20 : ;℄ ,=6)-&#0%>

0 = −(a1 + a2)r(0, 0) + µ1r(1, 0) + µ2r(0, 1); (26)

0 = a1p(0, 0)− (a1 + a2 + µ1)r(1, 0) + µ1r(2, 0); (27)

0 = a1r(i− 1, 0)− (a1 + a2 + µ1)r(i, 0) + µ1r(i + 1, 0), i = 2, 3, . . . ; (28)

0 = a2r(0, 0)L(V )− (a1 + a2 + µ2)r(0, 1) + µ1r(1, 1) + µ2r(0, 2); (29)

0 = a2r(0, j− 1)− (a1 + a2 +µ2)r(0, j)+µ1r(1, j)+µ2r(0, j +1), j = 2, 3, . . . ; (30)

0 = a1r(i−1, j)+a2r(i, j−1)−(a1+a2+µ1)r(i, j)+µ1r(i+1, j), i, j = 1, 2, . . . , (31))0/ -3, -3, 5#((#2&08 ,=6&(&4$&6' 
#0/&-&#0% -)9, +()
,>
a1r(0, 0) = µ1r(1, 0); (32)

(a1 + a2)r(i, j) = µ1r(i + 1, j), i = 1, 2, . . . , j = 0, 1, . . . ; (33)

a2r(0, j) = µ2p(0, j + 1), j = 0, 1, . . . . (34)?%%6', -3)- 06'4,$% r(i, j) %6-&%51 ,=6)-&#0% @!ABC@DEB )0/ 0#$')(&F)-&#0
#0/&-&#0 ∞
∑

i=0

∞
∑

j=0
r(i, j) = 1G H, %688,%- ) 31+#-3,%&% -3)-

g(i, j, x) = Cr(i, j)Li+j
∗

(x), i, j = 0, 1, ..., max(i, j) ≥ 1, (35)23,$, C &% %#', 
#0%-)0- .)(6,G I3&% 31+#-3,%&% &% -$6-356(7 )% &- 5#((#2% 5$#'-3, /&$,
- %64%-&-6-&#0 #5 -3, 560
-&#0 @DJB -# ,=6)-&#0% @!ABC@DEBG K1 -3&% 2)12, #4-)&0 ,=6)-&#0% @ LBC@!JB 5#$ -3, 560
-&#0% r(i, j)G M#7 5#$ +$#4)4&(&-&,%
p(i, j) 2, 3).,

p(i, j) = Cr(i, j)Li+j
∗

(V ), i, j = 0, 1, ...,23,$, C 
)0 4, #4-)&0,/ 5$#' -3, 0#$')(&F)-&#0 
#0/&-&#0 ∞
∑

i=0

∞
∑

j=0
p(i, j) = 1G
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#2(' R(z1, z2) =
∞
∑

i=0

∞
∑

j=0
p(i, j)zi

1z
j
2C D-/' )/ -.</ * +℄

R(z1, z2) =
(1− ρ)(1− ρ1z

∗)

(1− ρ1z∗ − ρ2z2)(1− ρ1z∗z1)
,)-/@/ ρ1 = a1/µ1E ρ2 = a2/µ2E ρ = ρ1 + ρ2E

z∗ =
a1 + a2(1− z2) + µ1 −

√

[a1 + a2(1− z2) + µ1]2 − 4a1µ1

2a1
.F() )/ 
.' 
.;
1;.#/ #-/ '1G:/@% r(i, j)H

r(0, 0)= 1− ρ,

r(i, j)=
1

i!j!
·

∂i+j

∂zi
1∂zj

2

R(z1, z2)









z1=z2=0

, i, j = 0, 1, . . . , max(i, j) ≥ 1.I(E #-/ J@(:.:2;2#2/% p(i, j) 
.' :/ =/#/@G2'/= .%
p(0, 0)= C(1 − ρ),

p(i, j)=
C

i!j!
·

∂i+j

∂zi
1∂zj

2

R(z1, z2)









z1=z2=0

L
(i+j)
∗ L(V ), i, j = 0, 1, . . . , max(i, j) ≥ 1,)-/@/ #-/ 
('%#.'# <.;1/ C 
.' :/ 
.;
1;.#/= B@(G #-/ '(@G.;2K.#2(' 
('=2A#2('E 2C/C

C =



1− ρ +

∞
∑

i=1

∞
∑

j=1

1

i!j!
·

∂i+j

∂zi
1∂zj

2

R(z1, z2)









z1=z2=0

L
(i+j)
∗ L(V )





−1

.F() )/ 
.' =/#/@G2'/ ;(%% J@(:.:2;2#2/% p1
l .'= p2

l B(@ :(#- J@2(@2#> =/G.'=%.

(@=2'?;> B@(G #-/ B(;;()2' /012;2:@21G /01.#2('%H
a1(1− p1

l ) = µ1

∞
∑

i=1

∞
∑

j=0

p(i, j), a2(1− p2
l ) = µ2

∞
∑

j=1

p(0, j),)-/'
/ )/ -.</
p1

l = 1−
µ1

a1

∞
∑

i=1

∞
∑

j=0

p(i, j), p2
l = 1−

µ2

a2

∞
∑

j=1

p(0, j).
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