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Algorithms for Composing Magic Cubes
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Abstract:
A magic square (a square array containing natural numbers 1,2,..., n?
such that the sum of the numbers along every row, column and diagonal is
the same) has fascinated people for centuries. In 1686, the Polish mathe-
matician Adamas Kochansky extended magic squares to three dimensions.
An additive magic cube is a natural generalization of a magic square.
An additive magic cube of order n is a cubical array

anlmn(i,jak); 1§z,3,k§n|

containing natural numbers 1,2, 3, ..., n3 such that the sum of the numbers

along every row and great diagonal is the same, i.e. ﬂ—ns;—l) By a row of
a magic cube we mean an n-tuple of elements having the same coordinates
on two places. Every additive magic cube of order n has exactly 3n? rows
and 4 diagonals. Figure 1 depicts an additive magic cube M3. The element
mg3(1,1,1) = 8 is contained in the rows {8, 15,19}, {8, 24,10}, {8, 12,22}
and on the diagonal {8, 14,20}.

8 15| 19 12 1251 5 22142 418
24-1-3-—1-17 frh14 | 21 13-4 2714
10 | 26 | 6 231 3 | 16 9 4-313 120

1st layer 2nd layer 3th layer
Figure 1.

A multiplicative magic cube of order n is a cubical array
Q. = |qn(7’1jmk)v 1< ivj’k & TLI

containing n® mutually different natural numbers such that the product of
the numbers along each row and every of its four diagonals is the same. We
call this product magic constant and denote o(Q,).
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In [4] it is proved that an additive magic cube M, of order n exists for
every n # 2. If we know a construction of M, = |m,(1,J, k)|, then we
can easily make a multiplicative magic cube

Qn = |an(i, jy k) = 24071 (1)
3

with the magic constant 0(Q,) = S5

This paper contains formulas for construction of magic cubes M,, and
Q. for all n # 2. Moreover the constructed cubes Q,, have a significantly
smaller magic constant than cubes constructed using (1). The correctness
of our formulas follows immediately from the proofs in [4,5].

We construct an additive magic cube M,, = |m, (%, 7, k)| of order n and
a multiplicative magic cube Q,, = |q, (4, j, k)| of order n for all n # 2 using
the following formulas. We consider three cases and we use the following
notation: T=n+1-2, z*=min {2,7}, £=0for1<z< % and Z=
1for 5 <z <.

1. If n=1(mod 2) then
ma(i,j, k) = an® + fnt+ v+ 1, (2)

aufi iR = 22908, (3)

where a = (1 —j+ k- 1) (mod n), B = (: — j — k) (mod n),
vy =(i+3j+k—2) (mod n),

Note: If n # 0 (mod 3) then not only in every row but also on every
diagonal Q,, constructed by 1 there is exactly one number which is divisible
by the z-th power but is not divisible by the (24 1)-th power of the number
2 (3 or 5, respectively). We obtain a multiplicative magic cube Q, with
a smaller magic constant ¢(Qp) if in the formula (3) we replace 3° by
the number (26 + 1) for all # =1,2,...,n— 1 and 57 by the number
(2n+2y—-1) fory=1,2,...,n— 1. (See [6].)

2. If n=0(mod 4), then

mn(i,j,k):{(z’—l)n2+(j-—1)n+k if F(i,j,k) =1 @

G-1)n*+G-1)n+k if F(i,5k)=0
- 2(-1) 3(i=1) 5(k-1) if F(i,4,k) =1
qn (7,5, k) = { o(i-1) 3(5-1) 5(k-1) if L F (8 dsk)=90 (5)

where  F(i,7,k) = (i+§+j+;+k+%) (mod 2).
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Note: Using another construction we can make a cube Q,, with a smal-
ler magic constant ¢(Q,). We demonstrate this construction on the fol-
lowing example. Figure 2 depicts four layers of My (constructed by (4))
whose numbers are the binary representation of the numbers my(z, 7, k) — 1.

000000 | 111110 | 111101 |{ 000011 101111 |{ 010001 | 010010 | 101100
111011 | 000101 | 000110 | 111000 010100 { 101010 { 011001 | 010111
110111 | 001001 | 001010 | 110100 011000 | 100110 | 100101 | 011011
001100 | 110010 | 110001 | 001111 100011 | 011101 | 011110 | 100000

1st layer 2nd layer

011111 | 100001 | 100010 | 011100 110000 { 001110 | 001101 { 110011
100100 | 011010 | 011001 | 100111 001011 | 110101 | 110110 | 001000
101000 | 010110 | 010101 | 101011 000111 | 111001 | 111010 | 000100
010011 | 101101 | 101110 | 010000 111100 | 000010 | 000001 | 111111

3th layer 4th layer
Figure 2.

By closely examining Figure 2 you can find out that in every 4-tuple
of numbers in any row or diagonal it holds that on the z-th position,
z = 1,2,...,6, there are exactly two ones and two zeroes. We use this
fact in the construction. If bybobs...bg is the representation of the num-
ber my(1, 7, k) lowered by 1 in binary code then

qa(i, j, k) = 2%13%24%3 554785 gbe

We have chosen the set {2,3,4,5,7,9} in such a way that it does not contain
two nonempty subsets of numbers whose product is the same. The magic
constant of Q4 (on Figure 3) is 0(Q4) = (2.3.4.5.7.9)2 = 57 153 600.

1 840 { 1080 | 63 o2y 2% 1V 21° PO
1512 | 45 35 24 15 56 | 72 | 945
1890 | 36 28 30 12 70 | 90 | 756

20 42 o4 | 1260 126 | 540 | 420 | 2

1st layer 2nd layer
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3780 | 18 | 14 | 60 6 | 140 | 180 | 378
10 84 | 108 | 630 252 | 270 | 210 4
8 105 | 135 | 504 315 | 216 | 168 5
189 | 360 | 280 | 3 120 | 7 9 | 7560

3th layer 4th layer
Figure 3.

3. If n=2(mod 4) (in this case m = % is odd), then

3

Lk n VA L
m, (1,5, k) = 5(“3’”)? H=me (% k)
e (F g k) e TR e e SR ),
where

m,, and q,, are constructed by (2) and (3),

u= (" =77+ k") (mod m) + 1,

v=41+ 5 + I::,

s{u,v) for 1 <u<m,1<v<8 is defined by the following table

n—=06

= 1l . &rae.

(a=12,...,22)

[ Js(u‘l)J s(u,2) [ s(u, 3) [ s(u,ti)—l s(u,S)Is(u\G) Ls(u,?) rs(u,s) J
a{1,v) 7 3 6 2 ) 1 4 0
(2, v) 3 7 2 6 1 5 0 4
3(3,v) 0 1 3 2 5 4 6 7

s{2a + 2,v) 0 1 2 3 4 5 6 7
s{2a + 3,v) 4 6 5 4 3 2 1 0

Remark. By the end of the 19-th century mathematicians began to consider
also 4-dimensional magic cubes. But only in 2001 the following theorem
was published: An additive magic d-dimensional cube of order n exists if
and only if d > 1 and n # 2 or d = 1. Similarly we can consider the
existence of multiplicative magic d-dimensional cubes for any natural d.
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