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On some consequences of universal sets

Tomds Zdrdhal

1. Introduction and summary of results. Given a set A of real numbers.
If for every real sequence {A,} converging to 0 there is a number £ such
that £ + A, € A for all sufficiently large n, we say A is universal set and
write A € U. '

Among other results H. Kestelman [1] has proved that if A € U then
the ,,distances of A” (i. e. the set D(A) = {|z —y| € R: z,y € A}) contain
a ball, we write A € B. One of the well known Steinhaus’ theorem says
that every set of positive Lebesque measure belongs to B.

The main aim of this paper is to generalize the notion of universal set
and to gain generalization of its consequence.

2. Generalization. Suppose that to every w belonging to a metric space
QQ, there is a certain transformation 7, transforming a Lebesque measurable
set in N-dimensional Euclidean space Ry into a Lebesque measurable set
in Ry. Following M. Pal and S. Panda [3] we shall consider such families
of transformations satisfying the following conditions.

(i) There exists wo € £ such that for every sequence {wn} (wn € Q)
converging to wp and for every compact set C in Ry the sequence
{T... (&)} converges uniformly to & on C.

(ii) If F and F are measurable sets in Ry such that £ C F, then for
every w € (2
T.(E) C T.(F).

(iii) For every sequence {w,} converging to wo and for every measurable
set
lim | T, (E)| = |Tuo (E)| = | E],

where e.g. |F| denotes the Lebesque measure of F.

Example 1. Put € = R; (R; is supposed to be the metric space with
Euclidean metric). If E € £ (£ denotes the family of all Lebesque measu-
rable subsets of the set R;) then let

T,(E) = E + w.
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Taking 0 as wg one can check easily that properties (i) — (iii) are satisfied.
Example 2. Put Q = (0,1) ((0,1) is supposed to be the metric space
with the Euclidean metric). If E € L, then let

T.(E) =wE.

If we put wp = 1 then properties (i) — (iii) are again satisfied.
In what follows we shall need the following lemma and its corollaries:

Lemma 1 Let the sequence {T,,.} of transformations satisfies the condi-
tion (i) and let C' be compact set of positive Lebesque measure in Ry. Then
for every € > 0, there exists a positive integer ng such that for n > ng

Tun(C) NC| > [T (C)] - .

Proof. Let € > 0 and let U be an open set containing the set C' such
that

WUl =ICll <e.

Let & be the distance between Ry \ U (the complement of U) and C. Let
¢ € C. Then, on account of (i), for all sufficiently large n

Ten (€) — €| < min(e, ).
So, T, (C) C U for all large n. Further, we have
Tun(C)NC =U\{[U\T.,(C)JU[U\C]}.
Hence for all sufficiently large n
1T, (CYNC| 2 U] = [U\Tun (C)| = [UN\C]
= |U| = [U| + T, (C)| = U]+ |C|
= |Tu (C) = U+ |C]
> |Tun (C)| - &,
what completes the proof.

Corollary 1 If in additional the sequence {T,,,} also satisfies the condition
(1ii) then
lim T, nCl =[C].

Next corollary is the direct consequence of the foregoing Lemma and
Corollary 1.
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Corollary 2 If the sequence {T,,.} of transformations satisfies the condi-
tions (i) and (iii) and if C is a compact set in Ry , then
lim |C'\7,,(C)|=0.

n—0o0

Theorem. Let A;, 1 = 0,1, ... be compact sets of positive Lebesque measure
in Ry having a common point of density. Let there exists a point wg in a
metric space Q0 such that for a sequence {w,} (wn € Q, w, # Wpy1, N =
1,2,...) converging to wo the sequence {T,,} of transformations satisfies
the conditions (i) - (iii).

Then there ezists a subsequence {wy;} of the sequence {w,} such that

Ao N ﬂ (ﬂ P (A,))

g=1,

s a set of positive measure.

Proof. By density theorem there exists a closed ball B with the centre
¢, where ¢ is a common point of density of the sets A;, i = 0,1,..., such
that

Bral> (1- £) 18,

i=0,1... where0<6<%.

Hence
BN (ﬂ A,-) > IB[—ZIB\A:'I

=0
oo
>1Bl- Y. 1B
1=0

> 9|B] (—-5) > 0.
bettor y=1,2,...andn=1,2,...

M! = I{Ao N (ﬁ A; N B)} \ {4o0N Ty, (A; nB)}I.

1=1
Then
M

(ﬁA,nB)\ (A ﬂB)‘

In virtue of Corollary 2

lim
n—oo

(ﬁ A,'nB) \Twn(AjﬂB)l =t

i=1
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Hence for 3 =1,2,... .
lim M;] = 0.
n—oo

Then there exists the sequence {n;} of positive integers with
ny < ng < ...such that for every j =1,2,...

My <25,

i=1,2,..., whereg; = &, 0 <&’ < |AoN (N2, 4: N B)|.
Let

S = Aag D ﬁ ) {AoﬂTw (AlﬂB)]

N[Ao N T,,, (A1 NB)IN...}

N{[40NT.,, (42N B)]N[AoNT.,, (A0 B)N...}N..

:{Aoﬂ (ﬁA;nB)}\ [{Aon (ﬁAmB)}\{AoﬂTwnl(AmB)}

g=T i=1

U{Aon (ﬁA;ﬂB)}\{AonTwn2(AlﬂB)}U

1=]

U{Aoﬁ (ﬁ A;nB)}\{AonTwnl (AgﬂB)}

1=1

U{Aoﬂ (ﬁ A,-nB)}\{AonTwnz(AgnB)}u...]

=1

Hence

|S| >

Ao N (ﬁ A,‘ﬂB)' H{Aoﬂ (ﬂA ﬂB)}\{AoﬂTwnl (/’-hﬂB)}I

=1

e (R )}y orm o)

1=1

+...+|{Aoﬂ (ﬁ AiﬂB)}\{AoﬂTwnl(A2ﬂB)}‘

i=1

+‘{Aon (ﬁA,-nB)}\{AonTw,,Q(Aan)}‘+...]

=1

©o EI 8I
> Aoﬂ(ﬂA,-nB)l— (§T+§5+) >0,

=1
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since 0 < €’ < [Ao N (N2, A; N B)|.
By applying condition (ii) we obtain that

Ap N ﬁ (ﬁ Tw"'_ (Aj))

is a set of positive Lebesque measure in Ry . This completes the proof.
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