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Abstract. The solutions presented in this paper may serve as an illustration of ,the
principle of internal integration”, know as the idea of fusionism. In the paper we
consider some problem. From an urn containing b white balls and ¢ black ones are
selected simultaneously some balls. If the balls are of the same colours one of the
players wins, otherwise the other player is the winner. For which values of b and ¢
is the game fair?

Let us consider an urn containing b white balls and ¢ black balls. Let us
assume, k balls (k > 2) are selected simultaneously from our urn. If both
balls are of the same colour, then one of the players wins and if the balls are
of different colours, then the other player is the winner. For what values of b
and c is this game fair?

Some solutions of this problem for k = 2 are presented in [2].

In the present paper we suggest three other solutions.

The conditions of the problem imply that b > k and ¢ > 1 or b > 1 and
¢ > k. Let us treat all the white balls and all the black ones as distinct objects.
Under such assumptions the outcome of such an experiment is a combination
of k elements out of the set of b+ ¢ balls and the model of this experiment is
a classic sample space (€, p).

Let us consider the following events:

A = {both selected balls are of the same colour},

B = {the selected balls are of different colours}.
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Solution problem for k£ = 2.

Therefore
_b(b—1)+c(c—1)
P4) = (b+c)b+c—1)"
P(B) = 2bc

(b+e)b+c—1)
In the sample space (€2, p) the system {A, B} is a complete system of events
and therefore, the game is fair if the following condition holds:
P(A)=1)2.
These condition is equivalent to the condition
b +c2—b—c—2bc=0. (1)
Let us consider the equation
4y —z—y—2zy =0, (2)

where z € Riy e R.

It means that equation (2) describes the curve which is symmetrical to the
straight line y = «.

We can find the natural solutions of the equation (2). It can be easily
verified that pairs (0,0), (1,0), (1,0) satisfy equation (2). The process of
finding consecutive natural solutions of the equations (2) is presented in Fig. 1.

Solution of the problem for k£ = 3.
Therefore

b3 — 302 +2b+2c— 32+ 3
b3 — 3b2 4 2b + 3b%2¢c — 6bc + 3bc? + 2¢ — 3c2 + 3

P(A) =

The game is fair if:
P(A)=1)2.

This condition is equivalent to the condition

b3 — 3b% + 2b — 3b%c + 6bc — 3bc* 4 2¢ — 3¢® + ¢ = 0. (3)
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Figure 1:
Let us consider the equation
23 — 322 4 22 — 322y + 62y — 3xy® + 2y — 3y® + 4> =0, (4)
where z € Riy e R.
Thus condition (4) and
(y+o—2)(a —z—day—y—y*) =0 (5)

are equivalent.
Fig. 2 shows the curves representing condition 4 (see [3], pp. 133-138).
We can find the natural solutions of the equation (5). It can be easily
verified that pairs (0,0), (1,0), (1,0) satisfy equation (5). The process of
finding consecutive natural solutions of the equations (5) is presented in Fig. 3.
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Some remarks for k£ > 2.

Let k£ > 4.
Because the game is fair if P(A) = % then

2b(b—1)-...-(b=k+1)+clc—=1)-...- (c=k+1)] (6)
—(b+c)b+c—1)-...-(b+c—k+1)=0.

Let us consider the equation

a(x—-1)-...-(z—k+1)+yly—1)-...- (y—k+1)] (7)
—(@z+y)(+y—1)-... - (x+y—k+1)=0.

where z € Riy e R.

Let
Ly = {(z,y) e R?: 2z(z—1) -...- (z—k+1) +y(y—1)-... - (y—k+1)]
—(@+y)zt+y—1)-...-(z+y—k+1)=0
for k=2,3,4,...

Figures 4-6 shows the curves representing condition (7) for & = 4, 5, 6
respectively.

Figure 4:
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In the paper a method of finding the solutions of (1) and (3) was given.
Unfortunately, this method does not give the complete solution of (6).
It can be easily verified that pairs (0,0), (1,0), (1,0) satisfy equation (7).
Applying a similar reasoning to this used for finding the solutions of (2)
and (4) yields
points (1,7) and (7,1) belong to Ly,
points (1,9) and (9,1) belong to Ls,
— points (1,11) and (11, 1) belong to Lg.
Obtained results lead to the following conclusion. The game is fair if the

urn contains 1 white ball and 2k — 1 black balls (or 2k — 1 white balls and 1
black ball).

We shall prove the above remark.
If the urn contains 1 white ball and b black balls, then the condition
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P(A) = P(B) is equivalent to
() (20)

b=2k—1.

It follows that

Some generalization of the above game

Now consider a generalization of the above game.

Let us consider an urn containing b white balls, ¢ black balls and z green
bals. Assume that 2 balls are selected simultaneously from our urn. If both
balls are of the same colour, then one of the players wins and if the balls are
of different colours, then the other player is the winner. For what values of b,
c and z is this game fair?

The conditions of the problem imply that (b > 2 and ¢> 1 and z > 1) or
(b>1landc>2and z>1) or (b >1and ¢ > 1 and z > 2). Let us treat all
the white balls and all the black balls and all the green ones as distinct objects.
Under such assumptions the outcome of such an experiment is a combination
of 2 elements out of the set of b+ c+ z balls and the model of this experiment
is a classic sample space (€2, p).

Let us consider the following events:

A = {both selected balls are of the same colour},

B = {the selected balls are of different colours}.

Therefore

bb—1)+clc—1)42(z—1)
(b+c+z)b+ec+z—1)

The game is fair if the following condition holds:

P(A) =

This condition is equivalent to the condition

V4422 —b—c—2z—2bc—2cz — 2bz = 0. (8)
Let us consider the equation

P4yt —y—z—2zy—2yz— 222 =0, (9)

where x € R, y € R, z € R.
It means that the equation (9) describes the paraboloida.



76

Maciej Major

In the paper 2] it was proved that all solutions of (1) are of the form

k? +k k* —k
= CcC =

b
2 7 2 7

for k € Z\ {~1,0,1}.

Substituting these equalities to (8) we get

2 =2k*+1.

Hence, the game is fair if:
2 2
b:k—;k c=E=k 2 —=9k24+1; 0r

b=

b=2k2+1, c=HkFk K-k

) 2 )

2~ 2
Mok =2k 41, z:—k;'k;or

2
2

for ke Z\ {—1,0,1}.

The solutions presented above may serve as an illustration of "the principle
of internal integration”, known as the idea of fusionism. According to this
principle, the process of teaching various modules of the school curriculum
on mathematics should be conducted so that they could support one another
and play a certain role in one another’s creation (see [3], p. 39). Particular
sections of mathematics appear in the process of teaching as separate threads.
At various stages of this process these threads may be linked in order to create
a certain unity. Questions offered by the problems on probability may serve
as a considerable source of such opportunities.
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