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Abstract. If (X, o) is a dense in itself metric space and f: X — R, then we define
w*(f,x) =infr>0sup, ez (o} [f(¥) — f(2)]. We say that a function F': X — Ris
an w*- primitive for f: X — Rif w*(F,-) = f. We discuss problem of the existence of
w*-primitives for an arbitrary upper semicontinuous function f: X — [0, 00) defined
on a dense in itself metric space. At the end we show that if an upper semicontinu-
ous function f: X — [0,00) is defined on a nonmetrizable topological space, then
w*-primitive may not exists.

Let (X, o) be a metric space, B(z,r) is an open ball with center z and
radius 7 and let f: X — R be any function. Then we may define an oscillation
of the function f as:

w(f,z) =inf sup [f(y) — f(2)]-

T>Oy,z€B(x,r)

It is well known that w(f,-) : X — [0, +00] is an upper semicontinuous func-
tion vanishing at isolated points of X. There were investigate the following
problem.

Problem 1. Let f: X — [0, +00] be any upper semicontinuous function van-
ishing at isolated points of X. Does there exists a function F: X — R such
that w(F,-) = f 7

Positive answer was given by profesor J. Ewert and profesor S. Ponomarev:

Theorem 7 ([?]). Let (X, o) be an arbitrary metric space. For every upper
semicontinuous function f: X — [0, +oc] vanishing at isolated points of X
there exists a function F': X — R such that w(F,-) = f.
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In the paper we consider similar problem. Let (X, ) be a dense in it-
self metric space and let f: X — R be any function. Then we may define
a function w*(f,-): X — [0, +o0],

w*(f,x)=1inf  sup  |f(y) - f(2)]-

r>0 y,2€B(z,m)\{z}

Similarly, w(f,-) is an upper semicontinuous function. Although, defini-
tions of w(f,-) and w*(f,-) are similar, their properties may be quite different.

Example 1. Let X = {ZZ1: k=1,...,2" 1 n >0} CRand f: X — R,
fEL) = o for 2221 € X
It is easily seen that w(f,-) = f and w*(f,-) = 0. Hence, w(f,x) # w*(f,x)

forz € X.

So, we have the following question:

Problem 2. Let (X, p) be a dense in itself metric space and let f: X —
[0,4+00] be an upper semicontinuous function. Does there exists a function
F: X — R such that w*(F,-) = f 7

We say that a function F': X — R is an w*- primitive for f: X — R if
W*(F7 ) =f.

First, we make some observations. For a function F': X — R we may
define upper and lower Baire functions:

My@)=inf swp f(y)
T>0y€B(z,r)

and
m¢(x) = su inf .
@) <o L, 10
Then w(F,xz) = My¢(z) —mys(x) for z € X.
Next, if (X, o) is a dense in itself metric space then for a function F': X —
R we may define

limsup f(t) = inf  sup  f(y)
t—x >0 yeB(z,r)\{z}

liminf f(¢) = su inf
t—z J®) r>18y€B(zﬂ”)\{I} fw)
and then
w*(F,z) = limsup f(t) — ligl inf f(t)

t—x

for x € X (if we assume that co — 0o = 00 = —00 — (—00))
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In the following we will need the following denotations. Let o(z, A) =
inf{o(x,a) : a € A} denotes the distance of the point x from the nonempty
set A in a metric space (X, g) and let

B(A,e) = | J{t € X :d(x,t) <e} = | ] B(x,2).

T€EA €A

for ) #A C X and ¢ > 0.

We will give the positive answer of Problem 2 in the case of upper semi-
continuous functions with finite values f: X — [0, 400). We can prove even
more. First, we start from the following technical lemma.

Lemma 1. Let (X, p) be a metric space. For every subset M dense in X,
nonempty set A C X and € > 0 there exists a set T, 4. C M such that

[1] o(21,22) > € for every 21,22 € Ty A,
[2] o(z,A) < e for every z € T ap,
3] o(x,Ta,ae) < 2e for every x € A.

Proof. Observe that another way of stating (2) is to say Tas,4. C B(A,¢) and
an equivalent formulation of (3) is A C B(Tw,a,¢,2¢). Since M is a dense
subset of X, M NB(4,¢) # 0.

Let B be the set of all subsets B of X satisfying the following conditions

(a) BC MNB(A,e),
(b) o(z1,22) > € for each z1, 29 € B.

The family B is nonempty because contains all singletons {z} for
x € M NB(A,e). Moreover, B is partially ordered by inclusion. It is easily
seen that if {Bs : s € S} is a chain in X then the set B = | J,.g Bs belongs
to B and B is above all elements from {B; : s € S}. Hence, by Zorn Lemma
the family 8 has a maximal element T/ A ..

We will show that the set Ths 4. fulfils all required properties. By (a)
it is clear that Thya. C M and Tys 4. C B(A,¢€), so o(z,A) < ¢ for every
2 € T ae. Next o(z1,22) > € for 21,29 € Thya from (b).

Assume that o(zg,Ta,a.e) > 2¢ for some zg € A. Since M is a dense
subset of X, there exists zyp € M such that o(zg,29) < . Hence

o(t, z0) > o(t,xo) — oo, 20) = o(xo, Tar,ae) — 0(x0, 20) > 26 —e =€

for each t € Thpra.. It follows that Thsa. U {20} € B. Since Ty 4 is
a maximal element of 9B, this is a contradiction. Therefore o(x, Ty 4.) < 2¢
for every x € A and the set T 4 . satisfies conditions (1) — (3). O
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Remark 1. From condition (1) of the Lemma it follows that T/ 4 . is a closed
and discrete set.

Now, we formulate the main theorem of the paper

Theorem 8. Let (X, o) be a dense in itself metric space and let Y be dense
subset of X. Let f: X — R and ¢g: X — R be a pair of functions such that
f is upper semicontinuous, g is lower semicontinuous and g < f. Then there
exists one function F': X — R for which

[1] limsup,_,, F(t) = f(x) and liminf,, F(t) = g(x)
for x € X,

2] F(z) =g(z) for z€X\Y.

Proof. Let
K ={(n,k) €Z:—n*<k<n?}.

Let < be a relation in K defined as follows
(nl,kl) < (ng,kg) S np < ngV (7’7,1 =no A kl < kg)
It is easily seen that K is well ordered by <. Define

Anyk:{.%EXZ

3=

< flz) < B}
and
Bmk:{meX : %gg(x)<%}

for (n,k) € K. We shall construct two families {R,, 1 : (n,k) € K} and
{Snk : (n,k) € K} of closed and discrete subsets of X which satisfy the
following conditions:

(a) Rm,k‘l N Rn27k2 =)= Snl,kl N Sn27k2 for (nl,kl), (n2,k2) e K,
(n1, k1) # (n2,k2) and R, ;N S;; =0 for (n,k),(4,5) € K,

(b) Uppyex (Bngk U Snk) CY,

(¢) Rk CB(Ayg, L), Spg CB(Bug, 1) for (n.k) € K,

3o
=
o
=

(d) o(z,Rpi) < % for =z € Apk, (n,k) € K and p(x, Sy k) <
x € By, (nk) € K.
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If (n,k) € K and A, = 0 then we set R, ;, = 0 and if B, ; = 0 then we
set Sy x = 0. Thus we have to define R, if A, # 0 and S, if B, # 0.
We will make it inductively. Let Ry 1 = Ty,a, _, 1 where Ty 4, _, 1 is the set
from Lemma 1 for M =Y, A= A; _; and € = 1. Since Ry __; is a closed and
discrete subset of X and X is dense in itself, the set Y \ Ry _; is dense in X.
Thus we can set S1 -1 =Ty\g, _,,B, _,,1- Next, let

Yip=Y \ (Rl,—l U 517_1), Ripg= Yl 0,A10,1 and S19 = Y1 O\R1.0,B10,1"
Fix (n,k) € K. Assume that the closed and discrete sets R;; and S; ; satis-
fying conditions (a)-(d) are choosen for (i, j) < (n, k) and let

Yok =Y \ U j)<(nop) (Big U Sig)-
Deﬁne Rn,k = ? WAL 1 and S’Il,k =

It is obvious that the families

{Rn,k : (TL, k‘) S K} i {Sn,k : (TL, k‘) S K}
constructed inductively satisfy conditions (a) — (d). Let us define a function
F: X — R as follows

1-
n,k\Rn,k»Bn,k»E

Eif z€Ru.k (nk)eK
Fr)=4 EL if 2€ S8, (nk)eK
g(z) if ze X\ U(n,k)eK(Rn,k U Sp.k)-

We shall show that (1) and (2) hold. Fix zp € X and € > 0. There exists
no € N such that nio < e and f(zg) < ng + 1. For every n > ng we may find

—n? < k, < n? for which ﬁ—g < f(zg) < k’;L—'(’)'l. Thus zg € A, ,. From (d)

for every m > ng there exists y, € Ry, such that d(zg,yn) < % Hence
lim,, o0 Y = To. From this we obtain
kn, 1
F(?Jn)zz and  0< f(z) = Fyn) < o

This gives lim, o0 F'(yn) = f(2z0). Thus we have proved that
(%) limsup, ., f(2) = f(20).
In the same manner we can see that liminf,_.,, f(x) < g(xo).

Let (2, )men be a sequence of elements of X converging to zg, x,, # 2o
for n € N and lim,—00 F(z,) = o, @« € RU {—00,400}. Without the loss of
generality we may assume that all elements of the sequence belong to one of
the three sets

U Res U Ser or X\ (RupUSap).

(n,k)eK (n,k)eK (n,k)eK

First, suppose that x,, € U (n.k)EK R, j, for m > 1. Then for every m € N
we can find (ny,, kp) € K such that Tm € R The sets R, . are closed

N Ko *
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and discrete and for fixed m € N there is only a finite number k£ € Z for
which (n, k) € K. Besides, (2, )men is convergent and is not constant. Hence
limy, o0 m = 400. From (c) for every m € N there exists z,, € A,,, k,, such
that d(xp,, zm) < % Moreover

F(zy)=— and — < f(zp) < ke

m nm nm

Since the function f is upper semicontinuous,

a= lim F(z,)= W}E)nm f(zm) < f(xo).

m—00

Now, let z,, € U(n k)eK Sy for m > 1. Then for every m € N we can
find (ny,, k) € K such that x,, € S, k.. In the same manner as before we
can prove that lim,, oo ny, = +00. From (c) for every m € N there exists
Zm € B, k, Such that d(z,, zm) < % Besides

km+1 k

k 1
F(zy) = " and n—m < g(zm) < N;L+ .
m m m

Since g < f and f is upper semicontinuous, it follows that

a= lim F(x,)= ﬂplbignoog(zm) < limsup f(zm) < f(x0).

m—00 m—00

At the end, if @y € X\ U, pyer (Bnk U Snk), then F(ay) = g(@,) for
m € N. Therefore
a= lim F(z,)= lim g(z,) <limsup f(z,,) < f(xo).
m—00 m—00 M—s00
Thus we have proved that o < f(xg). Since a is an arbitrary limit number of
[ at xg, limsup, ., F(x) < f(xg). Together, with (x) we get
lim SUPgz .z F(:I:) - f(xO)
for every zg € X.

Applying lower semicontinuity of ¢ in the same way we can prove
liminf, ., F(t) = g(z) for x € X. The equality F(z) = g(x) for
z € X\ Y is obvious, becouse (J, ek (BnkUSpk) CY and F(x) = g(z) for
z & U iyer (Bnk U S k). The proof is complete. 0

Remark 2. If under the notation from the proof of the last theorem we define
a function F': X — R in the following way

Eif z€Ryp (nk) €K,

Fx)={ Ll if ze8,4 (nk) €K,

f) if ze X\Upper (BnkUSnk),
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then it is easily seen that N
limsup,_,, F(t) = f(z) and liminf, ., F(t) = g(x) for z € X.

Hence we get a theorem analogous with Theorem 8.

Theorem 9. Let (X, p) be a dense in itself metric space and let Y be dense
subset of X. Let f: X — R and ¢g: X — R be a pair of functions such that
f is upper semicontinuous, g is lower semicontinuous and g < f. Then there
exists a function F': X — R for which

[1] limsup,_,, F(t) = f(x) and liminf,,, F(t) = g(z) for z € X,
2] F(z)= f(x) for x € X\Y.

C Let (X, p) be a dense in itself metric space. For every upper semicon-
tinuous function f: X — [0,00) there exists a function F': X — R such that
w(F,x) = f(z) for z € X.

For upper and lower Baire functions My and my theorem analogous to
Theorem 2 is not true.

Example 2. Tet X = {#-1 .k =1...,2» ' n >0} cRand f: X —
R, f(2]§;1) =1+ 2% for 2% € X. Then X is dense in itself, f is upper
semicontinuous. Suppose, that there exists a function F': X — R such that
Mp(xz) = f(x) and mp(z) = 0 for x € X. Then 0 < F < f. It is easy to
prove that limsup,_,, f(t) = 1 for every z € X. Hence limsup,_,, F(t) < 1
for every z € X. Since Mp(z) = max{F(x),limsup,_,, F(z)}, it have to be
F(x) = f(z) for every x € X. But then mpr = 1. Thus we have proved that
there is no a function F: X — R such that Mp(z) = f(z) and mp(z) = 0
for x € X.

At the end we will consider problems of the existence of w-primitives and
w*-primitives for nonmetrizable topological spaces. The problem of the exist-
ence of w-primitive has a positive solution for some nonmetrizable topological
spaces, for example:

Theorem 10. Let (X,7) be a regular separable topological space. Then for
every upper semicontinuous function f: X — [0,+o00] vanishing at isolated
points of X there exists a function F': X — R such that w(F,-) = f.

Theorem 11 ([?]). Let (X,7) be a regular Baire space. Then for every
upper semicontinuous function f: X — [0, +oco] vanishing at isolated points
of X there exists a function F': X — R such that w(F,-) = f.

The problem of the existence of w*-primitives for nonmetrizable topological
spaces is more complicated.
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Example 3. Let (X,7), X =R x [0, +00) be a Niemytzky plane. Then X is
a '"nice" nonmetrizabe, separable, Tychonoff, Baire topological space. Define
f: X —>R,

0 if x¢Qx{0}.

We will show that w*-primitive for f does not exist. Let F': X — R be any
function such that w*(F,z) = f(z) for z € X \ (Q x {0}). Then the function
F has a limit at (x,0) for every z € R\ Q. Let

f(a:):{ 1 if zeQx{0},

App={r€eR\Q: F(v) e (k-1

e

+1) for ve(@—1z+1)x(0,1)}
for every n,k € N. Then R\ Q = Un,keN A, and by Baire Theorem there
exist ng, ko € N and an open interval (a,b) such that A, j, is dense in (a,b).
But then for every zy € (a,b)NQ there exists a neighbourhood U of (z,0) € X
such that sup, yep\ ((z0,00} 1F(1) — F(v)| < $. Therefore w*(F, z9) < 3. Thus
w*(F,x0) # f(xg) =1 and w*(F,-) # f. So, we have proved that w*-primitive
for f does not exists.
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