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FUNCTIONS
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ABSTRACT

In the article we present definition and some properties of weakly p-upper continuous
functions. We find maximal additive and maximal multiplicative families for the class of
weakly o-upper continuous functions.

1. PRELIMINARIES

In the article we apply standard symbols and notations. By R we denote
the set of all real numbers, by N we denote the set of all positive integers.
By £ we denote the family of Lebesgue measurable subsets of the real line.
The symbol A(-) stands for the Lebesgue measure on R. In the whole article,
I will denote an open interval (not necessarily bounded) with ends a, b and f
— areal function defined in I. By A we denote the class of all approximately
continuous functions defined in [I.

Let E be a measurable subset of R and = be a real number. According
to [1], the numbers

EJF(E x) = limsup AEN [z, +1])
, t—0+ t

and
AMEN[x—t, z])
t
are called the right upper density of E' at = and left upper density of F
at x, respectively. The number

d (E,z) =liminf
t—0T

d(E,r) = max {8+(E,$),ai(E,x)}
is called the upper density of E at x.
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Recall the definition of g-upper continuous function.

Definition 1. 2| Let E be a measurable subset of R. If z € R and
0 < o <1, then we shall say that x is a point of o-type upper density of F
if d(E,z) > o.

Definition 2. [2]| Let x € I. A real-valued function f defined on I is called
o-upper continuous at x provided that there is a measurable set E C I such
that = is a point of o-type upper density of E, x € E and f|g is continuous
at x. If f is o-upper continuous at each point of I, we say that f is p-upper
continuous.

By UC, we denote the class of all p-upper continuous functions defined
in an open interval I.

2. WEAKLY 0-CONTINUOUS FUNCTIONS

Now, we shall give the basic definitions of this paper.

Definition 3. Let E be a measurable subset of R and x € R. Q‘Q € (0,1),
then we say that x is a point of weak o-type upper density of E if d(E,x) > o.

Definition 4. A real-valued function f defined in I is called weakly o-upper
continuous at x € I provided that there is a measurable set E2 C I such that
x s a point of weak o-type upper density of E, x € E and f|g is continuous
at x. If f is weakly o-upper continuous at each point of I, we say that f is
weakly o-upper continuous.

By wl{C, we denote the class of all weakly p-upper continuous functions
defined on an open interval I.

In an obvious way we define one-sided weak p-upper continuity at a point
x and f is weakly g-upper continuous at z if and only if it is weakly o-upper
continuous at x on the right or on the left.

Corollary 1. If 0 < o1 < 02 <1, z9 € I and f: I — R is weakly os-upper
continuous at xq, then [ is weakly o1-upper continuous at x.

Corollary 2. If 0 < p < 1 and f: I — R is p-upper continuous at some
point xg from I, then f is weakly o-upper continuous at xg.

Example 1. Let o € (0,1). We shall show that there exists f: R — R such
that f € wdC, \ UC,.

Let (x,)n>1 be a sequence of real numbers such that lim x, = 0 and
- n—o0

Tpt1 < Ty for every n > 1. For each n > 1 take any vy, € (y41,%,) such
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that x, — yn = 0o(xy, — Tp41). Define a function f: R — R letting

0 if e € (—00,0)U U {an} U (21,00),

n=1

f(:l?): 1 ifJ}E{O}U Ej[ynaxn)>

n=1
linear on each interval [z,41,yn],n > 1.

Clearly, f is p-upper continuous at every point except at 0. Take any € > 0.
Then

A({x € [Tnt1,n]: [f(2) = 1] <e}) = eX([@n1, un]) =
= 6(1 - Q)/\ ([xn+1a$n]) .

Therefore,
A({z € [0,zn]: [f(x) = 1] <e}) =

=3 (A ([zrs1, 7)) + (1 — QA ([whsr, 2x])) =

k=n

= (0+e(1—0) > Alzrpr,2a)) = (e + (1 — 2)A ([0, za]) -
k=n

Then

T (fo: i AUz e [0,aa]: [f(z) — 1] <e})
d({z:[f(x) =1 <e},0) = lim (0, 7)) =

=o0+e(1-o).
Si lim d({z: —1l<e},0)= 1
ince lim d({z:|f(z) -1 <e},0) = lim

that f is not g-upper continuous at 0 and f is weakly p-upper continuous

at 0. Hence f € wldC, \ UC,.

(0+e(1—p)) = o, we conclude

Corollary 3. If0 < g1 < g2 <1 and f: I — R is weakly oo-upper contin-
uous at some point xg from I, then f is o1-upper continuous at xg.

Example 2. We shall show that if 0 < p1 < g2 < 1, then there is a function
f:(a,b) = R such that f € UC,, \ wUC,p,.

Let a < 0 < b. We can find a sequence ([ay, by])n>1 of pairwise disjoint
closed intervals such that 0 < b,+1 < a, < b, for each n and

(7 o1+o0
— 1 2
d <U[an,bn],0> ==

n=1
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Let ([cn, dn])n>1 be a sequence of pairwise disjoint closed intervals such that

[an, by] C (cp,dy) for every n > 1 and dr < U ([en, dn] \ [an,bn]),0> = 0.

n=1
Put I, = [an,by], Jn = [cn,dy] for every n > 1. Define a function
f:(a,b) — R letting

0 ifze{0}u U I,
=t
T@ =93 1 itz e (@0)U Uldnsr, ca Uldi,b),
n=1
linear on each interval [c,, a,], [bn, dy],n > 1.

o0

The function f is continuous at every point except at 0. If £ = J I,U {0},
n=1

then the function f restricted to F is constant, so in particular, it is con-

tinuous at zero. Moreover,

AE,0)>d (E,0)=d" <U1n,o> 91"2“)2 > o1.

Hence f € UC,,. But

+Gwﬂ@<mm§f<ﬁﬁm>g

" (U In,0> +d (U(Jn\1n>,0> = 91;@ < 0.
n=1 n=1

Moreover d ({z: f(z) < 1},0) = 0. Thus d ({z: f(x) < 1},0) < g2 and f
is not weakly os-upper continuous at 0. Hence f & wldC,,.

Corollary 4. |J UC,= |J wlC,.

0€(0,1) 0€(0,1)
Corollary 5. (| UC,= [) wlUC,.
0€(0,1) 0€(0,1)

Definition 5. We say that a real-valued function f defined on an open
interval I has Denjoy property at xo € I if for each € > 0 and 6 > 0 the set

{z € (zo— 6,20 +0): [f(x) — f(z0)| <€}

contains a measurable subset of positive measure. We say that f has Denjoy
property if it has Denjoy property at each point x € I.

Immediately from Theorem 2.1 in [2]|, Remark 2.1 in [2] and Corollary 2
we obtain the following results.
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Corollary 6. If0 < o <1 and f € wldC,, then f is measurable.
Corollary 7. If 0 < 0 <1 and f € wlC,, then f has Denjoy property.
The proof of the next corollary follows directly from Theorem 2.4 in [4].

Corollary 8. There exists function f such that f € () wlC, and f does
0€(0,1)
not belong to the Baire class 1.

We shall need the following lemma.
Lemma 1. [3] If 0 < ¢ < 1 and {E,: n € N} is a descending family of
00 _
measurable sets such that x € () E, and d(Ey,,x) > o forn > 1, then there

n=1
exists a measurable set E such that d(E,x) > o0, x € E, and for each n € N
there exists 6, > 0 for which E N[z — dp,x + 6,) C Ey.

We shall give an equivalent condition of weak g-upper continuity at
a point.

Theorem 1. If0 < o<1 and f: I — R is a measurable function, then f
18 weakly o-upper continuous at x € I if and only if

d{yel:|f(x)— f(y)| <e},x) >0 forevery e>0.

Proof. Assume that f is weakly og-upper continuous at x. Let £ C I be
a measurable set such that z € E, f|g is continuous at = and d(E,z) > o.
Since f|g is continuous at z, for each € > 0 we can find § > 0 such that
[x—d,z+dNEC{yeE:|f(x)— f(y)| <e}. Hence for each £ > 0

d{y e I: |f(x) = f(y)l <ehz) 2d({y € E: |f(z) - f(y)| <e},z) =
=d(E,z) > o.
Finally, assume that for each € > 0,
d({y € I+ |f(z) = f(y)| < e},z) > o
By Lemma 1 for sets E, = {y el:|f(x)—fy) < %}, where n € N, we
can construct a measurable set F such that x € F, E(E,x) > o and for
each n there exists d,, > 0 for which E N[z — §,,x + 0,] C E,. The last

condition implies that f|g is continuous at z. It follows that f is weakly
o-upper continuous at x, what was to be shown. U

Now we will show that the family of weakly p-upper continuous functions
is closed under uniform limits, i.e. every limit of uniformly convergent
sequence of functions from wl{C, belongs to this family.
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Theorem 2. If 0 < o < 1 and a sequence (fn)n>1 of weakly o-upper con-
tinuous functions is uniformly convergent to a function f, then f is weakly
o-upper continuous.

Proof. Let (fn)n>1 be a sequence of weakly p-upper continuous functions
uniformly converges to f. Let xp € I and € > 0. There exists ng > 1 such
that for every k > ng and every x € [ the inequality

fula) = fl@)l < 5

holds. Fix n > ng. Since f, is weakly p-upper continuous at xg, there exists
a measurable set E C I such that xo € E, f,|g is continuous at o and
d(E,z0) > 0. Then there exists a positive § such that

20 — 6,20 + 0] N E C {x € E: |fol@) — fulao)| < %}

Notice that

[f(x) = flzo)| < [f(x) = fu(@)| + | fu() = fu(zo)| + [fn(z0) — f(20)| <€
if z € [xg — 0,20 + 6] N E. Therefore

{2 € B: Iful@) = fuloo)] < S} € {2 |f(@) = flao)| < <),

Hence
d({z: |f(x) — fxo)| < e}, x0) >
> ({x € E: |fu() — fulao)| < %} ,x()) = d(E, o).
Therefore

d({z: [f(z) — f(zo)| < e}, x0) > d(E,20) > 0.

It means that the function f is weakly p-upper continuous at x. O

Example 3. We shall show that the family of o-upper continuous functions
is not closed under the operation of uniform convergence.

Define the function f in the same way as in Example 1. Let f,,: R — R,
frno = min{l — %,f} for each n > 1. Then, clearly, the sequence (fy)n>1
uniformly converges to f and f ¢ UC,. Since

(s fule) =1 - 1 = SO} = {u |(0) — 1] < 1}
and d ({z: [f(z) — 1] < 1},0)

for each n > 1.

o+ %(1 — 0) > o, we infer that f, € UC,
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3. MAXIMAL ADDITIVE FAMILY

Definition 6. Let F be any family of real valued functions defined on I.
The set Mo(F) ={g: V¢er f+g € F} is called a mazimal additive family
for F.

Remark 1. If a zero (constant) function is a member of a family of func-

tions F', then My(F) C F.

Lemma 2. [3| Let numbers ¢ and 7 fulfil the inequality 0 < ¢ < v < 1.
Moreover, let E be a measurable subset of R with the property E+(E, x)=c
for some point x € R. Then there exists a measurable set H such that
ECH, 3+(H,:L‘) >y and8+(H\E,x) <v—c(l—7).

The proof of next theorem is based on the proof of Theorem 2.1 in [3],
where the maximal additive class for g-upper continuous functions is dis-
cussed.

Theorem 3. If0 < p < 1, then for each f € wldC,\ A there exists g: I — R
such that g € wC, and f+ g & wlC,.

Proof. Since f ¢ A, there exist xg € I and € > 0 such that
d" ({z € I+ |f(2) = f(w0)| = e}, 20) >0

or
d ({x el:[f(xo0) — f(z)| > €}, 20) > 0.
Without loss of generality we may assume that the first inequality holds.
Put B = {x € I:|f(x) — f(zo)] > €} and ¢ = E+(E,xo). Therefore
¢ > 0. Let v be a real number satisfying conditions v > o, ¢ < v < 1 and
v —c(l —7) < p. By Lemma 2, there exists a measurable set H such that
ECH, E+(H, xo) > v and E+(H\E,x0) < —¢(1—+). Next one can find
a sequence ([an,bp])n>1 of closed intervals such that zo < bpt1 < an < by,
for each n > 1 and

d* (U [, bo] \ H, :c()) —d (H\ U[an,bn],m) —0.

Thus d U [a’l’bvbn]wro = d (H7 xO) 2 Y 2 0.
n=1
Let ([en, dn])n>1 be a sequence of pairwise disjoint closed intervals such

_ e
that [an,b,] C (cn,d,) for all n and ar ( U ([en, dn] \ [an,bn]),x()) = 0.
n=1
Put I, = [an,by] and K,, = [c,,dy] for each n > 1. Define a function
g: (a,b) — R letting
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0 if{EE{xo}U U I,
n=1

9@ =\ _f@)+ fwo) +e ifz € (@a0)U U [dnstscn] Udr,b),
n=1
linear on each interval [c,, a,], [bn, dy],n > 1.

Since f € wldC,, g is weakly p-upper continuous at each point except
at xg. Applying inequality

d({e: glx) = glxo) = 0},z0) > d* (U 1) > o,

n=1

we conclude that g is weakly o-upper continuous at xg, too. It means that
g € wldC,.

Now, we shall show that f 4+ ¢ is not weakly g-upper continuous at xg.
Put

F={zel: |(f+9)(x) = (f+9)(zo)| <e}.

For = ¢ Ej K, U{zo}, we have (f + g)(x) — (f + g)(z0) = €. Therefore

n=1

Fc ) KUz} Ifx e fjlfn,then (F+9) (@)~ (f+9) (o) = F(2)— f(x0)

n=1 n=
o0 oo
and consequently (J I, N F C I, \ E. Thus
1 =1

n—= n

n=1

<d (D In\E,x()) +d (G(Kn\fn),m()) -

n=1 n=1

A(F,z0) =d (F,z0) <d' (Fﬂ U In,a;()) +d (F\ U In,x0> <
n=1

=d (H\E,z0) <v—c(l—7) < o.

It follows that f + g is not weakly p-upper continuous at zy. Hence
f+ g & wlC,, which completes the proof. O

The proof of the following lemma is identical to the proof of Lemma 2.2
in [3] and we omit it.

Lemma 3. Let f: I — R, g: I — R be weakly o-upper continuous at
some point x € I, where 0 < o < 1. If at least one of those functions
is approzimately continuous at x, then f+ g and f - g are weakly o-upper
continuous at x.
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Corollary 9. Let g: I — R be weakly o-upper continuous at some point
x €1, where 0 < o < 1. If f: I — R is approximately continuous at x,
then f+ g and f - g are weakly o-upper continuous at x.

Corollary 10. Let f: I — R, g: I — R be weakly o-upper continuous in I,
where 0 < 0 < 1. If Dgp(f) N Dap(g) = 0, where Dey(f) denotes the set of
all points at which f is not approximately continuous, then f+ g and f - g
are weakly o-upper continuous in I.

Theorem 4. If0 < o < 1, then My(wlC,) = A.

Proof. By Theorem 3, we have widC, N My(wldC,) C A. By Remark 1,
we have the inclusion Mg (uwldC,) C wldC,. Therefore M,(uldC,) C A.
Finally, by Lemma 9, we have A C M (uldC,). O

4. MAXIMAL MULTIPLICATIVE FAMILY

Definition 7. If F is any family of real valued functions defined on an open
interval I, then the set {g: Vscr f-g € F} is called a mazimal multiplicative
family for F and is denoted by M, (F).

Remark 2. If a constant function equalled to 1 is a member of a family of

functions F, then M,,(F) C F.

Lemma 4. If 0 < p < 1 and a measurable function f: I — R is not

approzimately continuous at some point xo from I for which f(xg) # 0,
then there exists g: I — R such that g € wdC, and f - g & wldC,.

Proof. Without loss of generality we may assume that f is not approxi-
mately continuous from right side at xy. Then we can find a positive £ such
that e < |f(xo)| and

d" ({z e I: |f(z) = flxo)| > e}, 20) = ¢ > 0.
Put E={zel:|f(z)— f(xo)| > e}. Take y such that
0<y<1l, ¢<vy and v—c(l—7)<o.
By Lemma 2, there exists a measurable set H such that
ECH, 8+(H,"EQ) >~ and EJF(H\E,xo) <y —c(l—7).

Similarly as in proof of Lemma 3.1 in [3] we can find a sequence ([an, bp])n>1
of closed intervals such that x¢ < by41 < a, < by, for each n > 1 and

ar (U [an, bo] \ H, :v()) —d (H\ U[an,bn],m) = 0.

n=1

[e.9]

Then d ' ( U [an,bn],$o> =E+(H,$0) >y 20

n=1
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Let ([cn,dn])n>1 be a sequence of pairwise disjoint closed intervals such

that [an,bn] C (cn,d,) for all n and ar < U ([en, dn] \ [an,bn]),x()) = 0.

n=1
Denote now I, = [an, by], K, = [cn,dy] for each n > 1. Define a function
g: (a,b) — R by

00
1 ifxe {l’g} U U I, U [bl,b),
n=1

— o0
9@ =3 0 ifee(@20)U U ldusr, el
n=1
linear on each interval [c,, an], [bpt1, dnt1],n > 1.

Then g is continuous except at xg. Moreover,

d({w el g(x) =1},20) > d" (U In,mo> =d" (H,z0) >~ >0

n=1

and g restricted to {z € I: g(x) = 1} is continuous at zo. It follows that g
is weakly o-upper continuous at zg. Therefore g € wldC,.
Moreover, (f - g)(zo) = f(zo) and

o

{z: |(f-9)(@) = (f - g)(xo)| <€} N ((a,xo) U [dn+1,0n]> = 0.

n=1

Then
d({z e I:|(f-g)(x) = (f-9)(xo)| <&}, m0) <

<dt {xe U Kot 1(£-9)(@) — (f - 9)(x0)] <e},xo> =

—d" ({xe U In: | £(z) = £(z0)] <5},x0> =
+

=d ({zeH: |f(x)— f(zo)| <e},m0) =
—d" ({z € H\E: |f(z) = f(z0)] < e},20) <7 —c(l —7) < 0.

It implies that f - ¢ is not weakly p-upper continuous at xg i.e. fg & wldC,.
O

Definition 8. If0 < p < 1, then by W(p) we shall denote the family of all
measurable functions f: I — R such that at each o € Dgp(f) the following
two conditions hold

(W1) f(zog) =0 (in other words Doy(f) C Ny, where Ny={x: f(z) = 0});
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(W2) for each e > 0 and for each measurable set F' such that F > Ny and
d(F,z0) > o0 we have

d(F n{z e I:|f(x)— f(zo)| < },20) > o
Theorem 5. M,,(wldC,) = W(po) for each o such that 0 < p < 1.

Proof. Fix p from the interval (0,1). Let f € W(p) and g € wldC,. Take
any g € I. Then we can find a measurable set E such that zg € F,
d(E,x¢) > ¢ and g|g is continuous at .

First, we assume that f is approximately continuous at xg. Then, by
Lemma 9, f - g is weakly g-upper continuous at xg.

Now, we assume that 9 € Dgp(f). By condition (IW1), we obtain
f(zo) = 0. Since g|g is continuous at xg, there exist positive numbers
r and M such that |g(z)| < M for x € EN[zg—r,z9+7r]. Put F = EUNj.
Then Ny C F and d(F, xg) > 0. Let € > 0. Then

fo e I |(f - 9)(@)| < e} N [0 — 30 +7] D
SEN{zel:|f(z)|<5}Nwo—r,zo+r]
By condition (W2), we have

A({w: (- 9)(@)| < e}ywo) = A ({a: 1 (@)] < £} N Fowo) =
=d({z: |f(@)] <} N Fx0) > o,

where ¢/ = 7. By Theorem 1, f - g is weakly g-upper continuous at .
Hence f-g € wldC,. In this way, we have proven that W (o) C M, (wldC,).

Finally, assume that f € M,,(wldC,). If g € Dg,(f), then, by Lemma 4,
we obtain f(zg) = 0. Therefore f satisfies the condition (W1). Take any
measurable set F such that Ny C F and d(F,z) > o. Identically as in the
proof of Theorem 3.1 in [3] we can find sequences ([an, bn))n>1, ([¢ns dn])n>1,
([an, b )n>1, (¢, dnD)n>1, (@n)n>1, (),)n>1 that satisfy conditions listed
in that proof.

Define a function g: (a,b) — R by

oo [e’e]
L, ifze U lan b U U ay, b)) U (a,a1] U b1, b) U {xo},
n=1 n=1
glx) =< an, ifxeldyr,c], n=12,...,

ay, fxeld,c, ], n=12,...,
linear on each [c,, @yl [bny1, dny1], (€415 anyq], (B0, dr],n > 1.

It follows directly from the definition of g, that ¢ is continuous at each point
except at xg. Since

d Ga U[ja bl = d(F, zp)
n,n n’n — 5 L0
n=1

n=1
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o0 oo
and g restricted to the set |J [an,b,] U U [al,,b),] U{zo} is constant, g is
1

n>Yn
n=1

n—=
weakly o-upper continuous at zg. Thus g € wldC,. Hence f-g € wldC,.
Moreover, (f - g)(zo) = 0. Put

Ec={zel:|(f - 9)(x) = (f-9)(xo)| <e} ={z e [: [(f- g)(z)| <&}

if 0 <e < 1. Since f-g € wldC,, d(E.,xp) > 0. On the other hand, in the
same way as in mentioned proof, we obtain

d"(Eeyz0) <d' ({w € F: |f(2)] < e}, 0),

d (E.,z0) <d ({z € F:|f(2)| <&}, z0)

if 0 <e <1 Thus d({z € F: |f(2)|] < e},z0) > d(E-,z0) > o. It follows
that the condition (W2) is satisfied and f € W(p). 0

Corollary 11. If a measurable function f: I — R satisfies the following
conditions:

(1) o € Dap(f),
(2) d(Nyg,20) > o,
(3) f(xo) =0

for some xg € I and p € (0,1), then f € W(p).
Corollary 12. M,(uldC,) = A & M., (uldC,).

REFERENCES

[1] A. M. Bruckner, Differentiation of Real Functions, Lecture Notes in Mathematics,
Vol. 659, Springer-Verlag Berlin Heidelberg New York, 1978.

[2] S. Kowalczyk, K. Nowakowska, A note on g-upper continuous functions, Tatra Mt.
Math. Publ. 44 (2009), 153-158.

[3] S. Kowalczyk, K. Nowakowska, Mazimal classes for o-upper continuous functions,
Real Anal. Exchange 36 (2010/2011), 307-324.

[4] K. Nowakowska, Algebraic properties of o-upper continous and [\, g]-continuous
functions, Ph.D. thesis (in Polish), Technical University in Lodz, 2012.

Received: September 2014

Katarzyna Nowakowska

PoMERANIAN UNIVERSITY IN SLUPSK,

INSTITUTE OF MATHEMATICS,

UL. ARCISZEWSKIEGO 22D, 76-200 SLUPSK, POLAND
E-mail address: nowakowska_k@go2.pl

Malgorzata Turowska

PoMERANIAN UNIVERSITY IN SLUPSK,

INSTITUTE OF MATHEMATICS,

UL. ARCISZEWSKIEGO 22D, 76-200 SLUPSK, POLAND
E-mail address: malgorzata.turowska®@apsl.edu.pl



