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ON ASSOCIATIVE RATIONAL FUNCTIONS
WITH ADDITIVE GENERATORS

KATARZYNA DOMANSKA

ABSTRACT
We consider the class of rational functions defined by the formula
F(z,y) = ¢~ (p(2) + ¢(v)),

where ¢ is a homographic function and we describe all associative functions of the above form.

1. INTRODUCTION

The functional equation of the form

flx+y) =F(f(z), f(v)),

where I’ is an associative rational function is called an addition formula. For
the rational two-place real-valued function F' given by

F(z,y) = o~ (p(z) + 0(y)),
where ¢ is a homographic function (such F'is called a function with an additive
generator), the addition formula has the form

o(f(x+y)) =e(f(z) +o(f(y)

and it is a conditional functional equation if the domain of ¢ is not equal to R.
Solutions of the above conditional equation are functions of the homographic
type. Some results on such equations can be found in the article [2]. It seems
to be interesting which homographic functions lead F' of above form to be
associative.

The following lemma will be useful in the sequel.

Lemma. Let A, B,C,D € R be given and let AD # BC, C # 0. For ¢ given

by
B Ax + B

A=
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holds
_ C(BC — 2AD)xy — AD?*(x +y) — BD?
1 _
e (p(@) + ¢(y)) = AC?zy + BC%(z +y) + (2BC — AD)D"

Proof. We have

_ 2ACzy+ (AD + BC)(x +y) + 2BD

ol@) +ely) C2xy+ CD(z + y) + D?
and D B
1  —Dz+
A simple calculation shows that the above equation holds true. O

2. MAIN RESULTS

We proceed with a description of the class of rational functions with additive
generators.

Theorem 1. The following functions (with natural domains in question) are
the only associative members of the class of rational functions with additive

generators:
1y

F 5 - ] ER?
(z,9) axry +x+y “
T+ y+2\zy
F(x,y):w s AFD;

(1 —2af)zy — af?(z +y) - 5
axy+x+vy+ 28— af?
Proof. Assume that F' is associative and has the additive generator
Az + B
p(z) = Cor D’
where A, B,C, D € R and AD # BC, C # 0.
We infer from Lemma that
Fle.y) = C(BC —2AD)zy — AD*(z +y) — BD? )
’ AC?zy + BC?*(x +y) + (2BC — AD)D

First assume that D = 0. If B = 0 then AD = BC in contradiction to the
assumption. Hence B # 0. Putting D = 0 in (1) we obtain

Fla,y) = BC?zy
= AC?zy + BC?(x + )

F(z,y) = , aeR,pg#0.

Consequently putting
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we infer that

F(:E,y)zL, aeR.
axy +T+y
Let now D # 0. We get
Az + B
o(r) = =
Cr+1
where A . o
A:—é:— A_—
D’ D’C D

Replacing A by A, B by B and C' by C we have by (1)

_ CO(BC-2A)zy— Az +y)- B . @)
AC?zxy + BC?(x +y)+2BC — A

From Theorem 1. (proved in article [1]) we obtain that every F' of the above

form is associative. Consequently, in the case B = 0 (if B = 0 then A # 0)
we have

F(z,y)

Fla )_—2Any—A(ac+y)_a:+y+2)\:cy
Y= AC2%zy — A 11— Ay

with A = C.
In the case B,C # 0 in (2) we have
(1-25-8)ww-5 @ty - g
Soy+r+y+25 -4 &

(1 —-2aB)zy — aB?(x +y) — 32
axy +x+y+ 20— af?

F(‘Tay) -

Witha:%,ﬁ:%.

It is easy to check (see Theorem 2 or Theorem 1 in [1]|) that each of the
function above yields a rational associative function. Thus the proof has been
completed. O

Now we indicate homographic functions ¢ which by the formula
F(z,y) = ¢~ (p(2) + ¢(y))
lead to associative functions F'.

Theorem 2. For following homographic functions (with natural domains in
question) we obtain all rational associative functions with an additive generator

pla) =+
o(z) = ar +1
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A
wlz) = T+ A
AT
plz) = Ax+1
1
p(z) = ﬂofjﬁ :

where o, B, € R\ {0} are arbitrary constants.

Proof. 1t is easy to check that each of the function above yields a generator
to the rational function which is associative. Moreover they are generators of

X
F(w,y)zxfy;
F(ﬂf,y)zﬁ , aF 0
Fleg) = 22 e
Plag) =T Ao,

(1-2ap)ay — af?(z +y) — 5
F Z, = y & 0.

(@,y) azy +z+y+ 28— af? b7
respectively. From Theorem 1 it is the assertion of Theorem 2. Thus the proof
has been completed. O
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