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H(A0, k, n) = (2] n

k−2
[ − 1)(2k − 5) 1E5B#-.3'& 1E5 ,#- /0% &*% k = 3 0&27%* )2/# ,#-.3'& 1F58 G#:%$%- ,#- &*%*
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k−1 < n ≤ C2
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k−1' ()*% ()* *+$( *-(./$(.0% 0# ()* #1%(.0%

Hk(n) .- *21$3 (0
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H(A1, k, n) = n + n− 1 = 2n− 1.B)*9*#09*' #09 ()* $-* :6 @* )$D* H(Min, k, n) = H(A1, k, n) $%& 019$3<09.()/ A1 .- ()* 0=(./$3 $3<09.()/; B)*% ()* *+$( *-(./$(* #09 ()* $-*:6 .- *21$3 (0 Hk(n) = 2n− 1;2! "#$%&'$%()# (* $+, *-)$%() Hk(n) *(/ $+, '#, 31 !"#$"% *' "# k ≥ 3 $%& C1

k−1 < n ≤ C2
k ' ()*% ()* *+$( *-(./$(.0% 0# ()*#1%(.0% Hk(n) .- *21$3 (0

Hk(n) = 4n− 2k + 1. 4M6($##)' 7*(8- .%#*9 ()* 1%&*9 *-(./$(* H(Min, k, n) 0# ()* #1%(.0% Hk(n) #09019 $-* N6;
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k. G,>* $3, 1&'' 5 (n − 2)I1&' )#1 (n − 1)I1&'8 +-,/ B3 $, B2@
k + 1. G,>* $%-** #*6$ 1&'' +-,/ B4 $, B2@A$ 0)'$ ,# '$).* 2k − 3 3* /,>* -*'$ '/)00*'$ k − 1 1&'' +-,/ Bk $, B2;? $%* )0.,-&$%/ A1@C* ':/ ,:- /,>*' )#1 ,;$)&# EB℄

H(A2, k, n) = 4n− 2k + 1.<%*#
4n − 2k + 1 ≤ Hk(n) ≤ 4n− 2k + 1.<%&' ?&*01' ,:- $%*,-*/@ ! "#$%&'$%()# (* $+, *-)$%() Hk(n) *(/ $+, '#, 01C* 3&00 7-,>* $%* #*6$ '$)$*/*#$ !"#$"% &' "+ k ≥ 3 )#1 C2

k < n ≤ C3
k+12 $%*# $%* *6)$ *'$&/)$&,# ,+ $%*+:#$&,# Hk(n) &' *J:)0 $,

Hk(n) = 8n− 2k2 + 1. 5K8



 !  !"#!$ %&'()&' !""#$ "#$%& '()#* $+# ,(-#* #&$'./$# H(Min, k, n) 0) $+# ),($'0( Hk(n) )0*0,* /&# 2345( $+'& /&# )0* $*/(&)#**'(6 #/+ 0) &0.# &./77#&$ ns -'&& )*0. $+# 8*&$9#6 $0 $+# 9#6 B2 '( /0*-'(6 :'$+ *,7#& 0) $+# 9*0;7#. <0:#* 0) =/(0' 23.0>#& '(-#9#(-7? 0) /( /760*'$+. 0) $*/(&)#**'(6 /*# (##-#-4 @;>'0,&7?A $+#(,.;#* 0) &,+ -'&& '& #B,/7 $0
ns = n− nl = n−

k(k − 1)

2
=

2n− k(k − 1)

2
.C77 7/*6#&$ nl = C2

k -'&& ./? ;# $*/(&)#**#- )*0. $+# 8*&$ 9#6 $0 $+# 9#6
B2 (0 7#&& $+/( :'$+ 4nl − 2k + 1 .0>#& D:'$+ $+# +#79 0) <+#0*#. !34<+#( )0* $*/(&)#**'(6 /77 n -'&& '( $+# /&# 23 '(-#9#(-#($7? 0) ,&#-/760*'$+. H(Min, k, n) .0>#& /*# (##-#-A :+#*# H(Min, k, n) '& #B,/7 $0

H(Min, k, n) = 8
2n − k(k − 1)

2
+ 4

k(k − 1)

2
− 2k + 1 =

= 8n− 4k2 + 4k + 2k2 − 2k − 2k + 1 = 8n− 2k2 + 1.E0* 6#$$'(6 $+# ,99#* #&$'./$# 0) $+# ),($'0( Hk(n) :# ,&# $+# (#F$/760*'$+.4C760*'$+. A3G4 H0># C2
k &./77#&$ -'&& )*0. $+# 8*&$ 9#6 $0 $+# 9#6 Bk ;? $+# /760*'$+.

A24!4 H0># C2
k−1 (#F$ D6*#/$#* /0*-'(6 $0 $+# &'I#3 -'&& )*0. $+# 8*&$ 9#6 $0$+# 9#6 Bk−1 ;? $+# /760*'$+. A24J4 H0># C2
k−2 (#F$ D6*#/$#* /0*-'(6 $0 $+# &'I#3 -'&& )*0. $+# 8*&$ 9#6 $0$+# 9#6 Bk−2 ;? $+# /760*'$+. A24C$ 7/&$ 0( &$/6# k − 1 :# .0># 0(# nK-'& )*0. B1 $0 B24

k. H0># /77 -'&& )*0. 9#6& B3AB4, . . . , Bk $0 $+# 9#6 B2 ;? $+# /760*'$+. A245( $+'& /&# 23 :# /( $*/(&)#* $+# ./F'.,. (,.;#* 0) -'&& nA :+'+ '&#B,/7 $0
n = C2

2 + C2
3 + · · ·+ C2

k−1 + C2
k = C3

k+1.E0* 6#$$'(6 $+# ,99#* #&$'./$# 0) $+# ),($'0( Hk(n) '( $+# /&# 23 :#,&# $+# )0770:'(6 )0*.,7/
H(A3, k, n) = H2(n2) + 2(H3(n3) + H4(n4) + · · · + Hk(nk)),:+#*# ni '& / (,.;#* 0) -'&& 97/#- 0( $+# 9#6 BiA :+#*# i ∈ {2, · · · , k} /(-

n2 = 1, n3 = 3.
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H(A3, k, n) = 1+2(7+(4n4−2∗4+1)+(4n5−2∗5+1)+· · ·+(4nk−2k+1)) =

= 1 + 2(4(n4 + n5 + · · ·+ nk)−
2(k + 4)(k − 3)

2
+ k − 3 + 7) =

= 1+ 2(4(n− 4)− k2 + 3k− 4k + 12+ k + 4) = 1+ 2(4n− k2) = 8n− 2k2 + 1.7(#8 A3 '1 %(# +*%'.0) 0)$+-'%(. 089 '8 %(# 01# ;4 &# (0<#
8n− 2k2 + 1 ≤ Hk(n) ≤ 8n− 2k2 + 1.7(#+-#. ! '1 *-+<#9= ! "#$%&'$%()# (* $+, *-)$%() Hk(n) *(/ $+, '#, 01! !"#$"% &' >, k ≥ 3 089 C3

k+1 < n ≤ C4
k+25 %(#8 %(# #?0% #1%'.0%'+8 +,%(# ,/8%'+8 Hk(n) '1 #@/0) %+

Hk(n) = 16n −
2k((k + 1)(2k + 1)− 3)

3
+ 1. 2A4($##)' B#%C1 '8,#- %(# /89#- #1%'.0%# H(Min, k, n) +, %(# ,/8%'+8 Hk(n) ,+-+/- 01# D4=>% '1 '.*+11'E)# 2EF 7(#+-#. !4 %+ %-081,#- 0 1.0))#1% 9'1 21G9'14 ,-+.

B1 %+ B2 &'%( 23 .+<#15 ', n > C3
k+1= >8 %(# 01# D4 &# (0<# ns 9'11 ,+-%-081,#--'8$ +, #0( 24 = 16 .+<#1 0-# 8##9#9=HE<'+/1)F5 %(# 8/.E#- +, 1/( 21.0))#1%4 9'11 2'8 01# D44 '1 #@/0) %+

ns = n− C3
k+1 = n−

(k + 1)k(k − 1)

6
.I)) )0-$#1% nl = C3

k+1 9'11 .0F E# %-081,#--#9 ,-+. %(# J-1% *#$ %+ %(#*#$ B2 8+ )#11 %(08 &'%( 8nl − 2k2 + 1 .+<#1 2&'%( %(# (#)* +, 7(#+-#. !4=7(#8 &# (0<#
H(Min, k, n) = 16(n −

(k + 1)k(k − 1)

6
) + 8C3

k+1 − 2k2 + 1 =

= 16n− 4
(k + 1)k(k − 1)

3
− 2k2 + 1.7(#8 ,+- %(# 01# D4 &# (0<#

H(Min, k, n) = 16n − 2(k2 − 1)
2k + 3

3
− 1. 2K4



 !  !"#!$ %&'()&'"#$ %&''()% '*& +,,&$ &-'(./'& #0 '*& 0+)'(#) Hk(n) 2& +-& '*& )&3'/4%#$('*.564%#$('*. A475 8#9& C3
k+1 -./44&-' :(-- 0$#. '*& ;$-' ,&% '# '*& ,&% Bk <= '*& /4%#$('*.

A35 >) '*(- #$:&$ '# '$/)-0&$ 0$#. '*& B1 '# '*& ,&% B2 -./44&-' C2
k :(--?'# '*& ,&% B3 )&3' C2

k−1 :(--? . . . '# '*& Bk #)& :(- /): 4/'&$ .#9& /44:(-- 0$#. ,&%- Bk−1?Bk−2? . . . ?B2 '# '*& ,&% Bk <= '*& /4%#$('*. A25@5 8#9& C3
k )&3' A%$&/'&$ /#$:()% '# '*& -(B&C :(-- 0$#. '*& ;$-' ,&% '# '*&,&% Bk−1 <= '*& /4%#$('*. A35D5 8#9& C3
k−1 )&3' A%$&/'&$ /#$:()% '# '*& -(B&C :(-- 0$#. '*& ;$-' ,&% '#'*& ,&% Bk−2 <= '*& /4%#$('*. A356' 4/-' #) -'/%& k − 1 2& .#9& #)& nE:(- 0$#. B1 '# B25

k. 8#9& /44 :(-- 0$#. ,&%- B3?B4? . . . ? Bk '# '*& ,&% B2 <= '*& /4%#$('*.
A35>) '*(- /-& FC 2& /) '$/)-0&$ '*& ./3(.+. )+.<&$ #0 :(-- n ? 2*&$&

n = C3
3 + C3

4 + · · ·+ C3
k + C3

k+1 = C4
k+2."#$ %&''()% '*& +,,&$ &-'(./'& #0 '*& 0+)'(#) Hk(n) () '*& /-& FC 2&+-& '*& 0#44#2()% 0#$.+4/

H(A4, k, n) = H3(n3) + 2(H4(n4) + H5(n5) + · · · + Hk(nk)),2*&$& ni .&/)- / )+.<&$ #0 :(-- ,4/&: #) '*& ,&% Bi? 2*&$& i ∈ {3, · · · , k}.G('* '*& *&4, #0 0#$.+4/- A7C? AHC /): 2('* '*& #):('(#) n3 = 5 2& #<'/()
H(A4, k, n) = 31+2((8n4−2∗42+1)+(8n5−2∗52+1)+· · ·+(8nk−2∗k2+1)) =

= 31 + 16(n − 5)− 4

k∑

i=4

i2 + 2(k − 3) =

= 16n + 31− 80 + 56 + 2(k − 3)−
2k(k + 1)(2k + 1)

3
=

= 16n + 7 +
6(k − 3)− 2k((k + 1)(2k + 1))

3
=

= 16n + 7 +
2k((k + 1)(2k + 1)− 6(k − 3)

3
=

= 16n + 7− 6−
2k((k + 1)(2k + 1)− 3)

3
=

= 16n + 1−
2k((k + 1)(2k + 1)− 3)

3
.



 !"#$%"&! '( '$*+&,#"- '( %+.'/#"0$!  !"# $% &%'
H(A4, k, n) = 16n + 1−

2k((k + 1)(2k + 1)− 3)

3
. ()*+#$ $% $,-- #/012% #32 345%2 %6',/1'% (7* $,'8 #32 300%2 %6',/1'% ()*9:% 81;%

H(A4, k, n)−H(Min, k, n) = 16n + 1−
2k((k + 1)(2k + 1)− 3)

3
− 16n+

+2(k2 − 1)
2k + 3

3
+ 1 = 2(k2 − 1)

2k + 3

3
−

2k((k + 1)(2k + 1)− 3)

3
+ 2 =

=
2(2k + 3)(k2 − 1)− 2k((k + 1)(2k + 1)− 3) + 6

3
=

=
2(2k3 + 3k2 − 2k − 3)− 2k(2k2 + 3k − 2) + 6

3
=

=
2k(2k2 + 3k − 2)− 6− 2k(2k2 + 3k − 2) + 6

3
= 0.<8%2%=#2%> =#2 '8% 16% ?* H(Min, k, n) = H(A4, k, n) 145 #32 1-&#2,'8/ A4,6 '8% #0',/1- 1-&#2,'8/9 <8%4 '8% %@1' %6',/1'% =#2 '8% 16% ?* ,6 %A31- '#

Hk(n) = 16n−
2k((k + 1)(2k + 1)− 3)

3
+ 1 = 16n − 2(k2 − 1)

2k + 3

3
− 1.<8%#2%/ B ,6 02#;%59 ! "#$&'()#$(C32 /%'8#5 =#2 &%'',4& #= 345%2 %6',/1'%6 #= '8% =34',#4 Hk(n) /1D E%&%4%21-,F%5 =#2 14D 16%6> $8%2% k > 3 145

Ct−1
k+t−3 < n ≤ Ct

k+t−2.<8% 0121/%'%2 t /1D E% 5%G4%5 1-$1D6 $,'8 '8% 8%-0 #= '8% H161-I6'2,14&-% =#2 #42%'% ;1-3%6 n 145 k9:% 36% =2#/ J!℄ '8% =#2/3-1
trid(n + 1) =

n∑

i=1

trid−1(i),$8%2% trid(j) ,6 1 L5M'2,14&-%L 43/E%29



 !  !"#!$ %&'()&'"# $% &'()' tri1(j) = C1
j = j '*#+,*- '+./0,%1 tri2(j) = C2

j = 1 + 2 +

· · ·+(j−1) #,$*'2+-*, '+./0,%1 tri3(j) = C3
j #0#,*304,*- 567,*.$4*-8 '+./0,%1)3$3 *,0 #30 %+. (: ('%0+#$;0 #,$*'2+-*, '+./0,%<=0 *' ),$#0 #3$% :(,.+-* *%

Cd
n+1 =

n∑

i=1

Cd−1
i .>30' (+, +'40, 0%#$.*#0 :(, #30 :+'#$(' Hk(n) $% 0?+*- #(

H(Min, k, n) = 2t(n− Ct−1
k+t−3) +

t−1∑

i=0

2iCi
(k−3)+i. 5 8@(,.+-* 5 8 *--()% #( (/#*$' ;*-+0% H(Min, k, n) :(, *'7 n *'4 k< "'6*,#$+-*, H(Min, 4, 64) = 18433,H(Min, 5, 64) = 1535,H(Min, 6, 64) =

673, )3$3 ($'$40 )$#3 (,,0%6('4$'2 ;*-+0% :,(. AB℄< D()0;0,0 #3$% :*#4(0% '(# 6,(;0 #3*# (+, :(,.+-* 5 8 $% #30 0E*# 0%#$.*#0 (: #30 :+'#$('
Hk(n)< !"!#!$!&AF℄ G< H-*+% 5I J< K+*%8< K* >(+, 4LD*'($1 M0+ 40 H*-+-1 N$0'0 0#G*#+,01 F1 5O81 FPQRFPO1 FOOS<AP℄ T<U< N#(&.070,< >30 >()0, (: D*'($V W X$/-$(2,*6371 N06#0./0,1PYYZ<AB℄ N< G(;$&(;< [660, 0%#$.*#0% (: (.6-0E$#7 (: *-2(,$#3.% :(, .+-#$\602>()0, (: D*'($ 6,(/-0.1 W''*-0% W*40.$*0 T*04*2(2$*0 H,*(;$0'%$%1N#+4$* ]*#30.*#$* ^"1 ZQ\!!1 PYYQ<AS℄ N< U-*;_*,1 [< ]$-+#$'(;$1 H< T0#,< `' #30 @,*.0\N#0)*,# *-2(,$#3. :(,#30 .+-#$\602 >()0, (: D*'($ 6,(/-0.1 a$%,0#0 W66-$04 ]*#30.*#$%1FPY1 FSFRFZQ1 PYYP<AZ℄ 3##6Vbb 0'<)$&$604$*<*,2bT*%*- PQ% #,$*'2-0


