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{

f(x + y) = f(x) + f(y)
f(xy) = f(x)f(y)

(∗)45 :%,,21"* f : R −→ AD 8# '#%- 82+7 E3# *FG-%: *+%/2-2+3 , 5/-#: 45 % "$!6=&#C0%+251
f(x + y) + f(xy) = f(x) + f(y) + f(x)f(y) . (∗∗)H7# /%*2 C0#*+251 87#+7# 5 15+ #C0%+251 (∗∗) 2* #C02I%-#1+ +5 +7# *3*+#: (∗) 7%*82'#-3 /##1 #J%:21#' /3 K! ?75:/ #* <L℄ %1' +7# , #*#1+ %0+75 21 <M℄ %1' <N℄!89 $5:72;<:>25 ! "! #$%&'() *+, ,*$-) () ./℄ 1*+1 '(23) + ,%&431(23 6+7 f 8&$6 + &()'()1$ + #+)+* +9'3:&+ ,%* 1*+1 :$1* +;;(1(2(1< +); 6%91(79(+1(2(1< $8 f +&3+,,%63; 63&39< -(1* ,$63 (ε, δ)=3>+1)3,,? (!3!

‖f(x + y)− f(x)− f(y)‖ ≤ ε+);
‖f(xy)− f(x)f(y)‖ ≤ δ ,1*3) f *+, 1$ :3 + &()' *$6$6$&7*(,6? (!3! f *+, 1$ ,+1(,8< 1*3 ,<,136 $8 1-$@+%*< 8%)1($)+9 3A%+1($),

{

f(x + y) = f(x) + f(y)
f(xy) = f(x)f(y)

(∗)
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f ?/7> $ /,12 ,1&7 $ 17/>"4 $'2"./$@ "1A7(,12 &+" </7<"/&( &+$&
‖f(x)‖ ≤ η where 4η + η2 ≤ ε ,-$&,-,"- "C0$&,71 E∗∗F ;,&+ εI"#$&1"--) S.-"/B" $'-7 &+$& &$T,12 $/.,&/$/("'">"1&- a $14 r ?/7> &+" 47>$,1 $14 &+" /$12" 7? &+" -7'0&,71 f 7? "C0$&,71E∗∗F @ /"-<"&,B"'(@ ;" $1 "$-,'( +"T &+$& &+" >$<

x 7−→ af(rx)(,"'4- $ -7'0&,71 &7 E∗∗F $- ;"''@ </7B,4"4 &+$& a2 = a $14 r2 = r) *+"/"?7/"@&+" >$<- ?7/ ;+,+ -0+ -+,?&- $/" .7014"4 $/"@ ,1 $ -"1-"@ 01,1&"/"-&,12 ,1&+" 71&"#& -<7T"1 7?) U+$& $.70& &+" 7&+"/-V *+" ?7''7;,12 /"-0'& </7B,4"-$1 $1-;"/ &7 &+$& C0"-&,71) !"#$"%& -%* R ,% + )!"# .!*& + /"!* 1 +"0 $%* (A, ‖ · ‖)  *+"0 12) + 2454/*+*!6% 7+"+& +$#%,)+ .!*& + /"!* e8 9!6%" +" ε ≥ 0 +  /4% *&+* + 4+(
f : R −→ A !  /& *&+* f(0) = 0, f(1) = e, f(2) = 2e: +"0
‖f(x + y) + f(xy)− f(x)− f(y)− f(x)f(y)‖ ≤ ε for all x, y ∈ R . (1)



 !"#$%$!& '( )$*+ ,'-'-').,$/-/  ! !"# "$%!"& %!"&" "'$(% )# a ∈ A \ {0} )#* )# r ∈ R \ {0} (+! %!)% %!" -).
R ∋ x 7−→ af(rx) ∈ A is bounded (b)/&

f establishes a ring homomorphism between R and A. (h)0&//12 "# $%&&'() y = 1 '( *!+ ,% )%&
‖f(x + 1)− f(x)− e‖ ≤ ε, x ∈ R ,,-%(%

‖f(x+2)−f(x)−2e‖ ≤ ‖f((x+1)+1)−f(x+1)−e‖+‖f(x+1)−f(x)−e‖ ≤ 2ε,-/01$ &23% 4/2 500 x ∈ R6 7/,8 93&&'() y = 2 '( *!+8 ,% '(4%2 &-5&
ε ≥ ‖f(x + 2) + f(2x)− f(x)− 2e− 2f(x)‖

= ‖(f(2x) − 2f(x))− (2e + f(x)− f(x + 2))‖

≥ ‖f(2x)− 2f(x)‖ − ‖f(x + 2)− f(x)− 2e‖ ≥ ‖f(2x)− 2f(x)‖ − 2ε5(18 &-%2%4/2%8
‖f(2x)− 2f(x)‖ ≤ 3ε , x ∈ R . (2): $&5(1521 92/%132% 5990'%1 502%51# ;# <6 =6 =#%2$ '( >?℄ )'A%$ (/,8 ;#A'2&3% /4 &-% /B90%&(%$$ /4 &-% 50)%;25 (A, ‖ · ‖)8 &-% /(A%2)%(% /4 &-%=#%2$ 43(&'/( $%C3%(% (gn)n ∈ N )'A%( ;# &-% 4/2B305

gn(x) :=
1

2n
f (2nx) , x ∈ R, n ∈ N ,50/() ,'&- &-% %$&'B5&'/(

‖gn(x)− f(x)‖ ≤ 3
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ε , x ∈ R, n ∈ N , (3)D/($%C3%(&0#8 ;# $%&&'()
g(x) := lim

n→∞

gn(x) , x ∈ R ,5(1 5990#'() *!+ ,'&- x 2%905%1 ;# 2nx ,% 522'A% 5&
∥
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∥

∥
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2n
f (2nx + y) + gn(xy)− gn(x)−

1

2n
f(y)− gn(x)f(y)

∥

∥

∥

∥

≤
1

2n
ε,,-%(%8 95$$'() &/ &-% 0'B'& 5$ n −→∞8 ,% 1%13% &-5&

lim
n→∞

f (2nx + y)

2n
= g(x)f(y) + g(x)− g(xy) , x, y ∈ R . (4)



 !  !"#$ %&'"# $%& '$%&( %)#*+ ,-$% x )#* y (&./)&* 12 2nx )#* 2ny+ (&3.&$-4&/2+-#&56)/-$2 789 -:./-&3 $%)$
∥

∥

∥

∥
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2n
[gn(x + y)− gn(x)− gn(y)] + g2n(xy)− gn(x) · gn(y)

∥

∥

∥

∥

≤
1

22n
ε ,,%-%+ );$&( .)33-#< $' $%& /-:-$ )3 n −→ ∞+ <-4&3 $%& &3$-:)$-'#

‖0 · [g(x + y)− g(x)− g(y)] + g(xy)− g(x) · g(y)‖ ≤ 0 ,4)/-* ;'( )// x, y ∈ R= >%-3 3$)$&3 $%)$ g -3 :6/$-./-)$-4&+ -=&=
g(xy) = g(x)g(y) , x, y ∈ R . (5)?',+ &56)/-$-&3 7@9 )#* 7A9 -:./2 $%)$

lim
n→∞

f (2nx + y)

2n
= g(x)[f(y) − g(y) + e] , x, y ∈ R ,,%&(&)3 7 9 /&)*3 '14-'63/2 $'

‖f(x)− g(x)‖ ≤ 3ε , x ∈ R . (6)"# 3&$$-#< h := f − g + e ,& <&$ B#)//2 $%)$
lim

n→∞

f (2nx + y)

2n
= g(x)h(y) , x, y ∈ R . (7)"# )'6#$ '; $%& )33'-)$-4-$2 '; $%& )**-$-'# -# $%& (-#< R ,& *&(-4&;(': 789 $%& ;'//',-#< $,' -#&56)/-$-&3

‖f(x + y + z) + f((x + y)z)− f(x + y)− f(z)− f(x + y)f(z)‖ ≤ ε)#*
‖ − f(x + y + z)− f(x(y + z)) + f(x) + f(y + z) + f(x)f(y + z)‖ ≤ ε4)/-* ;'( )// $(-./&3 (x, y, z) ;(': R3= C6::-#< $%&: 3-*& 12 3-*& )#* )../2-#<$%& $(-)#</& -#&56)/-$2 ,& '1$)-# $%& &3$-:)$-'#

‖f((x + y)z)− f(x + y)− f(z)− f(x + y)f(z)

−f(x(y + z)) + f(x) + f(y + z) + f(x)f(y + z)‖ ≤ ε ,;'( )#2 (x, y, z) ∈ R3.
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‖gn((x + y)z)−

1

2n
f(x + y)− gn(z)− f(x + y)gn(z)

−
1

2n
f(2nxz + xy) +

1

2n
f(x) +

1

2n
f(2nz + y) +

1

2n
f(x)f(2nz + y)‖ ≤

1

2n
ε ,

(x, y, z) ∈ R3 , n ∈ N.4%22'() ,1 ,*" $'5', %2 n −→ ∞ %(0 %##$/'() 678 3" 0"09" ,*%,
g((x+y)z)−g(z)−f(x+y)g(z)−g(xz)h(xy)+g(z)h(y)+f(x)g(z)h(y) = 0 ,3*'* '( -'"3 1: ,*" 59$,'#$'%,'-',/ 1: g 62"" 6;88 %(0 ,*" 1559,%,'-',/ 1:
A 2,%,"2 ,*%,

[g(x + y)− e− f(x + y)− g(x)h(xy) + h(y) + f(x)h(y)] g(z) = 0 , (8):1+ "-"+/ ,+'#$" (x, y, z) ∈ R3.<", c := g(1)− e. =: c 6= 0> ,*"( :1+ "-"+/ x ∈ R 1(" *%2 g(x) = g(1 · x) =
g(1)g(x), '?"? c g(x) ≡ 0 3*"("> ./ 5"%(2 1: 6@8>

‖cf(x)‖ = ‖cf(x)− c g(x)‖ ≤ ‖c‖ · ‖f(x)− g(x)‖ ≤ 3 ε ‖c‖:1+ %$$ x ∈ R> '?"? 3" *%-" 6.8 3',* a := c %(0 r := 1.=: c = 0> '?"? g(1) = e, ,*"( 2",,'() z = 1 '( 6A8 3" 1.,%'( %( "B9%,'1(
h(y)− g(x)h(xy)+f(x)h(y) = f(x+y)− g(x+y)+ e = h(x+y) , x, y ∈ R .C'(" f = h + g − e ,*" $%,,"+ "B9%,'1( 5%/ "B9'-%$"(,$/ ." 3+',,"( '( ,*":1+5

h(x + y)− h(x)h(y) = g(x)[h(y) − h(xy)] , x, y ∈ R .=( #%+,'9$%+> 1( %19(, 1: ,*" 2/55",+/ 1: ,*" $":, *%(0 2'0"> 1(" *%2
g(x)[h(y) − h(xy)] = g(y)[h(x) − h(yx)] , x, y ∈ R ,3*"("> ./ 2",,'() *"+" y = 1 3" 1($90" ,*%,

g(x)[e − h(x)] = 0 , x ∈ R ,."%92" 1: ,*" "B9%$',/ h(1) = f(1) − g(1) + e = e. D1(2"B9"(,$/> :1+ %$$
x, y ∈ R 3" 1.,%'(

g(xy)[e − h(x)] = g(y)g(x)[e − h(x)] = 0 .



 !  !"#$ %&'"# $% &'( b := h(x0)− e 6= 0 #)* +),% x0 ∈ R \ {0} -.)/% /&'/ h(0) = e01 $%$)23( 4%/ bg(x0y) ≡ 0 $&%.%1 67 ,%'.+ )# -801
‖bf(x0y)‖ = ‖bf(x0y)− b g(x0y)‖ ≤ ‖b‖ · ‖f(x0y)− g(x0y)‖ ≤ 3 ε ‖b‖#)* '33 y ∈ R1 9:%: $% &';% -60 $9/& a := b '.( r := x0.<&2+1 /&% =.'3 >)++96939/7 9+? h(x) ≡ e $&9& +'7+ .)/&9.4 62/ /&%%@2'39/7 f = g: A9.% g 9+ ,23/9>39'/9;% 9.%@2'39/7 -B0 +/'/%+ /&'/

‖f(x + y)− f(x)− f(y)‖ ≤ ε for all x, y ∈ R .<&% %3%6*'/%( C: D: D7%*+ /&%)*%, #*), E8℄ 49;%+ .)$ /&% %G9+/%.% )# '.'((9/9;% ,'> A : R −→ A +2& /&'/
‖f(x)−A(x)‖ ≤ ε for every x ∈ R . (9)H6+%*;% .)$ /&'/ #)* '.7 x ∈ R ).% &'+

f(2x) = g(2x) = lim
n→∞

1

2n
f
(

2n+1x
)

= 2 lim
n→∞

1

2n+1
f
(

2n+1x
)

= 2g(x) = 2f(x) ,$&%.% f(2nx) = 2nf(x) #)* '33 x ∈ R '.( n ∈ N: <&9+ I)9./37 $9/& -J09,>39%+ /&'/
2n‖f(x)−A(x)‖ = ‖f(2nx)−A(2nx)‖ ≤ ε , x ∈ R, n ∈ N ,$&9& #)*%+ f /) )9.9(% $9/& A: K).+%@2%./371 f 9+ 6)/& '((9/9;% '.(,23/9>39'/9;%1 9:%: f %+/'639+&%+ ' *9.4 &),),)*>&9+, 6%/$%%. R '.( A:<&2+ /&% >*))# &'+ 6%%. ),>3%/%(: ! "#$&'()$* +,-.+/0<&% '++2,>/9).+ f(0) = 0 '.( f(1) = e +%%, /) 6% .'/2*'3 $&93% (%'39.4 $9/&&),),)*>&9+,+: L)/% /&'/ .).% )# /&%, *%+23/+ #*), 9.%@2'39/7 -B0: <&%+',% '>>39%+ /) f(2) = 2eM 9.%@2'39/7 -B0 #)*%+ ).37 /&% (9+/'.% ‖f(2)− 2e‖/) 6% ,'I)*9N%( 67 ε: <&% @2%+/9). $&%/&%* /&% ),,2/'/9;9/7 )# /&% /'*4%/'34%6*' 9+ %++%./9'3 *%,'9.+ )>%.:<&% '++%*/9). )# /&% <&%)*%, $)23( %*/'9.37 6% ,)*% *%'('63% 9# $%&'( +9,>37 /&% '3/%*.'/9;%? %9/&%* f 9+ 6)2.(%( )* f 9+ ' &),),)*>&9+,-3'++9'3  !"#$ %&'()(%* %O%/0: P3'9.371 /&'/ 9+ '/2'337 /&% '+% $&%.%;%*6)/& /&% (),'9. *9.4 R '.( /&% Q'.'& '34%6*' A 9. @2%+/9). '*% =%3(+:"# A 9+ ' =%3( /&%. f 79%3(+ ' &),),)*>&9+, >*);9(%( /&'/ .) #2./9). )#/&% #)*, x 7−→ f(rx), r ∈ R \ {0}, 9+ 6)2.(%(: "# R 9+ ' =%3( /&%. f 79%3(+' &),),)*>&9+, >*);9(%( /&'/ .) #2./9). af, a ∈ A \ {0}, 9+ 6)2.(%(:
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