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Analysis of Multiserver Queueing System
with Restricted Summarized Volume

Oleg Tikhonenko and Konstantin Klimovich

A multiserver queueing system without waiting places is con-
sidered. The arrival process is Poisson, the joint distribution
function of a demand length and its service time is arbitrary
and the summarized demands volume is restricted by constant
value. The steady-state distribution of the number of demands
presenting in the system and probability of demand loss are
obtained.

1. Introduction

We consider a multiserver queueing system with nonhomogeneous demands
in which each demand may be characterized by some random length. Ge-
nerally the service time of the demand depends on its length. However,
the length and service time of different demands are assumed to be inde-
pendent. Each demand occupies some space requirement (which is equal
to its length) in a buffer during its waiting and service time and leaves the
buffer immediately at the moment of finishing service. Assume, that the
buffer has finite capacity, i.e. the sum of demands lengths (or summarized
volume) in the buffer is restricted. The demand will be lost if there are
no free space in the buffer at the moment of its arriving. It’s important to
obtain the steady-state distribution of the number of demands presenting
in the system and loss probability.

We present the analysis of multiserver queueing system with restric-
ted by constant value summarized volume in which the demand length
and service time are dependent. (We use the methods of nonhomogeneous
demands queueing theory [1].)

Consider a multiserver queueing system in which demands entrance
flow forms a Poisson process with parameter a. Denote as £ and ( the
service time and the length of the demand respectively. Let F(z,t) =
P{( < z,€ < t} be the joint distribution function of { and £ random varia-
bles, L(z) = F(z,00) and B(t) = F(oco,t) are the distribution functions of
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¢ and ¢ random variables respectively.

Denote as o(t) the full sum of lengths of the demands presenting in
the system at time moment ¢. This value is named by summarized volume
[1]. Let n(t) be the number of demands in the system at time moment
t. Assume that summarized volume is restricted by some constant value
V > 0. If n(1 —0) = n or (in case of (7 — 0) < n) demand length is equal
to z and o(7 — 0) + z > V, the demand arriving at time moment ¢ will be
lost at this moment and does not influence to further system’s behaviour.
Otherwise the demand remains in the system and 7n(7) =
=n(r —0)+1,0(r) = o(r —0) + z.

This system we shall identify as M/G/n/0(V).

The stability condition for this queue is p = a3y < 0o, where ; is the
first moment of service time.

Then, 7(t) = 1 and o(t) = o when ¢ — oo in the sense of a weak
convergence, where 1 and o is the stationary number of customers and
summarized volume respectively.

We shall solve the problem of finding the stationary distribution of
number of customers in the system and loss probability in general case.

2. The stationary demands number distribution and loss pro-
bability

The queueing system M/G/n/0(V) is described by stochastic process

O OR{ONN OB (1)

where £ (t) is residual service time of i-th demand in the system at time
moment ¢, ¢ = 1,7(¢). The numbering of the demands in the system, is
considered random, i.e., the demands are numbered by one of n(¢)! equi-
probable ways.
Assume, that the components &7 (¢) are absent if n(t) = 0,0(¢) = 0.
Process (1) (which, generally speaking, is not Markovian process) is
characterized by functions having following probabilistic sense.

Gi(t, z,y1,. .., Yk)dzdy; . . . dyg =

= P{n(t) = k,0(t) € [z;2 + dz), £} (t) € [yi; ¥i + dui),
i=1k},k=1n; (2)

v
Pk(t7y17"':yk) =/Gk(t,$,y1,---,yk)d$; (3)
0
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Po(t) = P{n(t) = 0}; (4)

Pk(t):P{n(t) zk}=//Pk(t:y1)7yk)dyldyka k=1)n (5)
0 0

If p = af) < o0, the next limits exist.

Jim G (t, 2,y1,- -, yk) = gk (%, Y15 - -, Yk); (6)
—00

v
Jim Pe(t,y1, -+ k) = pr(1s- - > Yk) =f9k(-’3,y1,---,yk)dﬂf; (7)
0

o0 00
lim Py (t) = p =[---/gk(:v,yl,---,yk)dyx---dyk, k=1,n; (8)
t—oo

0 0

lim Py(t) = po.

t—o00

Let E,(z) be a conditional distribution function of maintained demand
length if residual time of its service is equal to y. As it shown in [1],

(o @)

dBy(z) =1~ BE]™ [ dF(s,u). (9)

u=y

o0
Denote as Hy(z) = [1 — B(y)]Ey(z), so dHy(z) = [ dF(z,u).
u=y
Theorem 1. Functions gi(z,y1,...,yx) for M/G/n/0(V) system,
describing steady conditions of the system, are presented as

k
a * *
9(@,y, . y)de = Cpd [Hy, . Hy ()], (10)

T (o @]
where Hy(z) = [ [ dF(v,u),C is some constant value and He ' T Hg (1)
v=0 u=y
is a Stieltjes convolution of Hy, (z),...,Hy, (z) functions, k =T, n.

Proof. For a simplicity we assume, that the density f(z,y) of (¢,¢)
random vector exists, though it is possible to prove the theorem without
this assumption.

It is easy to show, that the gated functions (6) - (8) satisfy to the next
stationary equations.

Ip1(y)

Oy
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v

= ~a [ 1@, 9)L(V — )ds — apo [ 1w, )du+pa(0,9) +pa(y,0; (1)
0 0
9 ) r
_Z Pk yla’ s - -a/gk(xayla'-' ,yk)L(V - .’B)d$+
=1 yl 0
k Vv V—z
a
+EZ / Gk—1(Z, Y15+ - Yie1,Yit1s - -+ » Y) f f(u, yi)dudz+
=129 u=0
k+1
o Zpk-}-l(yl: cee 7y'i-1707 Yiy- .- 7yk)1 k= 2!”’ o 11 (12)
g=1
_i Opn(Y15-- -5 Yn) _
i=1 0yi
. % 174 V—z
. ;_; Z / gk—l(w9 Y1y 3 Yi-1,Yi+1,y - - - 7yn) / f(u,y,-)dudm; (13)
i=1:c=0 u=0
p1(0) = apoL(V); (14)

pk(yla'"ayi—lrovyi+17"' 1yk) R
= afgk—l(xa Y1y -y Yi—-1,Yi+1,- - - 7yk)L(V - $)d$,

i=1k k=2,n. (15)

Taking into account a symmetry of pg(vy1, .. ., yx) functions on variables
Y1,---,Yk, it is easy to show by a direct substitution, that the functions,
defined by (10) relations, satisfy to equations (11) - (15).

The theorem is proved.

Corollary 1. For M/G/n/0(V) queueing system the functions
pr(y1,-..,yk) for k =1,n are determined by relations

Ca*

Pe(Y1y- - Uk) = —IF—H;V'" Hy, (V). (16)

Corollary 2. The stationary probabilities of presence k customers in
a system M/G/n/0(V) are determined by relation

k
a ) SR
Dk =pOFRk(V)5 k= lana (17)



O. Tikhonenko, K. Klimovich 105

where Ri(z) = R¥(z), R(z u{Oyfo ydF (u,y),

n_ gk vl
po = [Z FRk(V):' . (18)
k=0 "

The relation (17) is proved by a direct evaluation of the applicable inte-
gral in (8). The relation (18) follows from (14) and normalization conditions

m
kZOPk = 1.
 Denote as pr, the loss probability of the demand in queueing system

under consideration. Apparently, the probability p; can be determined
from the next equilibrium equation

- k

n o0
a(l —pr) =Z//ZN Yi)Pk(y1, - - Yk)dys - . . dyg,
k=1 0

1=0

where u(y) = b(y)(1 — B(y))~!,b(y) is a density function of a service time.
At the end, as it follows from (16), we have

n—1 k
pL=1-po Z FX*Rk(V) (19)
where X (z) = f - B(Iy dB(y) = :foEy(ac)dB(y).

For M/G/ oo( ) queueing system relations (17)-(19) may be represen-
ted as

a® X ak -
Dk =po-k—!Rk(V), k=1,2,...;p0 Lz% HRk(V)} :
o0 ak
pr=1 —pokz EX R (V)

Some other examples of steady-state queueing systems are discussed in

(2], [3].

Conclusions

The analysis of multiserver queueing system with restricted summari-
zed volume is presented. The stationary distribution of number of custo-
mers in the system and loss. probability are obtained.

To determine the amount of memory space of computer systems with
a given probability of losing messages, it will be very useful to have estima-
tions of stationary distribution of number of customers in the system and
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loss probability of various queueing systems with finite memory and service
time depending on the length.
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