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Varieties of Ordered Semigroups
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1. Introduction

[t is known that there is a bijection between all varieties of semigroups and
all fully invariant congruences on the free semigroup on the set of variables
{z1,22,23,...}. It was done (more generally, for varieties of algebras) by
Birkhoff in 1930’s. The reader can consult Birkhoff’s book [1]. So, to any
variety of semigroups we have its syntactical counterpart.

In this contribution we present syntactical counterparts to varieties of
ordered semigroups. Our main theorem (2.6) asserts that there is a bi-
jection between all varieties of ordered semigroups and all fully invariant
stable quasiorders on the free semigroup on the set {z;, z3, z3,...} (fully
invariant stable quasiorders are, roughly speaking, fully invariant congru-
ences which do not need to be symmetric). We use the notion of identities
for ordered algebras introduced by Bloom in [2]. Bloom has proved that
varieties of ordered algebras are exactly classes defined by identities ([2],
Theorem 2.6.). The special case of this result (when the ordered algebras
are ordered semigroups) is our corollary 2.7.

A structure (S, -, <) is called an ordered semigroup if

(i) (S, ) is a semigroup
(ii) (S, <) is a (partially) ordered set
(iii) for any a,b,c € S, a < b implies ca < cb and ac < be.

Let S = (S,+5,<s) and T = (T,-1,<t) be ordered semigroups. By
a homomorphism h : (S,:s,<s) = (T, 17, <T) Wwe mean a mapping h :
S — T such that, for any a,b € S, h(a-sb) = h(a) -7 h(b) and a <5 b
implies h(a) <7 h(b). As usual, the ordered semigroup 7T is said to be
a homomorphic image of S if there exists a surjective homomorphism h :
S — T. Further, T is said to be a substructure of S if T' C S and, for any
a,beT,a-rb=a-gb,a <7 bif and only if a <g b.
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Let {(Si,i,<i)| ¢+ € I} be a set of ordered semigroups. By a product
[T;c7(Si, i, <i) we mean an ordered semigroup ([];cr Si, -y <) where (8;)icr -
(ti)ier = (8i i ti)ier and (8;)ier < (;)ier if and only if s; <; ¢; for all s € I.

Let V be a class of ordered semigroups. Denote by
H(V) — the class of all homomorphic images of members of V
S(V) — the class of all substructures of members of V
P(V) — the class of all products of members of V.

We say that V is a variety provided H(V) C V, S(V) C V and P(V) C V.

Let us denote the variety of all ordered semigroups by OS.

2. Identities for ordered semigroups

Let Y be a non-empty set. The free semigroup on Y will be denoted by
Y.

An identity is any ordered pair u < v of words u,v € Y. Let (S, -, <)
be an ordered semigroup. We say that the identity u < v is satisfied in
(S,+, <) if, for any homomorphism ¢ : Y+ — (S,-), p(u) < p(v). An
identity is satisfied in a class V of ordered semigroups if it is satisfied in
any member of V.

Let ¥V C OS be a class of ordered semigroups. We put

o(V,Y) = {(u,v) € Y* x Y| the identity u < v is satisfied in V}.
Let ¥ C YT x Y7 be a set of identities. We put

[X] ={(S,-,<) € O8] (S,-, <) satisfies all identities from X}.
Let S = (S5,-) be a semigroup. A binary relation p on § is said to be
e a quasiorder if it is a reflexive and transitive relation
e stable if, for any a,b,c € S, apb implies capch and acpbe

e fully invariant if, for any endomorphism ¢ : S — S and any a,b € S,
apb implies p(a)pp(b).

The set of all fully invariant stable quasiorders on S will be denoted by
FISQ(S).

2.1 Lemma. Let X C Yt xY*. Then [Z] is a variety of ordered semigro-
ups.

PROOF. It is easy to show the inclusions

H([Z]) € [Z],5([Z]) € [Z], P([Z]) < [Z].

2.2 Lemma. Let V C OS. Then o(V,Y) € FISQ(Y ).
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PROOF. It is easy.

Let p be a stable quasiorder on a semigroup S = (S,-). We construct
an ordered semigroup S/p = (S/ ~,+, <). We define a relation ~, on S in
this way:

a ~p b <= apb,bpa (a,b € S).

It is easy to show that the relation ~, is a congruence on (S,-). The
congruence ~, determines the semigroup (S/ ~,,:). We define a relation
< on S/ ~, in the following way:

(a ~p) < (b~p) <= apb (a,b € S).

We easily check that the relation < on S/ ~, is correctly defined. Further,
(S/ ~p,+, <) is an ordered semigroup. We will denote it by S/p.

Let V be a class of ordered semigroups. By a free object in V on a
non-empty set Z we mean a pair (S5,¢), where S€ Vand::Z — Sisa
mapping with the following universal property: for any ordered semigroup
T €V and any mapping ¥ : Z — T there exists a unique homomorphism
Y :(S,-,<) = (T,+, <) such that 1 o. = 9. In the cases when the mapping
¢ is obvious we will omit it and we will simply say that S is a free object
in V on Z. Notice that in any class of ordered semigroups there is, up to
isomorphism, at most one free object on a given non-empty set.

2.3 Theorem. LetV be a variety of ordered semigroups. Then Y+ /o(V,Y)
is a free object in [p(V,Y)] on Y and Y+ /o(V,Y) € V. In particular,
Y*+/o(V,Y) is a free object inV on Y.

PROOF. In the case o(V,Y) = Y x YT the assertion of the theorem
clearly holds. So, let o(V,Y) # Yt xY*. Let {(u;,v;) eYt xY*¥|iel}
be the set of all identities over ¥ which are not satisfied in V. For any
¢ € I, let us choose (S;,-,<) € V and a homomorphism ¢; : Y+ = (S;, )
o that @i(u;) £ @i(vi). Put (S,-,<) = [lies(Sir- <). Clearly, (5,-<) €
V. Further, let us consider a homomorphism ¢ = (¢;)icr : Y+ = (8,).
It holds for u,v € Y*: p(u) < @(v) & up(V,Y)v. Put T = @(Y™).
Then T is a subsemigroup in (S,:). We order the semigroup (T,:) by
the restriction of the ordering from (S,-,<). We have (T,-,<) € V and
(T,,<) = Y*/p(V,Y). Thus Y*/p(V,Y) € V. It remains to prove that
Y*/o(V,Y) is a free object in [o(V,Y)] on Y. Let (P,-, <) € [e(V,Y)], 9 :
Y — P. Let us assume that ¢ : Y /p(V,Y) — (P, -, <) is a homomorphism
satisfying ¢ o = 9. At the same time the mapping¢: Y — Y1/ ~o(vy) I8
given by the rule s(y) =y ~,yy) (y€Y). Foranyu € Y, ¢(u ~ovY)) =
0(u) where 6 : Y* — (P,) is the homomorphism extending the mapping
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d. It can be easily shown that the rule 9(u ~,y y)) = 6(u) determines
correctly a homomorphism 9 : Y+ /o(V,Y) = (P, -, <).

2.4 Lemma. Let p € FISQ(Y ™). Then p = o([p],Y). ‘
ProOF. Clearly, p C o([p],Y). So, we will prove the inclusion o([p],Y) C
p.We will show that Y+ /p € [p]. Let u,v € Y ,upv,0: Yt =5 Yt/ ~, be
a homomorphism. We want to show that ¢(u) < ¢(v). For any y € Y let
us choose ¥(y) € Yt so that ¢(y) = 9(y) ~p. Let 6 : Y+ — YT be the
endomorphism extending the mapping ¥ : Y — Y*. Let y;,,...,y; €Y.
Then

OWir -+ Yir) = ©(Yi) - 0(¥i)
= (F(yir) ~p) - (9(¥ir) ~p)
= (9yi)---9(¥i,)) ~p
= 0(yi, - Yir) ~p -

We have shown that, for any w € Y, p(w) = 8(w) ~,. So, we want
to prove that (8(u) ~,) < (6(v) ~p), i.e. O(u)pf(v). But it holds since
p € FISQ(Y ™). Now, let (u,v) € o([p],Y). We want to show that upv. The
identity u < v is satisfied in the ordered semigroup Y /p. Let us consider
the following homomorphism ¢ : Y+t 5> Y/~ 0o(w) =w~, (weY™),
Then ¢(u) < @(v), (u ~p) < (v ~p), upv.

2.5 Lemma. Let Y be an infinite set, V be a variety of ordered semigroups.
Then V = [p(V,Y)].

PrOOF. Clearly, V C [p(V,Y)]. So, we will prove the inclusion [p(V,Y)] C
V. Let (S,,<) € [e(V,Y)]. Let us consider the set Z = Y US. By 2.3,
Z*/o(V,Z) is a free object in [o(V, Z)] on Z and Z* /o(V,Z) € V. Let 9 :
Z — S be a surjective mapping. Since Y and Z are infinite sets, [o(V,Y)] =
[e(V, Z)], and s0 (S, -, <) € [o(V, Z)]. Let 9 : Z% /o(V,Z) — (S, -, <) be the
homomorphism satisfying por =9 (1 : Z = ZF [ ~, 2, 1(2) = 2 ~pv,2)).
Necessarily, ¢ is a surjection. Thus (S, -, <) € V.

2.6 Theorem. Let Y be an infinite set. The rules
p o], Vi o(V,Y)

determine mutually inverse order reversing bijections between all varieties
of ordered semigroups and all fully invariant stable quasiorders on Y.
PRrROOF. The theorem follows immediately from 2.4 and 2.5.

2.7 Corollary. LetV be a class of ordered semigroups. Then V is a variety

of ordered semigroups if and only if there exist a non-empty set Y and a
set of identities L C Y™ x Yt such that ¥V = [Z].
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The theorem 2.6 is an analogy for ordered semigroups with the classical
result by Birkhoff (see, e.g., Theorem 22 in [1]) concerning the relationship
between varieties of algebras of a given type and fully invariant congruences
on a free algebra of words of the same type. The corollary 2.7 follows
also from a result by Bloom presented in his paper on varieties of ordered
algebras ([2], Theorem 2.6.).
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