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❲❡ ✐♥$%♦❞✉❝❡ $❤❡ ♥♦$✐♦♥ ♦❢ ,♣❛%✐♥❣❧② ❣❧✉❡❞ $♦❧❡%❛♥❝❡, ❢♦% ❧❛$$✐❝❡, ❛♥❞ $❤❡♥ ❝♦✉♥$

$❤❡✐% ♥✉♠❜❡%, ✐♥ ❝❛,❡ ♦❢ ✜♥✐$❡ ❝❤❛✐♥,✳ ❲❡ ❛❧,♦ ❡,$✐♠❛$❡ $❤❡ ❞❡♥,✐$② ♦❢ ,♣❛%✐♥❣❧②

❣❧✉❡❞ $♦❧❡%❛♥❝❡, ❛♠♦♥❣ ❛❧❧ ❣❧✉❡❞ $♦❧❡%❛♥❝❡, ♦♥ ✜♥✐$❡ ❝❤❛✐♥,✳

✶✳ ■♥#$♦❞✉❝#✐♦♥

❚❤❡ ♥♦'✐♦♥ ♦❢ ❝♦♥❣,✉❡♥❝❡ ✐. ♦♥❡ ♦❢ '❤❡ ❜❛.✐❝ ♥♦'✐♦♥. ✐♥ ❯♥✐✈❡,.❛❧ ❆❧❣❡❜,❛✳

●✐✈❡♥ ❛♥ ❛❧❣❡❜,❛✐❝ .',✉❝'✉,❡ A✱ ❛♥ ❡7✉✐✈❛❧❡♥❝❡ ,❡❧❛'✐♦♥ ♦♥ '❤❡ ✉♥✐✈❡,.✉♠

♦❢ '❤❡ .',✉❝'✉,❡ ❝♦♠♣❛'✐❜❧❡ ✇✐'❤ ❛❧❧ ♦♣❡,❛'✐♦♥. ♦❢ '❤❡ .',✉❝'✉,❡ ✐. ❝❛❧❧❡❞ ❛

❝♦♥❣,✉❡♥❝❡ ♦❢ A✳ ❚❤❡ .❡' ♦❢ ❛❧❧ ❝♦♥❣,✉❡♥❝❡. ♦❢ A ✐. ❞❡♥♦'❡❞ ❜② Con(A) ❛♥❞
✐' ❢♦,♠. ❛♥ ❛❧❣❡❜,❛✐❝ ❧❛''✐❝❡ ✭✇✐'❤ '❤❡ ✐♥❝❧✉.✐♦♥ ❛. '❤❡ .'❛♥❞❛,❞ ♦,❞❡,✮✳

❚❤❡ ♥♦'✐♦♥ ♦❢ '♦❧❡,❛♥❝❡ ✐. ❛ ♥❛'✉,❛❧ ❣❡♥❡,❛❧✐③❛'✐♦♥ ♦❢ '❤❡ ♥♦'✐♦♥ ♦❢ ❝♦♥✲

❣,✉❡♥❝❡✳ ■' ✇❛. ✐♥',♦❞✉❝❡❞ ❜② ❈❤❛❥❞❛ ❛♥❞ ❩❡❧✐♥❦❛ ✭❬✹❪✮ ❛♥❞ ✐' ✐. ✐♥ '❤❡ ❢♦❝✉.

♦❢ ❝✉,,❡♥' ✐♥'❡,❡.' ✭.❡❡ ❬✶✵❪✱ ❬✻❪✱ ❬✶✷❪✮ ❛. ❛♥ ✐♠♣♦,'❛♥' '♦♦❧✳ ■♥ ▲❛''✐❝❡ ❚❤❡✲

♦,② '♦❧❡,❛♥❝❡. ❛,❡ ✐♥❞✐.♣❡♥.❛❜❧❡ ✐♥ .❡✈❡,❛❧ ❝♦♥.',✉❝'✐♦♥.✱✭❡✳❣✳ ❍❛❧❧✲❉✐❧✇♦,'❤

❣❧✉✐♥❣.✱ ❲,♦➠.❦✐ .✉♠. ❬✶✶❪✮ ♦, ❞❡❝♦♠♣♦.✐'✐♦♥. ✭❡✳❣✳ ❛'❧❛. ❞❡❝♦♠♣♦.✐'✐♦♥✱

❍❡,,♠❛♥♥ ❞❡❝♦♠♣♦.✐'✐♦♥ ❬✾❪✮ ♦❢ ❧❛''✐❝❡.✳ ❆  ♦❧❡$❛♥❝❡ $❡❧❛ ✐♦♥ ♦❢ ❛♥ ❛❧❣❡✲

❜,❛✐❝ .',✉❝'✉,❡ A ✐. ❛ ,❡✢❡①✐✈❡ ❛♥❞ .②♠♠❡',✐❝ ,❡❧❛'✐♦♥ ❝♦♠♣❛'✐❜❧❡ ✇✐'❤ ❛❧❧

♦♣❡,❛'✐♦♥. ♦❢ A✳ ❆❧❧ '♦❧❡,❛♥❝❡. ♦❢ ❛ .',✉❝'✉,❡ A✱ ♦,❞❡,❡❞ ❜② ✐♥❝❧✉.✐♦♥✱ ❛❧.♦

❢♦,♠ ❛♥ ❛❧❣❡❜,❛✐❝ ❧❛''✐❝❡ ❞❡♥♦'❡❞ ❜② Tol(A) ✭❬✸❪✮✳ ❆❧'❤♦✉❣❤ '❤❡ .❡' ♦❢ ❛❧❧

❝♦♥❣,✉❡♥❝❡. ♦❢ A ✐. ❛ .✉❜.❡' ♦❢ '❤❡ .❡' ♦❢ ✐'. '♦❧❡,❛♥❝❡.✱ Con(A) ♥❡❡❞ ♥♦'

❜❡ ❛ .✉❜❧❛''✐❝❡ ♦❢ Tol(A)✳
▲❡' T ∈ Tol(A) ❛♥❞ X ⊆ A✱ X 6= ∅✳ ■❢ ❡✈❡,② '✇♦ ❡❧❡♠❡♥'. ♦❢X ❛,❡ ✐♥ '❤❡

,❡❧❛'✐♦♥ T ✱ '❤❡♥ ✇❡ ❝❛❧❧ X ❛ ♣$❡❜❧♦❝❦ ♦❢ T ✳ ❇❧♦❝❦- ❛,❡ ♠❛①✐♠❛❧ ♣,❡❜❧♦❝❦.

✭✇✐'❤ ,❡.♣❡❝' '♦ ✐♥❝❧✉.✐♦♥✮✳ ■' ✐. ❡❛.② '♦ ♦❜.❡,✈❡ '❤❛' ✐♥ '❤❡ ❝❛.❡ ✇❤❡♥ T
✐. ❛ ❝♦♥❣,✉❡♥❝❡✱ ❜❧♦❝❦. ❝♦✐♥❝✐❞❡ ✇✐'❤ ❝♦♥❣,✉❡♥❝❡ ❝❧❛..❡. ♦❢ T ✱ ✇❤✐❝❤ ♠❡❛♥.

'❤❛' '❤❡② ❛,❡ ♣❛✐,✇✐.❡ ❞✐.❥♦✐♥'✳ ❖♥ '❤❡ ♦'❤❡, ❤❛♥❞✱ T ∈ Tol(A) \ Con(A)
✐✛ '❤❡,❡ ❛,❡ '✇♦ ♦✈❡,❧❛♣♣✐♥❣ ❜❧♦❝❦. ♦❢ T ✳
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■♥ "❤✐% ♣❛♣❡) ✇❡ ❞❡❛❧ ♦♥❧② ✇✐"❤ ✜♥✐"❡ ❧❛""✐❝❡%✳ ■♥ "❤✐% ❝❛%❡ ❜❧♦❝❦% ♦❢ ❛

"♦❧❡)❛♥❝❡ T ∈ Tol(L) ♦❢ ❛ ✜♥✐"❡ ❧❛""✐❝❡ L ❛)❡ ✐♥"❡)✈❛❧% ♦❢ L ✭❬✷❪✮✳ ❚❤❡)❡❢♦)❡✱

✐❢ α ✐% ❛ ❜❧♦❝❦ ♦❢ T ✱ "❤❡♥ ✇❡ ✉%❡ "❤❡ ♥♦"❛"✐♦♥ α = [0α, 1α]✳ ■" ♠❡❛♥% "❤❛"

❛♥② "♦❧❡)❛♥❝❡ T ∈ Tol(L) ♦❢ ❛ ✜♥✐"❡ ❧❛""✐❝❡ L ❝❛♥ ❜❡ )❡♣)❡%❡♥"❡❞ ❜② "❤❡

%②%"❡♠ ♦❢ ✐"% ❜❧♦❝❦%✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ )❡%✉❧" ❢)♦♠ ❬✼❪ ❣✐✈❡% ❛ ✈❡)② ❡✣❝✐❡♥" ❝❤❛)❛❝"❡)✐③❛"✐♦♥ ♦❢ "❤❡

❝♦❧❧❡❝"✐♦♥ ♦❢ "♦❧❡)❛♥❝❡ ❜❧♦❝❦% ✐♥ "❤❡ ❝❛%❡ ♦❢ ✜♥✐"❡ ❧❛""✐❝❡%✳

▲❡♠♠❛ ✶✳ ❋♦" ❛ ✜♥✐'❡ ❧❛''✐❝❡ L✱ ❧❡' C ❜❡ ❛ ❝♦❧❧❡❝'✐♦♥ ♦❢ ♥♦♥❡♠♣'② 1✉❜1❡'1
♦❢ L✳ ❚❤❡♥ C ✐1 '❤❡ 1❡' ♦❢ ❛❧❧ ❜❧♦❝❦1 ♦❢ 1♦♠❡ '♦❧❡"❛♥❝❡ ♦❢ L ✐✛ C ✐1 ♦❢ '❤❡
❢♦"♠ {[aγ , bγ ] : γ ∈ Γ}✱ ✇❤❡"❡ [aγ , bγ ] ❛"❡ ✐♥'❡"✈❛❧1 ♦❢ L ❛♥❞ '❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐'✐♦♥1 ❛"❡ 1❛'✐1✜❡❞✿

✭✐✮

⋃

γ∈Γ[aγ , bγ ] = L❀

✭✐✐✮ ❢♦" ❛♥② γ, δ ∈ Γ✱ aγ = aδ ✐1 ❡>✉✐✈❛❧❡♥' '♦ bγ = bδ❀
✭✐✐✐✮ ❢♦" ❛♥② γ, δ ∈ Γ✱ '❤❡"❡ ❡①✐1'1 ❛ µ ∈ Γ 1✉❝❤ '❤❛' aµ = aγ ∨ aδ ❛♥❞

bµ ≥ bγ ∨ bδ✳

✷✳ ❈❤❛#❛❝%❡#✐(❛%✐♦♥

▲❡" ✉% ♥♦"✐❝❡ "❤❛" ✐♥ ❝❛%❡ ✐❢ L ✐% ❛ ✜♥✐"❡ ❝❤❛✐♥✱ "❤❡ ❝♦❧❧❡❝"✐♦♥ C ♦❢ ♥♦♥❡♠♣"②

✐♥"❡)✈❛❧% ♦❢ L ✐% "❤❡ %❡" ♦❢ ❛❧❧ ❜❧♦❝❦% ♦❢ %♦♠❡ "♦❧❡)❛♥❝❡ ♦❢ L ✐✛ "❤❡② ❝♦✈❡) L
❛♥❞ ♥♦♥❡ ♦❢ "❤❡ ✐♥"❡)✈❛❧% ✐% ✐♥❝❧✉❞❡❞ ✐♥ ❛♥② ♦"❤❡)✳ ❚❤✉%✱

❈♦(♦❧❧❛(② ✷✳

✭✶✮ ❆ ❝♦❧❧❡❝'✐♦♥ C ♦❢ 1✉❜1❡'1 ♦❢ '❤❡ ❝❤❛✐♥ Ln = 〈{0, . . . , n−1},≤〉 ✐1 '❤❡
1❡' ♦❢ ❛❧❧ ❜❧♦❝❦1 ♦❢ 1♦♠❡ '♦❧❡"❛♥❝❡ ♦❢ L ✐✛ C ✐1 ♦❢ '❤❡ ❢♦"♠ {αi =
[ni,mi] : i = 1, . . . , k} ❢♦" 1♦♠❡ 1 ≤ k ≤ n − 1✱ ✇❤❡"❡ n1 = 0✱
mk = n − 1 ❛♥❞ ni < ni+1 ≤ mi + 1 ❛♥❞ mi < mi+1 ❢♦" ❛❧❧

i = 1, . . . , k✳
✭✷✮ ❆ ❝♦❧❧❡❝'✐♦♥ C ♦❢ 1✉❜1❡'1 ♦❢ '❤❡ ❝❤❛✐♥ Ln = 〈{0, . . . , n − 1},≤〉 ✐1

'❤❡ 1❡' ♦❢ ❛❧❧ ❜❧♦❝❦1 ♦❢ 1♦♠❡ ❝♦♥❣"✉❡♥❝❡ ♦❢ L ✐✛ C ✐1 ♦❢ '❤❡ ❢♦"♠

{αi = [ni,mi] : i = 1, . . . , k} ❢♦" 1♦♠❡ 1 ≤ k ≤ n− 1✱ ✇❤❡"❡ n1 = 0✱
mk = n − 1 ❛♥❞ ni < ni+1 = mi + 1 ❛♥❞ mi < mi+1 ❢♦" ❛❧❧

i = 1, . . . , k✳

■♥ ❬✺❪ ✐" ✐% ♣)♦✈❡❞ "❤❛" "❤❡ %❡" ♦❢ ❛❧❧ ❜❧♦❝❦% ♦❢ ❛ "♦❧❡)❛♥❝❡ T ∈ Tol(L)
♦❢ ❛ ✜♥✐"❡ ❧❛""✐❝❡ L ✇✐"❤ "❤❡ ♦)❞❡) ✐♥❞✉❝❡❞ ❜② "❤❡ ♦)❞❡) ♦❢ "❤❡✐) %♠❛❧❧❡%"

❡❧❡♠❡♥"% ❢♦)♠% ❛ ❧❛""✐❝❡ ❝❛❧❧❡❞ '❤❡ ❢❛❝'♦" ❧❛''✐❝❡ ♦❢ L ♠♦❞✉❧♦ T ✱ ✇❤✐❝❤ ✇✐❧❧

❜❡ ❞❡♥♦"❡❞ ❜② L/T ✳

❆ "♦❧❡)❛♥❝❡ T ♦❢ ❛ ❧❛""✐❝❡ L ✐% ❝❛❧❧❡❞ ❛ ❣❧✉❡❞ '♦❧❡"❛♥❝❡✱ %❡❡ ❬✶✸❪✱ ✐❢ ✐"%

")❛♥%✐"✐✈❡ ❝❧♦%✉)❡ ✐% "❤❡ "♦"❛❧ )❡❧❛"✐♦♥ L2✳ ❚❤❡ %✉❜❧❛""✐❝❡ ♦❢ ❛❧❧ ❣❧✉❡❞ "♦❧❡)✲

❛♥❝❡% ♦❢ L ✇✐❧❧ ❜❡ ❞❡♥♦"❡❞ ❜② Glu(L)✳ ▲❡" ✉% ♦❜%❡)✈❡ "❤❛" "❤❡ "♦"❛❧ )❡❧❛"✐♦♥

L2 ✐% "❤❡ ❣)❡❛"❡%" ❡❧❡♠❡♥" ❜♦"❤ ✐♥ Glu(L) ❛♥❞ ✐♥ Con(L)✱ ❜❡✐♥❣ "❤❡✐) ♦♥❧②
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❡(❛♥❝❡ ♦❢ L✱ ❛♥❞ ✐& ✐* ❞❡♥♦&❡❞ ❜② Σ(L)✳ ❚❤❡ ❢❛❝&♦2 ❧❛&&✐❝❡ L/Σ(L) ✐* ❝❛❧❧❡❞

&❤❡  ❦❡❧❡$♦♥ ♦❢ L✳ ■& ✐* ❡❛*② &♦ ♣2♦✈❡ &❤❛& T ∈ Glu(L) ✐✛ ❡✈❡2② &✇♦ ❜❧♦❝❦*

α, β ♦❢ T ✱ *✉❝❤ &❤❛& α ≺ β ✐♥ L/T ✱ ♦✈❡2❧❛♣✳ ❚❤❡2❡❢♦2❡✱ ✇❡ ❝❛♥ ♥♦&✐❝❡ &❤❛&

❈♦"♦❧❧❛"② ✸✳ ❆ ❝♦❧❧❡❝$✐♦♥ C ♦❢  ✉❜ ❡$ ♦❢ $❤❡ ❝❤❛✐♥ Ln = 〈{0, . . . , n−1},≤〉
✐ $❤❡  ❡$ ♦❢ ❛❧❧ ❜❧♦❝❦ ♦❢  ♦♠❡ ❣❧✉❡❞ $♦❧❡(❛♥❝❡ ♦❢ L ✐✛ C ✐ ♦❢ $❤❡ ❢♦(♠

{αi = [ni,mi] : i = 1, . . . , k} ❢♦(  ♦♠❡ 1 ≤ k ≤ n − 1✱ ✇❤❡(❡ n1 = 0✱
mk = n− 1 ❛♥❞ ni < ni+1 ≤ mi < mi+1 ❢♦( ❛❧❧ i = 1, . . . , k✳

❋♦2 ❛♥② ❧❛&&✐❝❡ L ✇❡ *❤❛❧❧ *❛② &❤❛& T ∈ Tol(L) ✐* ❛  ♣❛(❡ $♦❧❡(❛♥❝❡ ✐❢

❢♦2 ❛♥② &✇♦ ❞✐✛❡2❡♥& ❜❧♦❝❦* α ❛♥❞ β ♦❢ T ✐& ❤♦❧❞* |α ∩ β| ≤ 1✳ ■& ✐* ❝❧❡❛2

&❤❛& ❡✈❡2② ❝♦♥❣2✉❡♥❝❡ ✐* ❛ *♣❛2❡ &♦❧❡2❛♥❝❡✳ ❲❡ *❤❛❧❧ *❛② &❤❛& T ∈ Tol(L)
✐*  ♣❛(✐♥❣❧② ❣❧✉❡❞ ✐❢ ✐& ✐* ❜♦&❤ ❣❧✉❡❞ ❛♥❞ *♣❛2❡✳ ▲❡& ✉* ❞❡♥♦&❡ ❜② SG(L)
&❤❡ *❡& ♦❢ ❛❧❧ *♣❛2✐♥❣❧② ❣❧✉❡❞ &♦❧❡2❛♥❝❡* ♦❢ &❤❡ ❧❛&&✐❝❡ L✳ ❲❡ ❝❛♥ ♦❜*❡2✈❡

✐♠♠❡❞✐❛&❡❧② &❤❛&

("♦♣♦*✐,✐♦♥ ✹✳ ❆ $♦❧❡(❛♥❝❡ T ♦❢ ❛ ❧❛$$✐❝❡ L ✐  ♣❛(✐♥❣❧② ❣❧✉❡❞ ✐✛ ❢♦( ❡✈❡(②

$✇♦ ❜❧♦❝❦ α, β ♦❢ T ✱  ✉❝❤ $❤❛$ α ≺ β ✐♥ L/T ✱ ✇❡ ❤❛✈❡ |α ∩ β| = 1✳

❙✐♥❝❡ ❢♦2 ❡✈❡2② ❝♦♥❣2✉❡♥❝❡ T ♦❢ L ✇❡ ❤❛✈❡ |α∩β| = 0 ❢♦2 ❛♥② &✇♦ ❞✐✛❡2❡♥&

❜❧♦❝❦* α ❛♥❞ β ♦❢ T ✱ &❤❡ ♥♦&✐♦♥ ♦❢ *♣❛2✐♥❣❧② ❣❧✉❡❞ &♦❧❡2❛♥❝❡ *❡❡♠* &♦ ❜❡ ❛

♥❛&✉2❛❧ ❝♦✉♥&❡2♣❛2& ♦❢ &❤❡ ♥♦&✐♦♥ ♦❢ ❝♦♥❣2✉❡♥❝❡ ❢♦2 ❣❧✉❡❞ &♦❧❡2❛♥❝❡*✳

❇② ❈♦2♦❧❧❛2② ✷ ❛♥❞ B2♦♣♦*✐&✐♦♥ ✹✱ ✇❡ ❞✐2❡❝&❧② ❣❡& &❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛2❛❝✲

&❡2✐③❛&✐♦♥ ♦❢ *♣❛2❡ ❛♥❞ *♣❛2✐♥❣❧② ❣❧✉❡❞ &♦❧❡2❛♥❝❡* ♦♥ ✜♥✐&❡ ❝❤❛✐♥*✿

❈♦"♦❧❧❛"② ✺✳

✭✶✮ ❆ ❝♦❧❧❡❝$✐♦♥ C ♦❢  ✉❜ ❡$ ♦❢ $❤❡ ❝❤❛✐♥ Ln = 〈{0, . . . , n − 1},≤〉 ✐ 

$❤❡  ❡$ ♦❢ ❛❧❧ ❜❧♦❝❦ ♦❢  ♦♠❡  ♣❛(❡ $♦❧❡(❛♥❝❡ ♦❢ L ✐✛ C ✐ ♦❢ $❤❡ ❢♦(♠

{αi = [ni,mi] : i = 1, . . . , k} ❢♦(  ♦♠❡ 1 ≤ k ≤ n− 1✱ ✇❤❡(❡ n1 = 0✱
mk = n − 1 ❛♥❞ ni < ni+1 ❛♥❞ mi < mi+1 ❛♥❞ ni+1 = mi ♦(

ni+1 = mi + 1 ❢♦( ❛❧❧ i = 1, . . . , k✳
✭✷✮ ❆ ❝♦❧❧❡❝$✐♦♥ C ♦❢  ✉❜ ❡$ ♦❢ $❤❡ ❝❤❛✐♥ Ln = 〈{0, . . . , n−1},≤〉 ✐ $❤❡

 ❡$ ♦❢ ❛❧❧ ❜❧♦❝❦ ♦❢  ♦♠❡  ♣❛(✐♥❣❧② ❣❧✉❡❞ $♦❧❡(❛♥❝❡ ♦❢ L ✐✛ C ✐ ♦❢ $❤❡

❢♦(♠ {αi = [ni,mi] : i = 1, . . . , k} ❢♦(  ♦♠❡ 1 ≤ k ≤ n − 1✱ ✇❤❡(❡

n1 = 0✱ mk = n−1 ❛♥❞ ni < ni+1 = mi < mi+1 ❢♦( ❛❧❧ i = 1, . . . , k✳

❊①❛♠♣❧❡✳ ■♥ $❤❡ ♣✐❝$✉(❡ ❜❡❧♦✇ ♦♥❡ ❝❛♥  ❡❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥❣(✉❡♥❝❡

✭❋✐❣✳✶✮✱ ❛  ♣❛(❡ $♦❧❡(❛♥❝❡ ✇❤✐❝❤ ✐ ♥♦$ ❣❧✉❡❞ ✭❋✐❣✳✷✮✱ ❛ ❣❧✉❡❞ $♦❧❡(❛♥❝❡

✇❤✐❝❤ ✐ ♥♦$  ♣❛(❡ ✭❋✐❣✳✸✮ ❛♥❞ ❛  ♣❛(✐♥❣❧② ❣❧✉❡❞ $♦❧❡(❛♥❝❡ ✭❋✐❣✳✹✮ ❢♦( $❤❡

 ✐①✲❡❧❡♠❡♥$ ❝❤❛✐♥✳

▲❡& Ln = 〈{0, . . . , n−1},≤〉 ❜❡ ❛♥ n✲❡❧❡♠❡♥& ❝❤❛✐♥✳ ❲❡ ✉*❡ &❤❡ ❢♦❧❧♦✇✐♥❣

♥♦&❛&✐♦♥✿ tn = |Tol(Ln)|✱ qn = |Con(Ln)| ❛♥❞ gn = |Glu(Ln)| ❛♥❞ sn =
| SG(Ln)|✳

■♥ ❬✶❪ ✇❡ ♣2♦✈❡❞ &❤❛&



✺✷ ❆◆❊❚❚❆ ●%❘◆■❈❑❆✱ ❏❖❆◆◆❆ ●❘❨●■❊▲✱ ■❲❖◆❆ ❚❨❘❆▲❆

✵

✶

✷

✸

✹

✺

✵

✶

✷

✸

✹

✺

✵

✶

✷

✸

✹

✺

✵

✶

✷

✸

✹

✺

Fig.1 Fig.2 Fig.3 Fig.4

❚❤❡♦$❡♠ ✻✳ ❋♦( ❡✈❡(② n ≥ 1✱ ✇❡ ❤❛✈❡

✭✶✮ gn = cn−1 =
1

n

(

2n−2
n−1

)

;

✭✷✮ tn = cn =
1

n+1

(

2n
n

)

,

✇❤❡(❡ cn 23❛♥❞2 ❢♦( 3❤❡ n3❤ ❈❛3❛❧❛♥ ♥✉♠❜❡(✳

✸✳ ▼❛✐♥ $❡&✉❧)&

◆♦✇✱ ♦✉' ❣♦❛❧ ✐, -♦ ✜♥❞ -❤❡ ♥✉♠❜❡' ♦❢ ❛❧❧ ❝♦♥❣'✉❡♥❝❡, ❛♥❞ ❛❧❧ ,♣❛'✐♥❣❧②

❣❧✉❡❞ -♦❧❡'❛♥❝❡, ♦♥ -❤❡ n✲❡❧❡♠❡♥- ❝❤❛✐♥✳ ■- ✐, ❝❧❡❛' -❤❛- ❢♦' n = 1 ✇❡ ❤❛✈❡

q1 = sn = 1✳ ▼♦'❡♦✈❡'✱

❚❤❡♦$❡♠ ✼✳ ✭✶✮ qn = 2n−1 ❢♦( ❡✈❡(② n ≥ 1✱
✭✷✮ sn = 2n−2 ❢♦( ❡✈❡(② n > 1 ❛♥❞ s1 = 1✳

=(♦♦❢✳ ✭✶✮ ❋♦' n = 1✱ ✐✳❡✳✱ ❢♦' -❤❡ -'✐✈✐❛❧ ❧❛--✐❝❡ -❤❡'❡ ✐, ♦♥❧② ♦♥❡ ❝♦♥✲

❣'✉❡♥❝❡✳ ❚❤❡♥ q1 = 1✳
▲❡- ✉, ❝♦♥,✐❞❡' -❤❡ (n + 1)✲❡❧❡♠❡♥- ❝❤❛✐♥ ❛♥❞ ❧❡- T ❜❡ ❛ ❝♦♥✲

❣'✉❡♥❝❡ ♦♥ ✐-✳ ❚❤❡ (n + 1),- ❡❧❡♠❡♥- ♦❢ -❤❡ ❝❛❤✐♥ ❝❛♥ ❝♦♥,-✐-✉-❡ ❛

,✐♥❣❧❡ ❜❧♦❝❦ ♦❢ T ✲ -❤❡'❡ ❛'❡ qn ,✉❝❤ ❝♦♥❣'✉❡♥❝❡,✱ ♦' ✐- ❝❛♥ ❜❡ ❛- -❤❡

,❛♠❡ ❜❧♦❝❦ ❛, -❤❡ n-❤ ❡❧❡♠❡♥- ♦❢ -❤❡ ❝❤❛✐♥ ✲ -❤❡'❡ ✐, ❛❣❛✐♥ qn ,✉❝❤

❝♦♥❣'✉❡♥❝❡,✳ ❚❤✉,✱ ✇❡ ❣❡- -❤❡ ,✐♠♣❧❡ '❡❝✉''❡♥❝❡✿

q1 = 1; qn+1 = 2qn,

❤❡♥❝❡ qn = 2n−1 ❢♦' n ≥ 1✳
✭✷✮ ■- ✐, ❝❧❡❛' -❤❛- s1 = 1✳

▲❡- n > 1 ❛♥❞ ❧❡- ✉, ❝♦♥,✐❞❡' -❤❡ ❝❤❛✐♥ Cn−1 = {[i, i+1]}i=0,...,n−1
♦❢ ,❡❣♠❡♥-, ♦❢ Ln ✇✐-❤ -❤❡ ,-❛♥❞❛'❞ ♦'❞❡'✳ ❚❤❡♥ -❤❡ ❢✉♥❝-✐♦♥ f :
Cn−1 7→ Ln−1 ❣✐✈❡♥ ❜② f([i, i+ 1]) = i ✐, ❛♥ ✐,♦♠♦'♣❤✐,♠✳

▲❡- T ❜❡ ❛ ,♣❛'✐♥❣❧② ❣❧✉❡❞ -♦❧❡'❛♥❝❡ ♦♥ Ln✳ ❚❤❡♥ ❡✈❡'② ,❡❣♠❡♥-

[i, i + 1] ∈ Cn−1 ❜❡❧♦♥❣, -♦ ❡①❛❝-❧② ♦♥❡ ❜❧♦❝❦ ♦❢ T ✳ ▼♦'❡♦✈❡'✱ ❢♦'

❡✈❡'② ❜❧♦❝❦ [ni,mi] ♦❢ T ✇❡ ❤❛✈❡

f([ni,mi]) = f(
⋃

ni≤k≤mi−1

[k, k+1]) =
⋃

ni≤k≤mi−1

f([k, k+1]) = [n1,mi−1].
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❚❤❡♥✱ ❛❝❝♦(❞✐♥❣ ,♦ ❈♦(♦❧❧❛(✐❡/ ✷ ❛♥❞ ✺✱ ✇❡ ❝♦♥❝❧✉❞❡ ,❤❛, ❡✈❡(② /♣❛(✲

✐♥❣❧② ❣❧✉❡❞ ,♦❧❡(❛♥❝❡ ♦♥ Ln ❝♦((❡/♣♦♥❞/ ✉♥✐8✉❡❧② ,♦ ❛ ❝♦♥❣(✉❡♥❝❡

♦♥ Ln−1✳ ❚❤❡(❡❢♦(❡✱ ❛❝❝♦(❞✐♥❣ ,♦ ✭✶✮✱ ❢♦( ❡✈❡(② n > 1 ✇❡ ❣❡,

sn = qn−1 = 2n−2.

�

◆♦✇✱ ❧❡, ✉/ ❡/,✐♠❛,❡ ,❤❡ ❛!②♠♣%♦%✐❝ ❞❡♥!✐%② ♦❢ ❝♦♥❣(✉❡♥❝❡/ ❛♠♦♥❣ ❛❧❧

,♦❧❡(❛♥❝❡/ ♦❢ ❛ ❝❤❛✐♥ ❛♥❞ ♦❢ /♣❛(✐♥❣❧② ❣❧✉❡❞ ,♦❧❡(❛♥❝❡/ ❛♠♦♥❣ ❛❧❧ ❣❧✉❡❞

,♦❧❡(❛♥❝❡/ ♦❢ ❛ ❝❤❛✐♥✳ ❲❤❛, ✇❡ ✇❛♥, ,♦ ❝♦♠♣✉,❡ ❛(❡ ,❤❡ ❧✐♠✐,/ ♦❢ /❡8✉❡♥❝❡/

(qn/tn)n≥1 ❛♥❞ (sn/gn)n≥1✱ ✈❛❧✉❡/ ♦❢ ✇❤✐❝❤ ❝♦((❡/♣♦♥❞ ,♦ ❝❤❛♥❝❡/ ♦❢ ❞(❛✇✐♥❣
✇✐,❤ ✉♥✐❢♦(♠ ❞✐/,(✐❜✉,✐♦♥ ❛ ❞❡/✐(❡❞ ♦❜❥❡❝,✱ ❛ ❝♦♥❣(✉❡♥❝❡ ❢(♦♠ ,❤❡ /❡, ♦❢ ❛❧❧

,♦❧❡(❛♥❝❡/ ♦( ❛ /♣❛(✐♥❣❧② ❣❧✉❡❞ ,♦❧❡(❛♥❝❡/ ❢(♦♠ ,❤❡ /❡, ♦❢ ❛❧❧ ❣❧✉❡❞ ,♦❧❡(❛♥❝❡/

♦♥ ❛ ❝❤❛✐♥ ♦❢ ❧❡♥❣,❤ n✳
■♥ ✇❤❛, ❢♦❧❧♦✇/✱ ✇❡ ❛❞❛♣, ,❤❡ ❢♦❧❧♦✇✐♥❣ /,❛♥❞❛(❞ ∼ ♥♦,❛,✐♦♥✳ ●✐✈❡♥

,✇♦ ♣♦/✐,✐✈❡ /❡8✉❡♥❝❡/ (an)n≥0 ❛♥❞ (bn)n≥0 ✇❡ ✇(✐,❡ an ∼ bn ✇❤❡♥❡✈❡(
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