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Asymptotic Distribution of the Mutual Variogram Estimate

Nikolair Troush, Tatiana Tsekhovaya

The article deals with the problem of a statistical analysis of time series
connected with the estimation of mutual variogram, a measure of spatial
correlation. G. Matheron [1] has coined the term variogram, although ear-
lier appetrances of this function can be found in the scientific literature [2,
3].

The problem of estimating the mutual variogram and examination the
statistical properties of this statistics has been considered in [1, 4, 5]. We
present the limiting expressions of the first two moments and the higher
order cumulants of the mutual variogram estimate of the second-order-
stationary stochastic process with qiscrete time. These expressions are then
used to prove the theorem concerning the asymptotic distribution of the
mutual variogram estimate. The approach is similar to the approach taken
in the time series literature, and the reader is referred to D. Brillinger [6]
for theorems regarding the asymptotic distribution of the spectral density
estimate of a time series. ’

Consider a random process

Yi(a) 3 {Yals)o=1,r} 5 € Z=40,+1.582,.3n > 1s

Suppose further that Y"(s), s € Z , is a zero-mean stochastic process with
unknown mutual variogram

2 Yap(h) = cov(Ya(s + h) — Yo (s), Yi(s+ h) — Y3 (s)),

S,hEZ, a,b:T,_r.

The mutual variogram estimate 2 ¥qp (h) in terms of sequence of ob-
servations, Y, (1), Y4(2), ..., Ya(n), is defined as

. n—h
25s (B) = — 3 (Yals + ) ~ Ya(s)) (Yo (s + B) — Yi(s),

Yab (=h) =Yap (h), h=0,n=1, and Vs (h) =0 for |h|>n, a,b=T,7.
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We calculate the first two moments of the examined estimate. The
mutual variogram estimate is unbiased for 2 v4(h).

Theorem 1. For the mutual variogram estimate 2 ;ab b B =
0,n—1, a,b=1,r, the expression

(n— h™)eov{2 Yays, (h1),2 Vagh, (ho)} =

W (1+ 28 Y gt | (),

aybyaszb
i = b 1012202
s valid, where
H::Iflfazbg (k) = Ca byazbs (k + h1 = ha, k + hy — hy, 0) + (1)

+Caybrazty (K + P, K, ha) + Caybrage, (K + hi, b+ by, 0)—
—Caybyagby (k+h1—hay, k4+hy —hy, —ho)+Cqibiazby (K+h1—hg, k—hg, —hy)—
~Ca,bjagby Lk — ha, k + hy— ha, 0)+
+Caybyagby (K k + hay h2) — Caybyaqgty (ki b+ Ry, 0)—
—Caybyagby (K4 h1; b+ h1, h2) + Caybyagh, (K = h2y k= ha, 0) 4 cay6ya00, (K, K, 0)+
+Caybyazby (K — b2,k + Ry — ha, —hg) — caibyas8,(k — B2, k — by, —ho)—
—~Caybyasby (ky Ky ha) = Carbyasby (K+hy —ho k—ho,0) — Cayby a6, (K+ Ry, k,0)+
+Ra a, (k+h1—ho)Rep, (k+hy—ho)+ Ras, (k+h1 —h2)Rya, (k+hy —he)—
—Rayay(k + Ry — h2) Ry b, (K + h1) — Rayp, (k4 hi) Ry o, (K + by — hy)—
— Ry (k + h1) Boypy (b + by — ho) — Rajp, (k+ hy — ho) Rpa, (K + Ay )+
+Raya, (k + h1) Ry, (k + h1) + Rays, (k + hi) Ryya, (K + hy)—
~Rayay (k + hy — h2) Ry, (k — hg) = Rayp, (k + hy — he) Ry, (K — ha)+
+Raya, (K + hy — ha) Ry, (k) +
+Rayby (b + hy) Rbyay (k = ha) — Rayb, (K + hy) Rp,a, (K)+
+Rayay (K + h1) Rpyo, (K — ho)+
+Rayb, (kK + hy — hy) Ry, (k) = Raja, (K + ha) Royp, (k) —
—Rajay(k — ho)Royp, (k+ b1 — ho) — Rayb, (k= h2) Ry o, (k + hy — )+
+Rayay (K — h2)Royp, (k + ha) + Rayb, (k) Rbya, (k + by — ho)+
+Rayay (k) Rob, (k + by — ha) + Rays, (k — ha)Rpa, (k + he)—
~Rq,a, (k) Royp, (k+h1)—Rab, (k) Rbyaq (k+h1)+Raya, (K—ha) Ryyp, (k—hg)+
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+Ralb2(k“h2)Rb1a2 (k_h2)_Ra1a2 (k"h2)Rblbz(k)_Ralbz (k)Rbmz (k_h2)_“
_'Rthaz (k)Rblbz (k T h2) i Ralbz (k = h2)Rb102 (k)+
+Rﬂ102 (k)Rb1b2 (k) o Ralbz (k)Rbla-2 (k)’

Ruy(k), k€ Z, a,b=1,r, is the mutual covariance function,

Cajagzazay (k’l, kg,k‘g), kl,kg, ks & K, a:= ﬁ, § = —1_,_1, 18 the fO'MT‘th-OTdE‘I"
sample cumulants of the stochastic process Y7 (s),s € Z, ay,a3,b1,by =
Y3

| ma(k), ha> hy,
m(k)_{ mg(k), hi > ha,

k, k=1-n+hy, —1,
my (k) = 0, k=0,hy— hy,
hg—hl—k, k:hg—hl-i-l,n—hl—l,

k‘—hg—"hl, :1~—n-+—h2,h2—~h1—1,
mz(k): 0, k‘:hg—hl,o,
—k, k=T,n—h; -1,
Iy = mil’l{hl,hg}, ht = max{hl,hg}, (2)

hl,hgzo,n—l.
Theorem 2. For the mutual variogram estimate 2 7 )=

0,n—1, a,b=1,r, the expression

(n = h™)cov{2 Ya,b; (F1),2 Vaps, (h2)} =

i fn ®_pt (2) (G772 (2) + G5 ™ (2)) dot

1 ' — ht
b [ B @8- () 00 B2 (61 0) 4+ o)
is valid, where
G~ (3) = cos 1 “2}‘2)“’01(9:), (3)
(h1 = hg)x

GM~h2(z) = cos G (),
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Gl(m) :]'/1_12 falblagbz(m - vY, Z)q(m,y,Z)dde,

Ga(z) = _/I;(fmch ("L‘ = y)fblbz(y) + fayb, (T — y)fblaz (y))q(:c, y)dy’

q(l‘, g, z) _ eix(hzz—hl) (1 + eiz‘(hl—hz) e ei(rh1+zh2) & e‘il‘(hl —hg)—izhz + ei.‘L‘hl e

_eir(hl—hg)—iyhl % ei(x—y)h1+izh2 i eé(z—y)(hl——hg)—iyhg—izhz o ei(:c——y)h1 r

_eiyhl—ixhg +eiyh1+izh2 _I__ez'yhl —i(z+z)hy _ eiyhl . eizhg +e-irh2 = e—ihg (:c+z))’

gle y)= e,-ﬂ'zzz—_hxl(l + eielhi=ha) _ izhi—i(z—y)ha _ izh—iyhs + githi_

_eizhg-l-i(m—y)h; + ei(x—y)(hlhhz) + ei(x—y)h,l —iyhy ei(x—y)hl i eiyhl—ixh2+

iyhy —i(z—y)h wy(hy—h iyh —izh —i(z—y)h —iyh
Fetuh ( y)2+ey(1 2)_ey1+e 2 _ o= y)z_e yz)’

fab(2), ® € I = [—m, 7], is the mutual spectral densities,
Jarbragh, (T1, T2, 23), z; € I, i =1,3, is the fourth-order cumulants spectral
densities of stationary stochastic processesY'(s), s € Z, a,b,ay, by, as, by =

1r,

£ 1 2
& (2)= 2ﬂ_nAn(ﬂc), 21-¢ IH
A2(z) sin &F
s sin §
h+, h~ are (2), hl,hz =0n-+1,
Theorem 3. Let
+00 +oo
Z |Rab(k)| < 00, Z lcalb1a2f>2 (kl?k21k3)‘ < oo.
k=—co kl ,kg,k;;:—oo
Then
o nd A hih
Jim (1~ h7)eov(2 Vs, (1), 2Fusse (h)} = 3 HM2 (), (4)
k=—-o0

where HM , (k) is (1), h= s (2), h1,ha =0,m=1, a1,b1,a3,by=1.7.

a1b1a2b2
Corollary 1. Under the assumptions of Theorem 3,

nh—{%o CO'U{2 §albl (hl)a 2 ’?azbz (h’2)} b,
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lim D{2%a (h)} =0,

hyhi,h=0,n—-1, a,b,ay,by,ay,by =1,r.

Theorem 4. Let the mutual spectral densities fqp(z), ¢ € Il, and
the fourth-order cumulants spectral densities fq b 0.0, (21,22, 23), z; € I,
i = 1,3, of the stationary stochastic processes Y (s), s € Z, are continuous
on I, 113, respectively. Then

Jim (n = h7)eou{2 Taypy (11),2 Yagp, (ha)} = 2m(G1* ™" (0) + G5~ (0)),
(5)
where G2 (g), Ggl_ji(:c),:c € I, are (3), h~ s (2), hi,hy =
0,n—1, ay,by,az,by=1,r.
Corollary 2. Under the assumptions of Theorem /,

nli_{%o CO'U{2 §a1b1 (h1)1 2 %;azbz (h2)} o

lim D{2 Yas (B)} =0,

h,hl,hgzm, a,b,al,bl,ag,bzzﬁ.

In order to found the asymptotic distribution of the mutual variogram
estimate 2 %;ab (h), h =0,n—1, a,b = 1,r, it is necessary to investi-
gate an asymptotic behavior of the cumulant cum{2 '7a161 {103], 405, 2 ‘Nfapbp

hol}, Bs=ln-1, a;,b;=1,r, j=1p.

Theorem 5. Let

+o0

Z lcal...ap(tl, ""tp—l)l < 00,

t1,..,tp—1=—00 p

where cqy..a,(t1, .y tp_1) is the sample cumulant of the stationary stocha-
stic processes Y'(s), s€ Z, t; € Z, j=1,p—1, p> 2. Then

limnsoo cum{2 Ya,by (h1), o2 Vaps, (hp)} =0, (6)

ghere =001 =1L r, i=1p n=123,.

Theorem 6. Let processes Y7 (s), s € Z, be second-order-stationary
stochastic processes with continuous spectral densities up to order s, s =
2,p, for any p, p> 2. Then conclusion (6) of Theorem 5 holds.

Theorem 7. Let all the assumptions of Theorem 5 be satisfied. Then
the mutual variogram estimate 2 ;ab (h), h = 0,n—1, a,b = 1,7, s
asymptotically normally distributed with mean 27ab(h), he Z a,b=1r,
and asymptotic variance (4).
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Theorem 8. Let all the assumptions of Theorem 6 be satisfied. Then
the mutual variogram estimate 2 Vg (R)vhe = An=Alab = 1,r, is
asymptotically normally distributed with mean 2v,,(h), h € Z, a,b=1,r,
and asymptotic variance (5).
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