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sup
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r>0
sup

y,z∈B(x,r)\{x}
|f(y)− f(z)|.<.0.1()17; ω(f, ·) .- (# 8''&) -&0.,#$.#8,8- 68#$.,#3 =1$%,8>%; /&:#.5$.,#- ,6 ω(f, ·) (#/ ω∗(f, ·) ()& -.0.1(); $%&.) '),'&)$.&- 0(7 2& ?8.$& /.@&)&#$3 !"#$%& '( 4&$ X = {2k−1
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sup
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R *& 0(7 /&:#&
lim sup
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f(t) = inf

r>0
sup
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f(t) = sup
r>0

inf
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f(y)(#/ $%&#
ω∗(F, x) = lim sup

t→x
f(t)− lim inf
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B(A, ε) =
⋃

x∈A

{t ∈ X : d(x, t) < ε} =
⋃

x∈A
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z ∈ TM,A,ε0 O&A$ ̺(z1, z2) ≥ ε '(4 z1, z2 ∈ TM,A,ε '4(5 (b)0P//<5& $%.$ ̺(x0, TM,A,ε) ≥ 2ε '(4 /(5& x0 ∈ A0 G+#& M +/ . -&#/&/<:/&$ (' X@ $%&4& &A+/$/ z0 ∈ M /<% $%.$ ̺(x0, z0) < ε0 L&#&
̺(t, z0) ≥ ̺(t,x0)− ̺(x0, z0) ≥ ̺(x0, TM,A,ε)− ̺(x0, z0) > 2ε− ε = ε'(4 &.% t ∈ TM,A,ε0 "$ '())(*/ $%.$ TM,A,ε ∪ {z0} ∈ B0 G+#& TM,A,ε +/. 5.A+5.) &)&5&#$ (' B@ $%+/ +/ . (#$4.-+$+(#0 J%&4&'(4& ̺(x, TM,A,ε) < 2ε'(4 &8&46 x ∈ A .#- $%& /&$ TM,A,ε /.$+/>&/ (#-+$+(#/ (1)− (3)0
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f )2 677-# 2-%)$'*)'6$625 g )2 0$1-# 2-%)$'*)'6$62 /'( g ≤ f 3 9,-' *,-#--:)2*2 *,! +6'*)$' F : X → R +$# 1,),;<℄ lim supt→x F (t) = f(x) /'( lim inft→x F (t) = g(x)+$# x ∈ X5;>℄ F (x) = g(x) +$# x ∈ X \ Y 3 !""#$ .-*

K = {(n, k) ∈ Z : −n2 ≤ k < n2}..-* � 8- / #-0/*)$' )' K (-?'-( /2 +$00$12
(n1, k1) � (n2, k2) ⇔ n1 < n2 ∨ (n1 = n2 ∧ k1 ≤ k2).@* )2 -/2)0A 2--' *,/* K )2 1-00 $#(-#-( 8A �3 B-?'-

An,k =
{
x ∈ X : k

n
≤ f(x) < k+1

n

}/'(
Bn,k =

{
x ∈ X : k

n
≤ g(x) < k+1

n

}+$# (n, k) ∈ K3 C- 2,/00 $'2*#6* *1$ +/%)0)-2 {Rn,k : (n, k) ∈ K} /'(
{Sn,k : (n, k) ∈ K} $+ 0$2-( /'( ()2#-*- 2682-*2 $+ X 1,), 2/*)2+A *,-+$00$1)'D $'()*)$'2EF/G Rn1,k1

∩Rn2,k2
= ∅ = Sn1,k1

∩ Sn2,k2
+$# (n1, k1), (n2, k2) ∈ K5

(n1, k1) 6= (n2, k2) /'( Rn,k ∩ Si,j = ∅ +$# (n, k), (i, j) ∈ K5F8G ⋃
(n,k)∈K(Rn,k ∪ Sn,k) ⊂ Y 5FG Rn,k ⊂ B(An,k,

1
n
) 5 Sn,k ⊂ B(Bn,k,

1
n
) +$# (n, k) ∈ K5F(G ̺(x,Rn,k) < 2

n
+$# x ∈ An,k5 (n, k) ∈ K /'( ̺(x, Sn,k) < 2

n
+$#

x ∈ Bn,k5 (n, k) ∈ K3



 !"#$%& "' ()% %*+,(%-% "' ω⋆/0!+&+(+1%,  !"# (n, k) ∈ K $%& An,k = ∅ '()% *) +)' Rn,k = ∅ $%& ,# Bn,k = ∅ '()% *)+)' Sn,k = ∅- .(/+ *) ($0) '1 &)2%) Rn,k ,# An,k 6= ∅ $%& Sn,k ,# Bn,k 6= ∅-3) *,44 5$6) ,' ,%&/',0)48- 9)' R1,−1 = TY,A1,−1,1 *():) TY,A1,−1,1 ,+ '() +)'#:15 9)55$ ; #1: M = Y < A = A1,−1 $%& ε = 1- =,%) R1,−1 ,+ $ 41+)& $%&&,+:)') +/>+)' 1# X $%& X ,+ &)%+) ,% ,'+)4#< '() +)' Y \R1,−1 ,+ &)%+) ,% X-.(/+ *) $% +)' S1,−1 = TY \R1,−1,B1,−1,1- ?)@'< 4)'
Ỹ1,0 = Y \ (R1,−1 ∪ S1,−1)< R1,0 = T

Ỹ1,0,A1,0,1
$%& S1,0 = T

Ỹ1,0\R1,0,B1,0,1
-A,@ (n, k) ∈ K- B++/5) '($' '() 41+)& $%& &,+:)') +)'+ Ri,j $%& Si,j +$',+C#8,%D 1%&,',1%+ (a)C(d) $:) (11+)% #1: (i, j) ≺ (n, k) $%& 4)'

Ỹn,k = Y \
⋃

(i,j)≺(n,k)(Ri,j ∪ Si,j)-E)2%) Rn,k = T
Ỹn,k,An,k, 1

n

$%& Sn,k = T
Ỹn,k\Rn,k ,Bn,k,

1
n

-"' ,+ 1>0,1/+ '($' '() #$5,4,)+
{Rn,k : (n, k) ∈ K} , {Sn,k : (n, k) ∈ K}1%+':/')& ,%&/',0)48 +$',+#8 1%&,',1%+ (a) − (d)- 9)' /+ &)2%) $ #/%',1%

F : X → R $+ #1441*+
F (x) =





k
n

if x ∈ Rn,k, (n, k) ∈ K,
k+1
n

if x ∈ Sn,k, (n, k) ∈ K,

g(x) if x ∈ X \
⋃

(n,k)∈K(Rn,k ∪ Sn,k).3) +($44 +(1* '($' (1) $%& (2) (14&- A,@ x0 ∈ X $%& ε > 0- .():) )@,+'+
n0 ∈ N +/( '($' 1

n0
< ε $%& f(x0) < n0 + 1- A1: )0):8 n ≥ n0 *) 5$8 2%&

−n2 ≤ kn < n2 #1: *(,( kn

n0
≤ f(x0) < kn+1

n0
- .(/+ x0 ∈ An,kn

- A:15 (d)#1: )0):8 n ≥ n0 '():) )@,+'+ yn ∈ Rn,kn
+/( '($' d(x0, yn) < 2

n
- F)%)

limn→∞ yn = x0- A:15 '(,+ *) 1>'$,%
F (yn) =

kn

n
$%& 0 ≤ f(x)− F (yn) <

1

n
..(,+ D,0)+ limn→∞ F (yn) = f(x0)- .(/+ *) ($0) G:10)& '($'

(∗) lim supx→x0
f(x) ≥ f(x0)-"% '() +$5) 5$%%): *) $% +)) '($' lim infx→x0

f(x) ≤ g(x0)-9)' (xm)m∈N >) $ +)H/)%) 1# )4)5)%'+ 1# X 1%0):D,%D '1 x0< xm 6= x0#1: n ∈ N $%& limm→∞ F (xm) = α< α ∈ R ∪ {−∞,+∞}- 3,'(1/' '() 41++ 1#D)%):$4,'8 *) 5$8 $++/5) '($' $44 )4)5)%'+ 1# '() +)H/)%) >)41%D '1 1%) 1#'() '(:)) +)'+
⋃

(n,k)∈K

Rn,k,
⋃

(n,k)∈K

Sn,k 1: X \
⋃

(n,k)∈K

(Rn,k ∪ Sn,k).A,:+'< +/GG1+) '($' xm ∈
⋃

(n,k)∈K Rn,k #1: m ≥ 1- .()% #1: )0):8 m ∈ N*) $% 2%& (nm, km) ∈ K +/( '($' xm ∈ Rnm,km
- .() +)'+ Rn,k $:) 41+)&



   !"#$%&"' ()'"*,-. /!"# #$%'()( !"# *+' ,-(# m ∈ N ).('( $% +"/0 ! ,"$)( "123(' k ∈ Z *+'4.$. (n, k) ∈ K5 6(%$#(%7 (xm)m∈N $% +"8('9(") !"# $% "+) +"%)!")5 :("(
limm→∞ nm = +∞5 ;'+2 (c) *+' (8('0 m ∈ N ).('( (-$%)% zm ∈ Anm,km

%1.).!) d(xm, zm) < 2
n
5 <+'(+8('

F (xm) =
km

nm
!"# km

nm
≤ f(zm) <

km + 1

nm
.=$"( ).( *1")$+" f $% 1>>(' %(2$+")$"1+1%7

α = lim
m→∞

F (xm) = lim
m→∞

f(zm) ≤ f(x0).?+47 /() xm ∈
⋃

(n,k)∈K Sn,k *+' m ≥ 15 @.(" *+' (8('0 m ∈ N 4( !","# (nm, km) ∈ K %1. ).!) xm ∈ Snm,km
5 A" ).( %!2( 2!""(' !% 3(*+'( 4(!" >'+8( ).!) limm→∞ nm = +∞5 ;'+2 (c) *+' (8('0 m ∈ N ).('( (-$%)%

zm ∈ Bnm,km
%1. ).!) d(xm, zm) < 2

n
5 6(%$#(%

F (xm) =
km + 1

nm

!"# km

nm

≤ g(zm) <
km + 1

nm

.=$"( g ≤ f !"# f $% 1>>(' %(2$+")$"1+1%7 $) *+//+4% ).!)
α = lim

m→∞
F (xm) = lim

m→∞
g(zm) ≤ lim sup

m→∞
f(zm) ≤ f(x0).5 B) ).( ("#7 $* xm ∈ X \

⋃
(n,k)∈K(Rn,k ∪ Sn,k)7 ).(" F (xm) = g(xm) *+'

m ∈ N5 @.('(*+'(
α = lim

m→∞
F (xm) = lim

m→∞
g(xm) ≤ lim sup

m→∞
f(xm) ≤ f(x0).@.1% 4( .!8( >'+8(# ).!) α ≤ f(x0)5 =$"( α $% !" !'3$)'!'0 /$2$) "123(' +*

f !) x07 lim supx→x0
F (x) ≤ f(x0)5 @+9().('7 4$). (∗) 4( 9()

lim supx→x0
F (x) = f(x0)*+' (8('0 x0 ∈ X5B>>/0$"9 /+4(' %(2$+")$"1$)0 +* g $" ).( %!2( 4!0 4( !" >'+8(

lim inft→x F (t) = g(x) *+' x ∈ X5 @.( (C1!/$)0 F (x) = g(x) *+'
x ∈ X \Y $% +38$+1%7 3(+1%( ⋃

(n,k)∈K(Rn,k ∪Sn,k) ⊂ Y !"# F (x) = g(x) *+'
x /∈

⋃
(n,k)∈K(Rn,k ∪ Sn,k)5 @.( >'++* $% +2>/()(5 !"#$% &' A* 1"#(' ).( "+)!)$+" *'+2 ).( >'++* +* ).( /!%) ).(+'(2 4( #(,"(! *1")$+" F̃ : X → R $" ).( *+//+4$"9 4!0

F̃ (x) =





k
n

if x ∈ Rn,k, (n, k) ∈ K,
k+1
n

if x ∈ Sn,k, (n, k) ∈ K,

f(x) if x ∈ X \
⋃

(n,k)∈K(Rn,k ∪ Sn,k),



 !"#$%& "' ()% %*+,(%-% "' ω⋆ !"#$#%#&'(  !"#$% &" &' $('&)* '$$% "#("
lim supt→x F̃ (t) = f(x) (%+ lim inft→x F̃ (t) = g(x) ,-. x ∈ X/0$%$ 2$ 3$" ( "#$-.$4 (%()-3-5' 2&"# 6#$-.$4 7/ !"#$"% &' 8$" (X, ̺) 9$ ( +$%'$ &% &"'$), 4$".& ':($ (%+ )$" Y 9$ +$%'$'59'$" -, X/ 8$" f : X → R (%+ g : X → R 9$ ( :(&. -, ,5%"&-%' '5# "#("

f &' 5::$. '$4&-%"&%5-5'; g &' )-2$. '$4&-%"&%5-5' (%+ g ≤ f / 6#$% "#$.$$<&'"' ( ,5%"&-% F : X → R ,-. 2#&#=>℄ lim supt→x F (t) = f(x) (%+ lim inft→x F (t) = g(x) ,-. x ∈ X;=@℄ F (x) = f(x) ,-. x ∈ X \ Y /
C 8$" (X, ̺) 9$ ( +$%'$ &% &"'$), 4$".& ':($/ A-. $B$.* 5::$. '$4&-%C"&%5-5' ,5%"&-% f : X → [0,∞) "#$.$ $<&'"' ( ,5%"&-% F : X → R '5# "#("

ω∗(F, x) = f(x) ,-. x ∈ X/A-. 5::$. (%+ )-2$. D(&.$ ,5%"&-%' Mf (%+ mf "#$-.$4 (%()-3-5' "-6#$-.$4 @ &' %-" ".5$/()*%+," -' 8$" X = {2k−1
2n : k = 1 . . . , 2n−1, n ≥ 0} ⊂ R (%+ f : X →

R; f(2k−1
2n ) = 1 + 1

2n ,-. k
2n ∈ X/ 6#$% X &' +$%'$ &% &"'$),; f &' 5::$.'$4&-%"&%5-5'/ E5::-'$; "#(" "#$.$ $<&'"' ( ,5%"&-% F : X → R '5# "#("

MF (x) = f(x) (%+ mF (x) = 0 ,-. x ∈ X/ 6#$% 0 ≤ F ≤ f / F" &' $('* "-:.-B$ "#(" lim supt→x f(t) = 1 ,-. $B$.* x ∈ X/ 0$%$ lim supt→x F (t) ≤ 1,-. $B$.* x ∈ X/ E&%$ MF (x) = max{F (x), lim supt→x F (x)}; &" #(B$ "- 9$
F (x) = f(x) ,-. $B$.* x ∈ X/ D5" "#$% mF = 1/ 6#5' 2$ #(B$ :.-B$+ "#(""#$.$ &' .# ( ,5%"&-% F : X → R '5# "#(" MF (x) = f(x) (%+ mF (x) = 0,-. x ∈ X/G" "#$ $%+ 2$ 2&)) -%'&+$. :.-9)$4' -, "#$ $<&'"$%$ -, ωC:.&4&"&B$' (%+
ω∗C:.&4&"&B$' ,-. %-%4$".&H(9)$ "-:-)-3&() ':($'/ 6#$ :.-9)$4 -, "#$ $<&'"C$%$ -, ωC:.&4&"&B$ #(' ( :-'&"&B$ '-)5"&-% ,-. '-4$ %-%4$".&H(9)$ "-:-)-3&()':($'; ,-. $<(4:)$I !"#$"% /0' 8$" (X,T ) 9$ ( .$35)(. '$:(.(9)$ "-:-)-3&() ':($/ 6#$% ,-.$B$.* 5::$. '$4&-%"&%5-5' ,5%"&-% f : X → [0,+∞] B(%&'#&%3 (" &'-)("$+:-&%"' -, X "#$.$ $<&'"' ( ,5%"&-% F : X → R '5# "#(" ω(F, ·) = f / !"#$"% // 123℄5' 8$" (X,T ) 9$ ( .$35)(. D(&.$ ':($/ 6#$% ,-. $B$.*5::$. '$4&-%"&%5-5' ,5%"&-% f : X → [0,+∞] B(%&'#&%3 (" &'-)("$+ :-&%"'-, X "#$.$ $<&'"' ( ,5%"&-% F : X → R '5# "#(" ω(F, ·) = f /6#$ :.-9)$4 -, "#$ $<&'"$%$ -, ω∗C:.&4&"&B$' ,-. %-%4$".&H(9)$ "-:-)-3&()':($' &' 4-.$ -4:)&("$+/



 !  !"#$%&"' ()'"*,-. / !"#$%& '( "#$ (X,T )% X = R× [0,+∞) &# ' ()#*+$,-+ ./'0#1 23#0 X )4' 50)#5 070*#$8),'&#% 4#.'8'&/#% 2+37079% :')8# $7.7/7;)'/ 4.'#1 <#=0#
f : X → R%

f(x) =

{
1 if x ∈ Q× {0},
0 if x /∈ Q× {0}.># ?)// 437? $3'$ ω∗@.8)*)$)A# B78 f C7#4 )*+ #D)4$1 "#$ F : X → R &# '0+BE0$)70 4E3 $3'$ ω∗(F, x) = f(x) B78 x ∈ X \ (Q× {0})1 23#0 $3# BE0$)70

F 3'4 ' /)*)$ '$ (x, 0) B78 #A#8+ x ∈ R \Q1 "#$
An,k =

{
x ∈ R \Q : F (v) ∈ (k

4 −
1
4 , k

4 + 1
4) B78 v ∈ (x− 1

n
, x + 1

n
)× (0, 1

n
)
}B78 #A#8+ n, k ∈ N1 23#0 R \ Q =

⋃
n,k∈N

An,k '0C &+ :')8# 23#78#* $3#8##D)4$ n0, k0 ∈ N '0C '0 7.#0 )0$#8A'/ (a, b) 4E3 $3'$ An0,k0
)4 C#04# )0 (a, b)1:E$ $3#0 B78 #A#8+ x0 ∈ (a, b)∩Q $3#8# #D)4$4 ' 0#);3&7E8377C U 7B (x0, 0) ∈ X4E3 $3'$ supu,v∈U\{(x0,0)} |F (u)− F (v)| ≤ 1

2 1 23#8#B78# ω∗(F, x0) ≤
1
2 1 23E4

ω∗(F, x0) 6= f(x0) = 1 '0C ω∗(F, ·) 6= f 1 F7% ?# 3'A# .87A#C $3'$ ω∗@.8)*)$)A#B78 f C7#4 )*+ #D)4$41 !"!#!$!&GH℄ J1 <) :'8)% J1 K#$871  !" #$%&%'%(" )%'! $"*#"' ', ,*%--.'%,/ L#0C1J)81 M'$1 N'/#8*7 OPQ% RH% 071 H% HSRTHS!% PUUP1 071 H% HSR@HS!1GP℄ V1 <E4,+W4-)% V1 X8'0C#% F1 N707*'8#A1 0/ '!" ω1#$%&%'%("% M'$31F/7A'' RH% Y ZTYS % PUUH1G[℄ \1 ]?#8$% F1 N707*'8#A1 ω1#$%&%'%("* ,/ σ12%*$"'" *#."*% 2'$8' M$1M'$31 NE&/1 PY % H[TPS% PUUP1GY℄ \1 ]?#8$% F1 N707*'8#A1 0/ '!" "3%*'"/" ,4 ω1#$%&%'%("* ,/ .$5%'$.$6&"'$% *#."*% M'$31 F/7A'' R[% RHTRS% PUU[1GR℄ \1 ]?#8$% F1 N707*'8#A1 0*%--.'%,/ ./2 ω1#$%&%'%("*% L#'/ ^0'/1 ]D@3'0;# P %  !STSUP% PUUH@PUUP1G ℄ N1 _74$+8-71 7,&" #$,#"$'%"* ,4 ,*%--.'%,/% M'$31 F/7A'' [U% HRSTH P%HZ!U1


