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We consider two-priority head-of-the-line queueing system Msy/Gg/1/00.
Let a; be an intensity of i-th priority demands entrance flow, 1 = 1,2.
Denote as a = a; + a3 the intensity of summarized entrance flow. Each de-
mand of ¢-th priority is characterized by some random length (volume) (;,
not depending neither on other demands volumes nor on arrival time mo-
ment of the demand [1]. Suppose, that the demand volume (; and service
time &; can be dependent. The joint distribution of {; and &; random varia-
bles is described by the following distribution function: Fj;)(z,t) = P{(; <
z,& < t}. Then the distribution functions of ¢; and §; random variables
are equal L;)(z) = F;)(z,00), B(i)(t) = F{ij(co,t) correspondingly. De-
note as a;)(s, q) the double Laplace-Stieltjes transform (LST) of Fi;)(z,t)
distribution function. The mixed j + k-th moments (if they exist) of two-
dimensional random vector ((;, &;) we shall denote as a;)x, j, k= 1,2,...

Denote as @) (s) = o) (s,0), B)(9) = a()(0,9) LST of distribution
functions L;)(z) and B, (¢) correspondingly. The j-th moments of {; and
& random variables (if they exist) denote as ¢(;); and Biy;- Let opy(t) be
the total sum of volumes of i-th priority demands presenting in the system
at time moment ¢. Thus, the system is characterized by random vector
o (t) = (o(1)(t),o(2)(t)) at arbitrary time moment ¢. Suppose that random
variables o(;)(t) and o(3)(t) are not restricted.

We assume that in the system under consideration the server is unre-
liable in a free state in the following sense. If at some time moment 7’
the server becomes free and stay free (i.e. there are no other demands in
the system at this moment) and demands doesn’t come to the system after
this moment during time ¢, then the server will disturb in time interval
[T';T + t) with the probability E(t). After that the server will rehabilitate
oneself during random time, which is characterized by distribution function
H(t).

Demands coming to the system during server rehabilitation wait in the
queue for termination of this process, then they will be served in accordance
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to head-of-the-line priority discipline. Denote as £(gq) and h(g) LST of E(t)
and H(t) functions accordingly. Let ¢; and h; be the j-th moments of
correspondent random variables.

Let D(zy,z2,t) be the distribution function of o(t) random vector:
D(.’L’l, .’Eg,t) = P{O’(l)(t) 5 .171,0'(2)(t) < lg}

Denote as §(sy,s2,t) the double (on z; and 23) LST of D(z;,x,t)
distribution function, and as d(sy, sz, ¢) the Laplace transform with respect
tot of §(sy, s2,t) function. Our aim is determination of §(s;, s3, ¢) function.
In spite of this we assume that at the time moment ¢ = 0 there were no
demands in the system and the server was in reliable state. The problem
under consideration is the generalization of demands number determination
one, which was formulated in [2] for so-called two-priority head-of-the-line
system of the first type.

It’s known that the stationary mode exists for the system under con-
sideration, if a18(1); + a2B(31 < 1. In this case the limit D(z,z;) =
1tll}rgo D(zy,x2,t) exists, where D(z1,29) = P{o; < 21,02 < 3} is the jo-
int distribution function of stationary total volumes oy, 0y of the first and
second priority demands accordingly.

Let 0(sy,s2) be the double LST of D(zy,z,) distribution function. It
follows from renewal process theory [3] that

§(s1,82) = tl;rg) 8(s1,89,t) = I;Jrrg qé(s1,82,q).

For §(sy, s2,¢) function determination we use the modified additional
variables method [4,5], which differs from the conventional one [6], so that
demand colouring is dependent of its volume, i.e. the demand of i-th prio-
rity, 2 = 1, 2, having the volume z, will be red with probability e~**(s; > 0)
or blue with probability 1 — e=%*,

So, the correspondent random variables transforms obtain the following
probability sense: ¢(;)(s;) is the probability that an arbitrary demand of
i-th priority will is red; B(;)(¢g) is the probability that there will be no
catastrophes during service time of the demand; a(;)(s;, ¢) is the joint pro-
bability that an arbitrary i-th priority demand will be red and there will be
no catastrophes during service time of the demand; &(sy, $2,t) is the pro-
bability that there are no blue demands in the system at the time moment
t; gd(sy,s2,q) is the probability that at the moment of the first catastrophe
coming there were no blue demands in the system; d(sy, ;) is the probabi-
lity that there were no blue demands in the system in stationary mode.

It follows from [1] that the conditional probability, that s-th priority
demand being on service is red under condition, that time y passed from
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the service beginning, is equal to

e, ()(s) = [1- Buy®)] Rlsiv),

R()(S,, = / /dF() T, u)

z=0 u=y

where

By modified additional variables method we obtain the following sta-
tement.

Theorem. For the system under consideration the function d(sy, 3, q)
can be represented in the following form:

1 [1-e(a+q) ela+q)[l - h(x(g, s1,52))]
d 3 82, = + .
(s1,82,9) #(q) { a-+q k(q, 51, 52)
£B(g, 5, 89P0 ~ ¢ (1RG50, 22))
K(Qv 51, SZ)
+C(q, 32)99(2)(82) — oqg)(s2, k(q, 51, 52)) |
K'(q’ 81782)
where

u(q) =1—-¢e(a+q)h(a+q—an(q)) - [1~e(a+4q)Ir(q),

a+q

m(q) 1is the LST of busy period of the system (i.e. the time period from
demand entrance to reliable free system to the nearest moment when the
system will be reliable and free again),

k(q,51,82) = ¢+ a1 (1 — p(1)(81)) + a2(1 = ¢(2)(s2)),

g(a + q)
9’(1)(51) e ﬁ(l)("(q, 81,52))

[)6(2)(’{’(‘13 S1y 32)) 2 ) 46(2)(X(q1 32))][h(x(q1 32)) i h(¢(q))]}
+ cE
®(2)(s2) — B2y (x(q, 52))

1-¢(a+gq)
T F e - B (K@ 51,82) -

ﬁ(z)(“(q’ S1,82)) ~ ﬁ(z)(X(q, $2)) 5
©2)(52) = Br)(x(q, 52))

B(g,s1,82) = {h(ﬁ(q, s1,82)) = h(x(q, s2))+

% {al [e1)(s1) =7y (g+az(1—p2)(s2)))]+
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x [ay (m(1)(g + a2(1 = @(2)(2))) = 72 (g + az(1 - m0(9)))) +

taz(p2(s2) - ng)(‘]))}},

x (¢,82) = g+ a1[l — w1y (g + a2(1 — (2)(82)))] + a2(1 = ¢(2)(s2)),
m(1)(q) is LST of busy period of M/G/1/00 system with ay entrance flow
intensity and the distribution function of service time B(y)(t), ﬂz“z)(q) is
determined from the equation wz‘z)(q) = t(qg + ay — agﬂ'E‘Z)(q)), Re ¢ > 0,
[7(2)(9)] < 1, where t(q) = Bz)(g + a1(1 — m(1)(q))),

1
C(Qa 52) = 99(2) (32) - /6(2)(X(Q1 32)) {E(CL - Q)[h(X(q, '92)) - h('ll’(g))]’*‘
1—¢(a+q)

(et a1 (m() (g + a2(1 = p(2)(52))) -

ey (1 G (T = Ty @ NI aalpray (o) nzz)(q))]},

¥(q) = q+ a1[l — m1)(g + a2(1 — 7(5)(9)))] + az(1 — 7y (q))-

In stationary mode we obtain the next expression for the function

d(s1,52):

o ol o) fsto)’) sl bieist ol
6(313 ‘52) - 1 — 5(&)(1 — ahl) { a + /"\3(31,32) £
. 99(1)(81) - 05(1)(31, K(s1,52))
+B(s1,s2) k(s1, 52)
oy P@)(52) — o) (52, 5(51, 52)) }
+C( 2) K,(Sl.,S'z) Y

where 81 = 2L B1)1 + %2 B(2)1, (81, 52) = a1(l — () (1)) +az(1l — gy (s2)),
x(s2) = a1{l - 77(1)(&2 - az(P )(52))} + az — a2 (s2),

81, 82) = £(a) K(S1,82)) — 59
B( 1 2) 99(1)(51) —ﬁ(l)(5(31,52)){h( ( 14 2)) h(X( ))+

(x(s2)) —
To (sg)(g (x(52)) B ((s1,50)) = B (xs2) }+
)

1—-¢(a

N a(p1)(81) = Bay(k(s1,82))) {a1 [@(1)(31) — mylaz(l - 99(2)(82)))} +
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+X(Sz)[ﬁ(z)(x(Sz)) — Bay(x(s1, Sz))]}

©(2)(s2) — B2y (x(s2))

C(sg) = ac(a)[h(x(s2)) = 1] - (1 = E(“))X(%).
i alo(2(52) = By (X(52))]

Now we can easy obtain the formulae for LST 4(;)(s) = d(s,0) and
d(2)(8) = §(0, s) of stationary total volume for demands of each priority.
Then we can calculate the first stationary moments of each priority total
demands volume. The result of this calculation for demands of the first
and second priority accordingly is

aa) @ hoe(a) (1 — ap
o)1 = a10(1)11 + i + — (a) 1) ],

2 (1 - alﬁ(l)l) [62 lat E(a') (1 i ahl)

d(2)1 = G2(9)11 t

aaz2¥(2)1 [ B hae(a) ]
9 (1 £ alﬂ(m) l—aB; 1-—¢(a)(1-ahy)]’

where B2 = 2L0(1y2 + 2 [(2)2-

From the last two formulae we obtain the following expression for the
first stationary moment of the total volume of demands presenting in the
system:

01 = 6(1)1 +0(2)1 =

= aoyy +

a’ (‘101 z a1ﬁ199(1)1) [ B2 hoe(a)
2(1_%[3(1)1) 1—aB, 1-—¢(a)(l—ahy)]’

where a1 = Loy + B 1 = Fea) + Fee)-
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