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Discrete Uniform Distribution and Paradoxes
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Every teacher should make effort to motivate students for further stu-
dying. I have made good experience with using untypical examples and
paradoxes.

In this article we can show some paradoxical situation associated with
discrete uniform distribution. Uniform distribution is very simple and its
properties are describe in all the textbook on probability. However, in some
examples and situations we can see non-correct process or surprising state-
ments.

Example 1:
In some probability books we can read the following problem.
Consider the set of all positive integers:

1, T 308 08,1, 6,1

If you pick one of these number at random, what is probability that is mul-
tiple of 4 (it is silently supposed that all numbers have the same chance to
be chosen)? Expected answer is % because every fourth number is multiple
of 4. Is it true?

Now rewrite the set of all positive integers in the form:

1, 2, 4,3, 0,780, 1259 10, 16, ...

Every third number is multiple of 4 and therefore the answer is % in this
case. It is strange (probability depends on ordering).
The correct answer is simple. Since both sets are countably infinite, it’s
impossible to define discrete uniform distribution on these sets.

Example 2:
The empirical observation in many naturally occurring tables of numerical
data (physical constants, populations, cost data, country area and so on)
give an interesting conclusion: the leading significant (non-zero) digit is
not uniformly distributed in {1, 2, ..., 8, 9}. But most people have the
intuition that each of the digit 1,2, ..., 8, 9 are equally appear as the
leading significant number. Why? Where is a mistake?
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The first person who noticed this phenomenon was Simon Newcomb [2].
We tabulated the first digits of 199 physical constants [1] for demon-
stration of the phenomenon.

Leading digit | number of cases | percentage
1 67 33,6
2 39 19,5
3 21 10,7
4 16 8,1
5 17 8,5
6 14 (|
7 7 3,5
8 8 4,0
9 10 5,0

Table 1: Empirical distribution of digits from physical constants table

How to explain this curios relationship?

Suppose that there really is a law of digit frequencies. Then the law
should be universal, it does not depend on units. If we change the units,
then proportions of digit frequencies should be the same - the law of digit
frequencies should be scale invariant.

Let {D; = k} be an event:

{D; = k} = {the first significant digit is k}.

Multiplication by 2, for example, converts all numbers starting with 5,
6, 7, 8 or 9 into numbers starting with 1. This implies that

+P(D, =8)+ P(D; =9) (%)

for scale-invariance under multiplication by 2 to hold, which is certainly
not true that P(D; = k) is the same for all k¥ € {1,2,...,8,9}.

Another explanation that the leading digit 1 should be more common
than the other digits can be understood as follows: Start counting from
1: 1, 2, 3, ...As we reach 9, every digit will have been equally likely. From
10 to 19, we only have the leading digit 1. If we reach 99, all digits will be
equally likely again and so on. 1 has always a lead, except for (9, 99, 999,
We will find such a distribution that if we multiply all our numbers by
arbitrary constants (as we do when change from metres to miles or euro to
dollar and so on) then the distribution of first digit frequencies will be the
same.
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The area underneath density function between any two points a and
b yields the probability of getting a value lying between a and b. Now we

consider interval (1,10). If in our case the density function is f(z) = 1,

then the relevant distribution is scale invariant. From integral calculus we
know

b
/ ld:z::lnb—lna.

X

For single digit numbers, if a =n and b= (n+ 1), then the probability
that the digit equals n is In E}} Because

Ina =2,3026 - log,, a,

and our distribution should be scale invariant, we can use logs to the base
10 rather than natural logs with base e. Then

1
P(D1 = 1) — 10g102 — loglO ] 1Og10 (]_ + _1_)’
1

1
P(D; =3) = log;04 — log,p3 = log,, (1 + —)’

3
and so on. Then the significant-digit law is
1
P(D; = k) = log;, (1+E>’ k=1,2,...,9.

It is easy to show that

S P(Dy=k) = Zgjlogw (1+ %) =Y,
=1

k=1

This logarithmic distribution is the only distribution on the significant
digits of real numbers which is invariant under changes of scale. This func-
tion leads to expected frequencies that are monotonically declining from
about probability 0,3 for 1’s down to about probability 0,05 for 9’s (see
table 2 and compare table 1).
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Leading digit | probability
1 0,301
0,176
0,125
0,097
0,079
0,067
0,058
0,051
0,046

Table 2: Distribution of digits from significant-digit law

OO N[O x| W N

It is easy to show that this distribution is scale invariant. Multiplication
by 2, for example, converts interval (1,10) on interval (2,20). Then

1
P(D, = 1) =log;(20 — log;o 10 = log,, (1 + I)’
another probabilities P(D; = 2), P(D; = 3),..., P(D; = 9) stay the same.

We can generalize this law for the second and higher significant digits.
Indicate
{D; = k} = {the second significant digit is &},

{D3 = k} = {the third significant digit is k},
{D4 = k} = {the fourth significant digit is &},

and so on.
The corresponding law for the second and higher significant digits is

P(Dy=kyyDs =kgy. .oy Dy=d) = log;q [1 o (zt:k‘i X 10t—i)—1]

1=1

for k1€ {1,2,:-:.9) and k; €1{0, 1.2,7.,.9%, 7 >: 1«
This says, for example, that the probability that the first three signifi-
cant digits of a numbers are 1, 2, 5 is

A
P((Dy, Dy, D) = (1,2,5)) = logyo (1 + E) = 0,003 461.
However

1
P((D1, Dy, D3) = (5,2,1)) = logyo (1 + BE) = 0,000 833.
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