
 !" #$%&'() *"+,-.(+/0 '1 2)�(/'5'6!7+-"/+8 9((%-(: ;!/5-<!/+( =99: 2)�(/'5'6! >??@
 !!"#$%& '() $*) +, ,-.$+%$./$% '() !0+1 1$"$'# '()+0#/2456 /2678 !"#$#%#& '( )*#+&,*#$". /&0*1'1$*2 3!$4&5"$#6 '( 75*'4%28 /'0+'59*:6+ ;. <=>=?@ A5*BCD. /'2*!0&>,*$2E   !"#$�!&'($!(#)'&* !"#$%#' +,- .#*/01#2. &$-.-20-3 12 0,1. &!&-$  !4 .-$5- !. !2 1**/.0$!01#2 #6 70,-&$121&*- #6 120-$2!* 120-9$!01#2:; (2#) !. 0,- 13-! #6 6/.1#21. ' <2 0,- &!&-$ )-#2.13-$ .# - &$#=*- ' >$# !2 /$2 #20!12129 b ),10- =!**. !23 c =*!( #2-. !$-.-*-0-3 .1 /*0!2-#/.*4 .# - =!**.' <6 0,- =!**. !$- #6 0,- .! - #*#/$. #2- #6 0,-&*!4-$. )12.; #0,-$)1.- 0,- #0,-$ &*!4-$ 1. 0,- )122-$' >#$ ),1, 5!*/-. #6 = !23 c1. 0,- 9! - 6!1$? !" #$ &'$()!* +' #*' &'"+('(', b -.("! /+00$ +') c /0+1 /+00$2  !" #$+$$#3!4 k /+00$ 5k ≥ 2) +*! $!0!"!) $(3#0"+'!&#$06 7*&3 &#* #*'2 87 /&"./+00$ +*! &7 ".! $+3! &0&#*4 ".!' &'! &7 ".! 90+6!*$ -('$ +') (7 ".! /+00$ +*!&7 )(:!*!'" &0&#*$4 ".!' ".! &".!* 90+6!* ($ ".! -(''!*2 ;&* -.+" <+0#!$ &7 b+') c ($ ".($ ,+3! 7+(*=>&3! $&0#"(&'$ &7 ".($ 9*&/0!3 7&* k = 2 +*! 9*!$!'"!) (' ?@℄28' ".! 9*!$!'" 9+9!* -! $#,,!$" ".*!! &".!* $&0#"(&'$2B.! &')("(&'$ &7 ".! 9*&/0!3 (3906 ".+" b ≥ k +') c ≥ 1 &* b ≥ 1 +')

c ≥ k2  !" #$ "*!+" +00 ".! -.("! /+00$ +') +00 ".! /0+1 &'!$ +$ )($"('" &/C!"$2D')!* $#. +$$#39"(&'$ ".! &#"&3! &7 $#. +' !E9!*(3!'" ($ + &3/('+"(&'&7 k !0!3!'"$ &#" &7 ".! $!" &7 b + c /+00$ +') ".! 3&)!0 &7 ".($ !E9!*(3!'" ($+ 0+$$( $+390! $9+! (Ω, p)2 !" #$ &'$()!* ".! 7&00&-(', !<!'"$F
A = G !"# $%&%"%(  )&&$ )*% !+ "#% $),% !&!-*H4
B = G"#% $%&%"%(  )&&$ )*% !+ (./%*%0" !&!-*$H2



 !  !#$%  !%&' !"#$%!& '(!)"*+ ,!( k = 2-"#$%$&'%$
P (A) =

b(b− 1) + c(c− 1)

(b + c)(b + c− 1)
,

P (B) =
2bc

(b + c)(b + c− 1)
.() *#$ +,-./$ +.,$ (Ω, p) *#$ +1+*$- {A,B} 2+ , '-./$*$ +1+*$- '& $3$)*+,)4 *#$%$&'%$5 *#$ 6,-$ 2+ &,2% 2& *#$ &'//'72)6 ')42*2') #'/4+8

P (A) = 1/2."#$+$ ')42*2') 2+ $9:23,/$)* *' *#$ ')42*2')
b2 + c2 − b− c− 2bc = 0. ;<=>$* :+ ')+24$% *#$ $9:,*2')

x2 + y2 − x− y − 2xy = 0, ;?=7#$%$ x ∈ R 2 y ∈ R@(* -$,)+ *#,* $9:,*2') ;?= 4$+%2A$+ *#$ :%3$ 7#2# 2+ +1--$*%2,/ *' *#$+*%,26#* /2)$ y = x@B$ ,) C)4 *#$ ),*:%,/ +'/:*2')+ '& *#$ $9:,*2') ;?=@ (* ,) A$ $,+2/13$%2C$4 *#,* .,2%+ (0, 0)5 (1, 0)5 (1, 0) +,*2+&1 $9:,*2') ;?=@ "#$ .%'$++ '&C)42)6 ')+$:*23$ ),*:%,/ +'/:*2')+ '& *#$ $9:,*2')+ ;?= 2+ .%$+$)*$4 2) D26@ <@ !"#$%!& !, $.* '(!)"*+ ,!( k = 3-"#$%$&'%$
P (A) =

b3 − 3b2 + 2b + 2c− 3c2 + c3

b3 − 3b2 + 2b + 3b2c− 6bc + 3bc2 + 2c− 3c2 + c3
."#$ 6,-$ 2+ &,2% 2&8

P (A) = 1/2."#2+ ')42*2') 2+ $9:23,/$)* *' *#$ ')42*2')
b3 − 3b2 + 2b− 3b2c + 6bc− 3bc2 + 2c− 3c2 + c3 = 0. ;E=
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P =(m,n) R=(m1, n)

Q=(m,n1)

L2 :={(x, y)∈R
2 : x2+y2−x−y−2xy=0%&' P ∈ N ×N ∧ P ∈ L2()*+ Q ∈ N×N ∧R ∈ N×N

 !"#$% &'"#$ %& ()&*+#, $-# #.%/$*()
x3 − 3x2 + 2x− 3x2y + 6xy − 3xy2 + 2y − 3y2 + y3 = 0, 0123-#,# x ∈ R * y ∈ R45-%& ()+*$*() 012 /)+

(y + x− 2)(x2 − x− 4xy − y − y2) = 0 062/,# #.%*7/8#)$49*:4 ; &-(3& $-# %,7#& ,#<,#&#)$*): ()+*$*() 1 0&## =>℄@ <<4 !>>A!>B24C# /) D)+ $-# )/$%,/8 &(8%$*()& (E $-# #.%/$*() 0624 F$ /) G# #/&*8H7#,*D#+ $-/$ </*,& (0, 0)@ (1, 0)@ (1, 0) &/$*&EH #.%/$*() 0624 5-# <,(#&& (ED)+*): ()&#%$*7# )/$%,/8 &(8%$*()& (E $-# #.%/$*()& 062 *& <,#&#)$#+ *) 9*:4 >4
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P =(m, n)

L3 :={(x, y)∈R
2 : x2−x− 4xy−y+y2=0,
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 !!"#$%& '() $*)+ ,- -./$,%$/0  ! !"# $#"%$&' (!$ k ≥ 2)"#$ k ≥ 4%&#()*# $+# ,(-# .* /(.0 ./ P (A) = 1
2 $+#1

2[b(b − 1) · . . . · (b− k + 1) + c(c − 1) · . . . · (c− k + 1)] 234
−(b + c)(b + c− 1) · . . . · (b + c− k + 1)=0."#$ )* 51*.6#0 $+# #7)($.51

2[x(x− 1) · . . . · (x− k + 1) + y(y − 1) · . . . · (y − k + 1)] 2 4
−(x + y)(x + y − 1) · . . . · (x + y − k + 1) = 0.8+#0# x ∈ R . y ∈ R%"#$

Lk = {(x, y) ∈ R
2 : 2[x(x−1) · . . . · (x−k+1) + y(y−1) · . . . · (y−k+1)]

− (x + y)(x + y − 1) · . . . · (x + y − k + 1)=0/50 k = 2, 3, 4, . . .9.,)0#* :;3 *+58* $+# )0<#* 0#=0#*#1$.1, 516.$.51 2 4 /50 k = 4> 5> 60#*=#$.<#?@%
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b = 2k − 1. !"# $#%#&'()*'+)!% !, +-# '.!/# $'"#1,/ ,*#"3$4 ( 5$*$4()"6(+",* ,. +0$ (7,'$ 5(8$9:$+ &# ,*#"3$4 (* &4* ,*+("*"*5 b /0"+$ 7())#; c 7)(< 7())# (*3 z 54$$*7()#9 =##&8$ +0(+ 2 7())# (4$ #$)$+$3 #"8&)+(*$,&#)> .4,8 ,&4 &4*9 -. 7,+07())# (4$ ,. +0$ #(8$ ,),&4; +0$* ,*$ ,. +0$ ?)(>$4# /"*# (*3 ". +0$ 7())# (4$,. 3"@$4$*+ ,),&4#; +0$* +0$ ,+0$4 ?)(>$4 "# +0$ /"**$49 A,4 /0(+ '()&$# ,. b;

c (*3 z "# +0"# 5(8$ .("4BC0$ ,*3"+",*# ,. +0$ ?4,7)$8 "8?)> +0(+ Db ≥ 2 (*3 c ≥ 1 (*3 z ≥ 1E ,4Db ≥ 1 (*3 c ≥ 2 (*3 z ≥ 1E ,4 Db ≥ 1 (*3 c ≥ 1 (*3 z ≥ 2E9 :$+ &# +4$(+ ())+0$ /0"+$ 7())# (*3 ()) +0$ 7)(< 7())# (*3 ()) +0$ 54$$* ,*$# (# 3"#+"*+ ,7F$+#9G*3$4 #&0 (##&8?+",*# +0$ ,&+,8$ ,. #&0 (* $H?$4"8$*+ "# ( ,87"*(+",*,. 2 $)$8$*+# ,&+ ,. +0$ #$+ ,. b+ c+ z 7())# (*3 +0$ 8,3$) ,. +0"# $H?$4"8$*+"# ( )(##" #(8?)$ #?($ (Ω, p)9:$+ &# ,*#"3$4 +0$ .,)),/"*5 $'$*+#I
A = J !"# $%&%"%(  )&&$ )*% !+ "#% $),% !&!-*K;
B = J"#% $%&%"%(  )&&$ )*% !+ (./%*%0" !&!-*$K9C0$4$.,4$

P (A) =
b(b− 1) + c(c− 1) + z(z − 1)

(b + c + z)(b + c + z − 1)
.C0$ 5(8$ "# .("4 ". +0$ .,)),/"*5 ,*3"+",* 0,)3#I

P (A) =
1

2
.C0"# ,*3"+",* "# $%&"'()$*+ +, +0$ ,*3"+",*

b2 + c2 + z2 − b− c− z − 2bc− 2cz − 2bz = 0. DLE:$+ &# ,*#"3$4 +0$ $%&(+",*
x2 + y2 + z2 − x− y − z − 2xy − 2yz − 2xz = 0, DME/0$4$ x ∈ R; y ∈ R; z ∈ R9-+ 8$(*# +0(+ +0$ $%&(+",* DME 3$#4"7$# +0$ ?(4(7,),"3(9
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b =

k2 + k

2
, c =

k2 − k

2
, 50) k ∈ Z \ {−1, 0, 1}.:4;/$-$4$-#< $%&/& &=4(3-$-&/ $0 6>8 .& <&$

z = 2k2 + 1.?&#&A $%& <(9& -/ 5(-) -5B
b = k2+k

2 , c = k2
−k
2 , z = 2k2 + 1; 0)

b = k2
−k
2 , c = 2k2 + 1, z = k2+k

2 ; 0)
b = 2k2 + 1, c = k2+k

2 , z = k2
−k
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