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The Proof of Certain Tarski’s Theorem
about the Existence of One-element Base
for Axiomatizable Systems of Propositional Calculus

Marcin Kaptur

In [1] the following theorem relating the existence of one-element base
for spacious class of axiomatizable propositional calculus has been given:

Theorem 1. System L, as well as each axiomatizable system
of propositional calculus, contains sentences ,,CpCqgp” and
,,CpCqCCpCqrr” (or ,,CpCqCCpCqrCsr”), possesses the base consisting
of only one sentence !.

In Postscript added to the English translation of publication [1]? the
outline of proof of the above theorem, found by R. McKenzie, has been
given.

Author of the article advises to give the full proof of Theorem 1, because
the outline contained in Postscript does not contain essential reasonings for
the proof.

Let S be a set of all variables of sentences vg, vy, v9,...,vn,... and all
expressions formed out of these variables by implication connective?.

Let us suppose that any axiomatizable system M has a complete system
of axioms A = {ap, a1, ay,...,a,} (for certain n € N), where

a=p=>(@=>p,a=p=@g=[p=>(@g=r)=r).
Let
(1) f(z,y) = [[vk = (vk+1 = (vkt+2 = 2))] = (¥ = Vk43)] = Vrys,

where vy, is a variable of sentence with the smallest index &, which appears
neither in z nor in y.

'Symbol L marks usual two-valued system of propositional calculus.

*The translation is in [2] on pp. 59. Polish version of [1] and Postscript can be found
in monograph [3] on pp. 3-30.

*We will use usual symbolics, with use of parentheses, instead of Polish without pa-
rentheses symbolics.
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We are going to prove that 4:

(2) z € Cn({f(z,y)}),
(3) y € Cn({f(z,y),a0}),
(4) f(xa y) k= Cn({x3y7a07a1})'

The proof of formula (2):

1. f(z,y) € Cn({f(z,y)}) {it’s obvious}
2. [[ve = (ks1 = (42 = 2))] = (Y= vk43)] = vrys €
€ Cn({f(z,y)}) {1,a3

3.W={[n=(y=> =)= > w=2))>>0)) e
e Cn({f(z,)})

{2:ve|vk = (¥ = (¥ = 7)), vkp1ly, vigzly, vigslz}

4. U=[un=y=>y=2))=>H=>H=z7))=> =z c
€ Cn({f(z,y)}) {2 : vig1ly, vis2ly, vessly = z}

z € Cn({f(z,y)}) ' {MP :3, 4}

The proof of formula (3):

1. f(z,y) € Cn({f(z,y)}) {it’s obvious}
2. [[ue = (k41 = (k42 = 2))] = (¥ = vky3)] = vkys €

€ Cn({f(z,y)}) {1,(1)}
3. ao=(p= (g=p)) € Cn({ao}) {it’s obvious}
4. y= (y=y) € Cn({ao}) {3: ply, qly}

5. (y=(w=9)=lvi= (k41 = (k42 => 7)) = (y= (y= y))] €
€ Cn({ao}) {3:ply=(y=1v), 9lvk = (V41 = (Vkg2 = 2))}

*Consequence function Cn is based on the substitution rule and the detachment one.
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ok = (vke1 = (w2 = 2))] = (y = (y = y)) € Cnr({ao}) C
g Cn({f(w,y), aO}) {MP : 51 4}
Alvk = (41 = (2 = 2))] = W= W= 9) = Y=y €
€ Cn({f(z,y)}) C Cn({f(2,y), ao}) {2: vrysly =y}
. y=>y€Cn({f(z,y),a0}) {MP:6, 7}
(= 9) = {lvk = (V41 = (vks2 = 2))] = (y = y)} € Cn({ao}) C
C Cn({f(z,y),a0}) {3:ply =y, qlvk = (Vk41 = (k42 = 7))}
[k = (Vk41 = (Vk42 = )] = (y = y) € Cn({f(z,y),a0})
{MP:9, 8
{lvx = (k41 = (k42 = )] = (Y= y)} = y € Cn({f(z,y)}) C
C Cn({f(z,y),a0}) {2 : vrqaly}
y € Cn({f(z,y),a0}) {MP:11, 10}

The proof of formula (4):

. ap=p= (¢g=p) € Cn({ao}) {it’s obvious}

. &, T = (Vg2 = z) € Cn({z, ap}) {1:p|z, glvkyz}

. Vg2 = z € Cn({z, ao}) {MP :2}
(Vky2 = ) = [vkp1 = (Vks2 = 2)] € Cn({ao}) C Cn({z, ao})

{1 : plvks2 = =, qlvrs1}

. Vg1 = (k42 = ) € Cn({z, ap}) {MP :4,3}

. [vk+1 = (vet2 = 2)] = {vk = [vk+1 = (Vk+2 = )]} € Cn({ao}) C

C Cn({z, ao}) {1:plvksr = (vk42 = @), qlog}

Uk = [Uk41 = (Vky2 = )] € Cn({z, ap}) {MP:6,5}

car=p= (¢=[(p= (¢g=r)) =r]) € Cn({a1}) {it’s obvious}

= )]l = (Y = vky3)) = vers]} € Cn({a1}) € Cn({z, ag, a1})
{8 :plvk = [ver1 = (vh42 = 2)]; qly, rlvess}
(

y = [([ve = (k41 = (Veg2 = 2)]] = (¥ = vky3)) = vigs] €
€ Cn({z, ap,a1}) {MP:9,7}

53

Mok = [k 2 (ver2 = 2)]] 2 {y = (e = [ve+1 = (V2 =
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11. y € Cn({y}) C Cn({z,y,a0,a1}) {it’s obvious}
12. [[Uk = (Up4r = (Vg2 = w))] = (y = 'Ugc+3)] = Uges €
€ Cn({z,y,a0,a1}) {MP :10,11}
f(mﬁy) & Cn({x)yaa()aal}) {12, (1)}

Let us assume the following recurrence definition of complete sequence
of expressions bg, b1, ba,..., b, :

(5) bo = ap and bxy; = f(bk,ar+1) for every k < n, k € N.

With the help of complete induction with respect to k , we are going to
prove, that:

(6) b € Cn({ao, ar, ..., ax}),

(7) @, @1, .., 8k € Cn({be}) for ki= 0,110 n

The proof of formula (6):
One should prove, that (V0 < k <n) by € Cn({ao,a1,...,ax}).
If k=0 then on the basis of formula (5) and property ag € Cn({ap}) we
obtain by € Cn({ag}).
Let us make an inductive assumption:

(VO<k<n) by € Cn({ag,a1,-..,ar})
that is the assumption
(a) b; € Cn({ag,ay,...,a;}), fori=0,1,...,n— 1.

Letiz = n.

For 2 = n — 1 on the ground of formula (5) we obtain b, = f(b,_1,a.),
however

flbn-1,a,) € Cn({bn-1,0n,a0,a1}) (see formula (4)),
therefore

(b) bﬂ € Cn({bn-—11 Qn, Ao, (l]_}).
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From the inductive assumption (formula (a)) it results that

(c) b1 € Cn({ao, a1, - .., an-1}).

From formula (¢) it results that

Cn‘({bn—la Uy, Ao, al}) _g Cn({a’07 a1y ...,Qp-1, a"ﬂ-})'}

on the basis of formula (b) we get :

bp € Cn({ag,a1,...,a,-1,a,}).

The proof of formula (7):
For k = 0 on the basis of formula (5) and by € Cn({bg}) we obtain
ag € Cn({bo}).

Let us make an inductive assumption:
ao, 01,...,a; € Cn({b;}), fori=1,2,...,n = 1.

Let : = n.
On the ground of formula (5) we obtain

Cn({bn}) = Cn({f(bn-1,an)}).

Because b,_1 € Cn({bn-1}) C Cn({f(bn-1,an),bn_1}), so on the basis of
inductive assumption we have

(d) ap, A1, ...,0n-1 € Cn({f(bn—laan))bn-l})-

From formula (3) it results that

(e) an € Cn({f(bﬂ—lv an)v 0‘0}) g Cn({f(bn-—lv an)v ao, bn—l})'

Because, on the basis of (d) :

174) € Cn({f(bn——la an)a bn—l})v

Cn({f(bﬂ—lﬂ a’n)1 g, bn-l}) g Cn({f(bn—la an): bn——l})a

on the basis of (e) we obtain:

(f) an € Cn({f(bn-1,n),bn1}).
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From formula (5) we have b, = f(b,_1,a,), so from formulas (d) and (f)
it results that :

A0, A1y« -y An-1,0n € C’n’({bn—lv bn})
From formula (2) we have b,—; € Cn({f(bn-1,a5)}), that is

b1 € Cn({bn}).

Finally,
gy A1y ...y p—-1,0n € Cn({bn})v

what finishes the proof of formula (7).
Assuming in formula (7) kK = n we can say that the set {b,} is a base
of system M.

We are going to prove the second part of theorem 1.
Let us suppose that any axiomatizable system M has a complete system
of axioms A = {ao, a},az,...,a,} (for certain n € N), where

aw=p=(¢g=>p),ai=p=>{g=>[p=(g=r)) = (s=r)]}.
Let
(8) 9(z,y) = {[ve = (V1 = )] = (¥ = vrg3)} = (Vkgo = Vky3),

where vy, is a variable of sentence with the smallest index k, which appears
neither in z nor in y.
We are going to prove that :

© v € Cn({g(a,v))),
(10) y € Cn({g(z,y),a0}),
(11) 9(z,y) € Cn({z,y, a0, ai}).

The proof of formula (9):

1. g(z,y) € Cn({g(z,y)}) {it’s obvious}
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2. {[ox = (1 = 2)] = (¥ = wes3)} = (vkr2 = Uky3) €

€ Cn({g(z,v)}) {1,(8)}
3 {lvx = (y = 2) = Yy = )} = (k2 => z) €
e Cn({g(z,y)}) {2 : vrgsle, viy|y}

4. W* = {[[vx = (k1 = 2)] = (¥ = 7)] = (y = 2)} =
= (9(z,y) = z) € Cn({g(z,y)})
{3 : vluk = (Ve = ), vke2|f(z,9)}

5- = {lwe = (k1 = 2)] = (¥ = 2)} = (y = 2) €
Cn({g(z,y)}) {2 : vktaly, vkyslz}

6. (9(z,y) = z) € Cn({g(z,y)}) {MP :4, 5}
z € Cn({g(z,y)}) {MP:1, 6}

The proof of formula (10):

1. g(z,y) € Cn({g(z,y)}) {it’s obvious}
2 {lk = (k1 = 2)] = (¥ = vera)} = (k2 = Vrya) €

€ Cn({g(z,y)}) {1,(8)}
3. a0=(p= (g =p)) € Cn({ao}) {it’s obvious}
4. y= (y = y) € Cn({ao}) {3: ply, qly}
5.[y=> (=9 ={lu=Wwn=z)]=2>y= W=y e

€ Cn({ao}) {3:ply= (y=y), qlvr = (vkt1 = 2)}
O (0 = (Ut = 2)f = [y = (f = 5} € Cnlinef) C

g C’n({g(z,y), aO}) {MP : 5 4}
T {lok = (k1 =)=y = (=9} = (ke = (¥ = y)] €

€ Cn({g(z,y)}) € Cn({g(z,y), ao} {2: vkysly = y}
8. vky2 = (¥ = y) € Cn({g(z,y), ao}) {MP:6, 7}
9. a0 = (y = y) € Cn({g(z,y),a0}) {8 : vky2lao}
10. y=y € Cn({g(z,vy),a0}) {MP:3, 9}

1. (y = y) = {[vx = (es1 = 2)] = (y = y)} € Cn({ag}) C
C Cn({g(z,y),a0}) {3:ply =y, qlux = (vky1 = 2)}
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vk = (kg1 = )] = (y = v) € Cn({g(z,y), ao})

{MP: 10, 11}
{[vk = (vet1 = 2)] = (y = y)} = (a0 = y) € Cn({g(z,y)}) C
C Cn({g(z,v), ao}) {2 : vky2lao, vetsly}
a0 = y € Cn({g(z,v),a0}) {MP :12, 13}
y € Cn({g(z,y),a0}) {MP :3, 14}

The proof of formula (11):
. ag=p= (¢=p) € Cn({ao}) C Cn({z,y, aop,a}}) {it’s obvious}
.z € Cn({z}) C Cn({z,y, a0, al}) {it’s obvious}

. T = (’Uk+1 = 55) € Cn({GO}) - Cn({mvyv ao, GT})

{1:plz, qlves}
vkt1 = = € Cn({z,y, ao, a}}) : {MP:2,3}

(vk41 = 2) = [vr = (Vk+1 = z)] € Cn({z,y, ao,a}})

{1 : plvkyr = =, qlve}

. U = (Vg1 = ) € Cn({z,y, ao,al}) {MP : 4,5}

af =p={g=[p=(¢=r1) = (s= )]} € Cn({af}) C
C Cn({z,y,ao0,a}}) {it’s obvious}

vk = [k = 2)] = {y = (v = v = 7)) = (v =
= Vk+3)) = (vk+2 = vk43)]} € Cn({z,y, ao, a}})

{7 : plok = (vkg1 = 2), qly, Ss|vkse, rlvigs}

-y = (e = (k41 = 2)] = (¥ = vkg3)) = (kg2 = vrgs)] €

€ Cn({z,y,ao, at}) {MP : 6,8}
y € Cn({y}) C Cn({z,y,ap,ai}) {it’s obvious}

{le = (1 = 2)] = (¥ = viea)} = (veg2 = viys) €
€ Cn({z,y,a0,al}) {MP :9,10}
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g(msy) = Cn({z,y, a'Ora';}) {111 (8)}

Let us assume the following recurrence definition of complete sequence
of expressions bg, by, by, ..., by :

(12) bo = ao, by = g(bo, a]) and br41 = g(bg, ax+1)

forevery 1 <k <mn, k€ N.

With the help of complete induction with respect to k , it can be proved
that:

(13) b € Cn({a(): af{» ceey ak}),

(14) ag,aj,...,ar € Cn({bx}) for k=0,1,...,n.

The proofs of formulas (13) and (14) are similar to proofs of formulas
(6) and (7), that’s why they are passed over. The main difficulty in the
proof of the second part of Theorem 1 concerning axioms ag and a] consists
in finding suitable function g(x,y).
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